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EDWARD A. WOLFF brings im- 
pressive credentials to the study of 
antenna theory and design. Since 
1951, when he joined the Wave 
Propagation Branch of the Naval 
Research Laboratory, Dr. Wolff has 
made many notable contributions to 
his field in the form of research, de- 
sign innovations, and prototype pro- 
duction. While project engineer with 
Litton Industries, Dr. Wolff de- 
signed, developed and tested the 
C Range Antenna QRC-45, a 28-foot 
parabolic antenna with a dipole 
array on a twenty-five-foot tower 
' covering a 20:1 frequency band with 
several polarizations. He also de- 
signed and supervised the construc- 
tion of a prototype antenna for the 
AN/APQ-62 radar, a surface wave 
antenna with 11,000 radiating slots 
designed to give a cosecant-squared 
type fan beam. In 1959 Dr. Wolff 
joined the Electromagnetic Re- 
search Corporation where he studied 
radar scattering from the ground, 
the effect of the plasma sheath on a 
re-entry vehicle, and designed a sys- 
tem for measuring the properties of 
the ionosphere from an orbiting 
satellite. 

Not the least of Dr. Wolff’s attri- 
butes is his ability to describe his 
work in a way that is helpful to both 
his associates and engineering stu- 
dents. He is the author of several 
articles and a previous book, and 
has taught college and graduate level 
courses in spacecraft technology and 
antenna analysis. In 1962 he was 
asked by the Goddard Space Flight 
Center of the National Aeronautics 
and Space Administration to pre- 
sent a course in antenna analysis to 
design engineers. This book offers 
the reader the substance of that 
course. 

At present Dr. Wolff is with Aero 
Geo Astro/Keltec Industries, Inc. as 
Manager of the Space Engineering 
Laboratory and Staff Consultant. 
One of his responsibilities is the de- 
velopment of electronically steerable 
antenna techniques. 
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Foreword 


It has been my pleasure to work with Dr. Wolff during the last twelve 
years, and I was always impressed with his capability in getting to the 
heart of a technical problem. He is able to cover adequately every 
significant aspect in developing a given mathematical model without being 
carried away by a desire to overelaborate the mathematics. Because the 
majority of previous antenna books has avoided a careful development of 
mathematical models, and the majority of mathematical papers, as 
presented in the Transactions of the PTGAP, IEEE, has been overelaborate 
in their mathematical development, this book is an extremely valuable one. 

The reader should not get the impression that this book was developed 
to satisfy the ego of an author who, with time on his hands, decided to 
create one more book. On the contrary, Dr. Wolff has never been in the 
position of having time on his hands; rather, this book was developed to 
fill a definite need in a graduate course. It is characteristic of him that by 
the time he had completed teaching the course, he had completed his book. 
A review of the material here provides some concept of the many hours 
which were devoted to this task. 

The mathematical material presented lays no claim to originality, but 
the collection and presentation of all the material in a systematic fashion 
provide a treatment of great value to the reader. The entire analytical 
literature of antenna theory has been carefully reviewed and the substantial 
majority of it is presented as an organic whole. The subject matter ranges 
from point source antennas through reflectors and lenses. Each subject 
is provided with a definite bibliography, which recognizes the significant 
papers, rather than displaying footnote gamesmanship. 

Although the mathematical analysis of every possible antenna model is 
not provided, the book does provide a firm foundation for an advanced 
research program. 


November 1965 Kenneth S. Kelleher 
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Preface 


This book is derived from the material prepared for a twenty-six week 
course in Antenna Analysis given by me in the spring of 1962 and the fall 
of 1963 at the Goddard Space Flight Center of the National Aeronautics 
and Space Administration in Greenbelt, Maryland. 

The course is designed for graduate students having a BS degree in 
electrical engineering or physics and a knowledge of electromagnetic 
theory, transmission line theory, Maxwell’s equations, vector analysis, 
and partial differential equations. Its purpose is to provide a theoretical 
analysis of antennas in which attention is focused on specific antenna types. 
The theoretical treatment is accompanied by experimental design informa- 
tion for guidance in the application of the theory to practical situations. 

The course was given to antenna engineers actively engaged in design 
work. Theoretical analyses are presented to give the design engineer an 
appreciation for the assumptions inherent in the design equations and to 
provide guidance in applying these design equations to particular situations. 
References at the end of each section enable the student to consult the 
original works. Problems are provided for each topic to give the student a 
better understanding of the material. 

The subject matter is divided into ten chapters. The first chapter, 
Systems Considerations, discusses the utilization of antennas in communi- 
cations, radar, radio astronomy, navigation, and instrumentation systems. 
This discussion delineates the significant antenna parameters that must be 
considered in antenna analysis. The second part of this chapter contains 
the definitions of these antenna parameters. 

The remainder of the text is concerned with the development of antenna 
theory, beginning with simple antenna types and progressing to more 
complex types. These are discussed in the following order: point sources, 
wire antennas, apertures, slot antennas, arrays, reflector antennas, 
traveling wave antennas, broadband antennas, and lens antennas. . 

The basic material in this book was obtained from numerous sources. 


ix 


x Preface 


Several antenna textbooks were used and were supplemented by material 
appearing in later reports and periodicals. Acknowledgement for these 
contributions is made in the form of references at the end of each section. 

I am indebted to Mrs. Carolyn Ginnings for her expert preparation of 
the manuscript and to Mrs. Charlotte Berg for her thorough editing. 


November 1965 Edward A. Wolff 
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System Considerations 


Before going into a detailed discussion of specific antenna types, it is of 
interest to examine briefly the systems with which antennas are used. This 
knowledge is necessary to understand properly the importance of the various 
antenna parameters. 

An antenna is a device for radiating or receiving radio waves. Historically, 
antennas were first used for communications systems. The theoretical 
foundation for antennas is rooted in the early work with electricity, be- 
ginning with the observation of electric charges by the early Greeks. In 
1820, Hans Christian Oersted discovered that an electric current produced a 
magnetic force. In 1831, Michael Faraday conceived the principle of a 
magnetic field and its representation by lines of force. 

In 1873, James Clerk Maxwell published Electricity and Magnetism in 
which he completed the field theory by providing the equations which describe 
the electromagnetic field. These equations are commonly written as 


VxH=i, +e—, (1.1) 
ot 
0H 
VxE = -yu—, 1.2 
ness (1.2) 
V-B=0, (1.3) 
V-D=p, (1.4) 
where 
D = ef, (1.6) 


H is the magnetic field intensity, E is the electric field intensity, B is the 
magnetic flux density, D is the electric flux density, i, is the electric conduction 
or convection current, p is the volume charge density, w is the permeability, 
and « is the permittivity. For a conductor with conductivity o, the conduction 
current is 

i, = oE. (E22) 
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For a charge density p, moving with a velocity v,, the convection current is 
i, = pv,. (1.8) 


Maxwell discovered electromagnetic waves by deducing them from his 
equations. He found that these waves propagated at the velocity of light, 
and thus deduced that light was electromagnetic radiation. The wave 
equation, which he derived from Eqs. 1.1 through 1.4, for a charge-free. 
medium is 


WE = ue a ; (1.9) 
or 
WH = pe o , (1.10) 
where the velocity of light is 
v= et (helt) 


The first antennas were constructed by Heinrich Rudolf Hertz in 1885. 
They were used in experiments which demonstrated the existence of electro- 
magnetic waves. A spark gap in a parabolic cylinder reflector was used for 
a transmitter. The electromagnetic waves which were generated were 
detected in a loop antenna tuned to the frequency of the transmitter to 
produce a spark across the gap between the loop terminals. In 1896, 
Guglielmo Marconi built a large antenna consisting of a plate buried in the 
ground and another large vertical insulated plate. He used this to send 
telegraphy signals over long distances. Thus antennas were used for a 
practical communication system before the end of the nineteenth century. 

Electric and magnetic fields are produced by time-varying currents and 
charges. If these fields are confined by boundary conditions, as in the case 
of a waveguide, there is little or no radiation. However, when the fields 
are not confined, as with an antenna, significant radiation results. From 
one point of view, the large size of the antenna in terms of the wavelength 
leads to conditions in which the time delay across the antenna is significant, 
and there are regions in which the electric and magnetic fields are in phase 
resulting in a net outward flow of energy. The antenna thus serves as a 
transducer in which the waves propagating along the transmission line are 
transformed into waves radiating into space and vice versa for the trans- 
mitting and receiving cases, respectively. 

The problem of antenna analysis is determining the radiation character- 
istics of the antenna. Different types of antennas have different current and 
charge distributions and different geometries. These differences result in 
different approaches to analyzing each antenna type. Usually, the physical 
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picture is the same, but it is convenient to use different mathematical tech- 
niques for the analysis of different antennas. Therefore in this book we are 
concerned primarily with the mathematical techniques which are appropriate 
for analyzing antenna performance. 


1.1 Applications 


Many applications have been found for antennas since the days of Hertz 
and Marconi. Important applications include systems for communications, 
radar, radio astronomy, navigation, and instrumentation. The antenna is a 
major contributor to the performance of these systems. 

Communications. The performance of antenna communications systems 
can be understood from the one-way propagation equation. If a transmitter 
radiates an amount of power Wp equally in all directions, the power density 
at a distance R from the transmitter is 


Wr 


== ; 1.12 
47 R® ( ) 


A receiving antenna with an effective area Az receives an amount of power 
given by 

7 
WrAr 


eater Am R? 


(1.13) 


if there is no loss between the transmitter and the receiver. The loss between 
the transmitter and the receiver due to the intervening medium and any 
difference in the polarization of the two antennas is denoted by the constants 
C,, and C,. These constants are unity if there is no loss. Taking these 
losses into consideration, Eq. 1.13 becomes 


5 WrArCmC » 


W. 
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(1.14) 
Antennas do not radiate their power equally in all directions. The ratio of 
the power per unit area radiated to a fixed distance in a given direction, to 
the power per unit area which would have been radiated if the transmitter 
radiated equally in all directions, is called the gain of the antenna. If the 
transmitter gain in the direction of the receiver is denoted by Gp, the received 
power is 


WrGpARC nC » 
Va Lks 
x 4mR? 12) 
Antenna gain and effective area are related by 
2 
yee (1.16) 
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where A is the operating wavelength. Combining Eqs. 1.15 and 1.16 gives 

_ WrG7GR’"C,,Cy 
(47R)? 


where the wavelength and the range must be expressed in the same units. 
This is the basic one-way radio transmission formula. 

The sensitivity of the communications system is limited by the presence 
of noise. The receiver available noise power is given by 


W,, = KTB, (1.18) 


R ; (1.17) 


where K, Boltzmann’s constant, is 1.38 x 10~*8 joule per degree Kelvin, T is 
the effective noise temperature in degrees Kelvin, and B is the receiver 
bandwidth in cycles per second. The effective noise temperature includes 
noise originating in the receiver and all natural and man-made interference 
signals. Since man-made interference can usually be brought under control, 
the limitations in a communications system are usually the thermally generated 
noise in the receiver and sensor, the antenna temperature, and galactic noise 
arriving from space. 

The signal-to-noise ratio Sy at the receiver output can be found by com- 
bining Eqs. 1.17 and 1.18 to give 


Sg _ WrGrGpl?CnCy 


—= 1.19 
NG aie (4R)KTB Co 
and 
2 as 
st [Pree (1.20) 


Equation 1.19 shows that several antenna parameters affect the communica- 
tions system performance and some system parameters must be considered 
in the antenna design. It is thus necessary to consider the gain and polariza- 
tion of the transmitting and receiving antennas, the bandwidth over which 
the antennas must operate, and the antenna temperature. Also to be con- 
sidered is the impedance characteristic of the antenna which determines the 
loss due to reflections between the antenna and its connecting transmission 
line, since Eq. 1.19 does not include terms to account for this loss. In addi- 
tion, the antenna temperature to be discussed later depends on the antenna 
patterns. Antenna design must take account of the transmitter power and 
the operating frequencies as well as those considerations included in the 
term accounting for the propagation medium, C,,. Propagation loss depends 
on such factors as the location of the antenna with respect to the ground, 
the properties of the ground, and the operating frequency. Additional 
factors must also be considered for situations in which propagation occurs 
beyond the line of sight between the transmitter and receiver. 
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Many communication systems have other unusual requirements. For 
instance, for systems designed to communicate with spacecraft at long 
distances, it is desirable to have a large antenna gain which requires a narrow 
beamwidth. This means, however, that the antenna beam must be accurately 
steered to follow the spacecraft. The resulting system requirements often 
put a greater burden on the mechanical design of the antenna than on the 
radio frequency design. 

Radar. The role of the radar antenna can be understood by considering 
the radar equation. If the radar target has an effective area o, then the 
power incident on this target is given by 


yy, = Wee 
4tRip 
which is similar to Eq. 1.13, with Rp equal to the transmitter-target distance. 


If the radar target scatters this intercepted energy equally in all directions, 
the power density at the receiver at a distance Rp from the target is 


W, WG po 


(1.21) 


P= S55 eo 1222 
AnRp (40RpRp) oe 
and the power received by the receiving antenna is 
ye 
Wp = PAp= WrGrGph 0CmCp : (1.23) 
(47r)*(R aR) 


where the constants C,,, and C, are again introduced as in Eq. 1.14 to account 
for losses in the propagation medium and possible losses due to depolariza- 
tion of the signal between the transmitter and the receiver. Often the trans- 
mitter and receiver are located at the same distance from the target. For 
this case, combining Eqs. 1.18 and 1.23 gives the radar range equation as 
a ( Hatin GahiolnGs): 
(4n)®>KTBSy / 
A comparison of Eqs. 1.20 and 1.24 shows that the antenna parameters 
which affect and are affected by the radar system are the same as the param- 
eters which affect and are affected by the communication system. There 
are, however, some additional complications for the radar system. Radar 
systems are generally designed so that the antenna beam follows a target 
as it moves through space. This means that it is necessary to either mechani- 
cally or electrically position the beam. Additional problems requiring 
consideration are those of the resolution of two closely spaced targets and 
the elimination of unwanted interference. The antenna pattern often plays 
a dominant role in the approach to these problems. 
Radio Astronomy. Radio astronomy systems generally operate as receivers 
of extraterrestrial signals. As such, they could be classified as communication 


(1.24) 
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systems and the general expression of Eq. 1.20 could be used. However, 
in radio astronomy systems it is desirable to accurately locate exact positions 
of the very remote radio source. This requires using a receiving antenna 
with a very narrow beamwidth and large physical dimensions. The use of 
systems having low noise temperatures is also necessary, because of the low 
level of the received signals. With large physical structures the difficulty of 
accurately pointing the narrow beam antenna to follow the radio source 
can be a problem. 

Navigation. Navigation systems can also be related to the category of 
communications. Navigation systems generally consist of a set of trans- 
mitters radiating known signals and a receiver whose position is determined 
by signal processing within the receiver. The special antenna problem is 
then one of accurately determining the direction from the receiver to various 
transmitters. This requirement affects the antenna pattern and the facility 
used for positioning the antenna about a vertical axis. 

Instrumentation. An additional class of miscellaneous systems can be 
termed instrumentation systems. These are systems designed to measure 
certain physical parameters with the use of electromagnetic radiation. The 
antenna is thus a transducer between the measuring equipment and the 
propagating medium. The special nature of the intended physical measure- 
ments dictates very special requirements for the antenna system. Examples 
are systems used to investigate such propagating media as water, earth, air, 
and plasma. 

PROBLEMS 

1.1.1 Determine logical antenna parameters for a system to communicate with 
a man on the moon considering: 

(a) Communication from earth to moon. 

(b) Communication from moon to earth. 

Assume that the system operates at a frequency of | ge. 

1.1.2 Examine the parameters of a radar system, operating at a frequency of 
1 gc, used to track a satellite with an area of 1 square meter at an altitude of 400 km. 


1.22 Antenna Parameters 


Several antenna parameters can be used to describe the characteristics 
and performance of antennas. These parameters can be arranged in several 
groups: antenna patterns, gain, impedance, miscellaneous electrical param- 
eters, and mechanical parameters. Antenna performance also depends on 
the manner in which these parameters are affected by the environment at 
the antenna. 

Antenna Patterns. The antenna pattern is a graphical representation in 
three dimensions of the radiation of the antenna as a function of direction. 
In practice, the three-dimensional pattern is measured and recorded in a 
series of two-dimensional patterns. Antenna performance is often described 
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in terms of principal plane patterns. The E-plane pattern measures radiation 
as a function of direction in a plane containing a radius vector irom the 
center of the antenna to the point of maximum radiation and the electric 
field intensity vector. The H-plane pattern is a graphical representation of 
the radiation of the antenna as a function of direction in a plane containing 
the radius vector in the direction of maximum radiation and the magnetic 
field intensity vector. The radiation pattern may be specified in terms of 
voltage or power. The radiation pattern provides information on the 
antenna beamwidth, antenna sidelobes, and antenna resolution and, to a 
large extent, it also determines the antenna noise temperature. 

The antenna power pattern is a measure of the density of the power 
flowing through a sphere of large radius. This power density can be defined 
as the average Poynting vector: 


P=ExH. (1.25) 


For the steady-state time periodic case, the average Poynting vector is given 
by 

P= F Re (Ch x"), (1.26) 
where the asterisk represents the complex conjugate. 

An absolute power pattern is one in which the power density at a given 
distance from the antenna is expressed explicitly in watts per square meter. 
In practice, power patterns are often expressed in relative power with respect 
to the maximum value occurring at the peak of the main beam. This relative 
power pattern is termed the normalized power pattern. In normal practice, 
a measured power pattern is obtained by operating an antenna in conjunction 
with another antenna in a one-way communication system. For this case 
the power pattern depends on the polarization of the second antenna. 

The antenna beamwidth is the angular width of the antenna radiation 
pattern between points where the power level has decreased to one-half of 
the maximum value. This beamwidth is also called the half-power beam- 
width. Other widths of frequent interest are the — 10 db width and the —20 db 
width, representing the angular widths between the points where the power 
has decreased to one-tenth and one-hundredth of its maximum value. 

Antenna patterns are often classified according to their shape. Some 
common shapes are shown in Fig. 1.1. An isotropic pattern is one in which 
the power per unit solid angle, the radiation intensity, is equal in all direc- 
tions. This pattern is often taken as a reference, although it is not realizable 
in practice. An omnidirectional pattern is one which has equal amplitudes 
in each direction in a plane passing through the antenna. This omnidirec- 
tional plane is usually horizontal for communication systems. A pencil 
beam pattern is one with a relatively narrow main lobe having a circular 
cross section. A fan beam pattern is one with a highly elliptical cross section, 
producing a beam which is narrow in one direction and broad at right angles. 
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(6) Omnidirectional 


(a) |sotropic 


(c) Pencil 


(e) Shaped 


(d) Fan 


Fig. 1.1 Common antenna patterns. 
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A special class of fan beams is the shaped beam pattern. In this pattern 
the variation in radiated field with angle in a plane through the broad part 
of the beam is made to vary according to a prescribed function. A common 
pattern is a cosecant-squared shape which provides an equal received signal, 
as a function of angle, for a radar system. 

The antenna beamwidth determines the resolution of the antenna or the 
minimum angular separation between two sources which can be distinguished 
by a receiving antenna. 

The radiation patterns of most practical antennas contain a main lobe 
and several auxiliary lobes, termed sidelobes. A sidelobe occurring in space 
in the direction opposite to the main lobe is called the backlobe. 

The sidelobe level of an antenna pattern is defined as the ratio in decibels 
of the amplitude at the peak of the main beam to the amplitude at the peak 
of the sidelobe in question. The sidelobes are generally counted from the 
main beam, with the first sidelobes being adjacent to the main beam and 
arranged on either side. 

Impedance. The impedance of an antenna determines the efficiency with 
which it acts as a transducer between the propagation medium and the 
transmission line connecting it to the system with which it operates. In 
practice it is necessary to consider not only the self-impedance of the antenna 
but the mutual impedance between the antenna and other elements. One 
must also consider the effect of the ground and the nearby objects on the 
antenna impedance. If the antenna impedance does not match the trans- 
mission line, it may be necessary to insert a matching device. This also 
affects the efficiency. 

The antenna is a two-terminal network, as illustrated in Fig. 1.2a which 
is usually connected to the remainder of the system by a transmission line. 
The simple equivalent circuit for an antenna is shown in Fig. 1.25. The 
two-terminal antenna impedance is denoted by Z, and the system impedance 
terminating the transmission line by Z;. The voltage induced in the receiving 
antenna by the incoming electromagnetic wave can be represented by the 
voltage generator Vz. The transmitter signal (if any) from the system can 
be represented by the signal generator Vp. In general, the antenna and 
terminating impedances will be complex as illustrated in Fig. 1.2c. Antenna 
impedance consists of a radiation resistance R,, a loss resistance R,, and a 
reactance X,. Terminating impedance may have both a resistive component 
R, and a reactive component Xp. 

The antenna current is given by 


eon cn (1.27) 
17 
where 


Ti pT (1.28) 
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(a) 


(d) 


Fig. 1.2 Antenna impedance. (a) Antenna schematic. (6) Simple equivalent circuit. 
(c) Equivalent circuit showing impedance components. (d) Equivalent circuit showing 
admittance components. 
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The condition for maximum power transfer is 


The power delivered by the antenna to a receiver is 


Vp R 
Wr = [Re = Es - ° (1.30) 
: |Z, 
The power reradiated or scattered by the receiving antenna is 
2 
W, = PR, = ee, (1.31) 
|Z, 
The power dissipated in the ohmic losses in the antenna is 
2 
R 
W, =PR,= Va aa (1.32) 
|Z.| 
For the transmitting case the power radiated by the antenna is 
2 
R 
Wr = TR, = ua - (1.33) 
|Z, 
and the power dissipated in ohmic losses is 
2 
W, =PR, = ul AL (1.34) 
|Z, 


The antenna can also be represented in terms of admittances as shown in 
Fig. 1.2d. For this case the voltage across the antenna is given by 


aks In +tIr 7 (1.35) 
Y; 
where 
Mpa oly hit, (1.36) 


and Y, and Y,, are the antenna and terminating admittance. The condition 
for maximum power transfer is 


GeekiGe Hubs Gs AjBa (1.37) 


where G, and G, are the radiation and loss conductance and By, is the 
antenna susceptance. The power delivered by the antenna to the receiver is 


I 2 
We=VGr = ser (1.38) 
LY, “| 
The power reradiated as scattered power by the receiving antenna is 
2 I rG, 
W,=VG,= (1259) 
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The power dissipated in ohmic losses is 


I2°G 
W,=VG, = ipa (1.40) 
t 
For the transmitting case, the power radiated by the antenna is 
IgG 
Vp Cae ee, (1.41) 
[¥,l” 
and the power dissipated in ohmic losses is 
io 
W, =VGp= mie (1.42) 
t 


Both the resistive and reactive components of antenna impedance are 
functions of frequency. Usually, the impedance of the system with which 
the antenna operates and the interconnecting transmission lines have much 
smaller variations with frequency than the antenna. There will therefore be 
a restricted frequency band within which the antenna is well matched to the 
transmission line. In practice, the antenna bandwidth is usually defined as 
a frequency band in which the ratio of the antenna impedance to the trans- 
mission line impedance (or vice versa) is less than 2 to 1. In other words, 
the voltage standing wave ratio (VSWR) at the input to the transmission 
line and terminated by the antenna will be less than two to one. There is, 
however, no accepted definition of antenna bandwidth, so it is desirable to 
state the defining VSWR when stating the bandwidth. 

The impedance of an antenna depends on many factors including its 
geometry, its method of manufacture, and its proximity to surrounding 
objects. Consequently, only a small fraction of the antennas which have 
been invented have been analyzed thoroughly enough to have obtained 
theoretical expressions for antenna impedance. Even for those simple 
antennas for which theoretical expressions do exist, external influences 
generally make it desirable to verify the predicted impedance experimentally. 

Gain. The gain of an antenna is an important measure of its performance 
in a system. Antenna gain is the ratio of the maximum radiation intensity 
at the peak of the main beam to the radiation intensity in the same direction 
which would be produced by an isotropic radiator having the same input 
power. 

The gain function describes the variation in radiated power with angle, 
and is defined by 


G6, ¢) = BOs 9) ; (1.43) 


where P(6,) is the power radiated per unit solid angle in the direction 
6, ¢, and W,, is the total radiated power. 
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From this definition of gain it can be seen that a high-gain antenna has 
a main beam with a large amplitude and narrow beamwidth and sidelobes 
of relatively small amplitude. 

If a three-dimensional antenna pattern is measured, and the pattern is 
integrated to give the ratio of the normalized power density at the peak of 
the main beam to the average power density, the resulting ratio is the antenna 
directivity, defined by 


D = Pmax 


1.44 
Pav (1.44) 


For a perfectly efficient antenna, the directivity is equivalent to the gain. 
The relationship between the two is 


where 7 is the antenna efficiency. Efficiencies of 50 to 75 percent are normally 
realized in practice. 

It is often possible to make a rough approximation of the antenna gain 
from the antenna beamwidth. If it can be assumed that the total antenna 
power pattern can be approximated by an antenna beam of unit amplitude, 
and located entirely within a solid angle equal to the product of the half- 
power beamwidths in the 6 and ¢ directions, the power density in the beam 
is 


(1.46) 


where ©, and ®, are the half-power beamwidths in radians in the 6 and ¢ 
directions. For this case the average power density is 


1 
Pay ae 9 (1.47) 
4a 
so that the directivity of Eq. 1.44 is 
An 
TDi tS erst 1.48 


If the half-power beamwidths are expressed in degrees and denoted by ©, 
and ®,, the directivity is approximately 


41,253 
[Dy 1.49 
0,0, (1.49) 
Then, if the antenna has an efficiency of 70 percent, the gain is approximately 


QO, 


14 System Considerations 


There is a constant relationship between the gain and effective area of an 
antenna. This can be demonstrated by considering a communications 
system with the transmitter at terminal 1 and the receiver at terminal 2. For 
this situation Eq. 1.15 can be rewritten as 

WyCnCy 
Now, if the transmitter and receiver are interchanged so that the transmitter 
is moved to terminal 2 and the receiver to terminal 1, Eq. 1.15 becomes 

W,p(4aR) 
GyA, = RC ) 

WrCmCy 
if the antenna components and the intervening propagating medium are 
reciprocal. Combining Eqs. 1.51 and 1.52 gives 


G14, = (1.51) 


(1.52) 


GA, = G2Aj, (1.53) 
or 
esas (1.54) 


Equation 1.54 shows that the ratio between the gain and the effective area 
of an antenna is a constant. Since the type of antenna used was not specified, 
this constant must be identical for all antennas. The value of the constant 
given in Eq. 1.16 is derived rigorously later from the theory of the short 
wire antenna. 

In Eq. 1.13, the effective area is defined as the ratio of the received power 
to the power density of the incident wave. This area is a maximum when 
the received power is a maximum or when the impedances are matched in 
accordance with Eq. 1.29. The maximum effective area of a lossless antenna 
is therefore . 

Wiese Ne. 
AS Sie 

e 4R,P 

The effective area is actually the ratio of the power dissipated in a matched 
terminating impedance of a receiving antenna to the power density of the 
incident electromagnetic wave. 

It is sometimes convenient to use the concept of effective height. If an 
antenna has an effective height h, the induced voltage Vz due to an incident 
field intensity E is 


(1.55) 


Ve—= Eh. (1.56) 


If the propagating medium has a real intrinsic impedance Zp, the incident 
power density is 


==, (1.57) 
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Equations 1.55, 1.56, and 1.57 can be combined to show that the relationship 
between the effective area and the effective height is given by 


Rail. 
4R, 
An antenna scattering area can be defined as the ratio of the power 


scattered by the antenna to the power density of the incident wave. For a 
matched lossless receiving antenna, this is 
W, . Vr 


A,=—= > 
P 4R,P 


(1.58) 


é 


(1.59) 


which is equal to the maximum effective area. The scattering ratio 6 is the 
ratio of the scattering area to the effective area. This is given by 


pads WP Re 


= era (1.60) 
AN Wap TR 


The antenna efficiency is defined in Eq. 1.45 as the ratio of the gain to 
the maximum gain (directivity). From Eq. 1.54 it can be seen that a similar 
definition can be made in terms of antenna area. This can be written as 


P 2R R 
pts Wal - |e r |= (1.61) 


Wraal (R, + Ry + Ry) Vp’ 
or 
4R,R 
7 = *—_... (1.62) 
(R, + Ry + Rp) 
For a matched antenna, this becomes 
R 
Qi = Saae | (1.63) 
R, AR Ry, 


If the antenna is considered in terms of admittance, the effective area of 
Eq. 1.55 becomes 
W. te 
= ee = Ft _, (1.64) 
P 4G,P 
For this case, if the antenna has an effective height h, the induced current 
I, due to the incident magnetic field intensity amplitude H is 


Ip = Hh. (1.65) 


A, 


If the propagating medium has the intrinsic impedance Zo, the incident 


power density is 
P = HZ), (1.66) 
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so that Eq. 1.64 becomes 


h? 
oe (1.67) 
4G,Zo 
the effective height is 
h = (4A,G,Z))%, (1.68) 
and the efficiency of Eq. 1.62 becomes 
n ase (1.69) 


(G, ate Gr ny Gr)” 
Most antennas are constructed of transmission lines and other elements 
that are reciprocal. These antennas obey the reciprocity theorem, which 


Fig. 1.3 Schematic of communication antenna arrangement. 


states that the transmitting and receiving patterns of an antenna are identical. 
A schematic diagram of a transmitting antenna and a receiving antenna 
connected to a four-terminal network representing the propagation medium 
is shown in Fig. 1.3. If antenna No. 1 on the left side of the figure (with 
characteristic impedance Z,) transmits, and the antenna on the right with 
impedance Z,_ receives, then the transmitted voltage is V7, and Vip, is zero. 
For this situation the system impedance determinant is 


—Zy1 27, 0 0 
=f Z —Z 0 
Z| Sal op a (1.70) 
0 —Ze¢ Z33 sa 8 
0 0 —Z4 Lua 


using the currents shown in the figure. 
The ratio of the current in the receiver J, to the transmitter voltage Vp, is 


A Zoo —Zo 


Antenna Parameters 17 


Then, if the transmitter and the receiver are interchanged, so that Vr, iS 
zero and the transmitted signal is V7, the ratio of the current in the receiver 
to transmitter voltage is 


thi MW) 0 
ar Zo —Zo 0 
I —Z Z —Z hy hy wh 
Pes ge rg meet peat es ee ae Aas a1 OY (1.72) 
Vo, |Z| Z| 


From Eqs. 1.71 and 1.72 it can be seen that if Vr = Vip 
=, (1.73) 


In other words, the received current due to a given transmitter voltage is 
the same regardless of which antennas are used as the transmitter and 
receiver antennas, respectively. Since Eq. 1.73 was obtained without regard 
to the directions in which the antennas were pointing, the transmitting and 
receiving antenna patterns are the same. 

Polarization. The polarization of an antenna is defined as the locus of 
the tip of the time-varying electric field vector of the radiation from the an- 
tenna in the direction of the main beam. In practice, polarization of the 
radiated energy varies with the direction from the center of the antenna, 
so that different parts of the pattern and different sidelobes sometimes have 
different polarizations. 

The polarization of a radiated wave can be linear at any angle or elliptical 
with any ellipticity and in either sense of rotation. The polarization depends 
on the relative magnitude and phase of the orthogonal components of the 
electric (E) field. Using the geometry and notation of Fig. 1.4, the electric 
field vector is given by 


E = a,£, cos wt + a,Fy cos (wt + «), (1.74) 


where E, and E, are the amplitudes of the components in the 6 and ¢ direc- 
tions and « is the phase difference between the two components. This can 
be rewritten for convenience as 


E = au + ago. (1.75) 
With a little manipulation it can be shown that 
2 2 
oie OS ee (1.76) 


ee E,E¢ E," 
The general equation of an ellipse is given by 


Au2 + Buv + Cv? + Du+ Ev + F=0, B? — 44AC < 0, (1.77) 
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so that for the polarization ellipse 


eee jpn eae oa D=E=0, F='—sin*a, 
ES E,E¢ Ey 
(1.78) 
and 
B? — 4AC = = (cos? « — 1) < 0, a 54 Oa. (1.79) 


Equation 1.76 therefore represents an ellipse in the 6, ¢ plane, with the center 
of the ellipse in the center of the plane and the major axis of the ellipse 


Zz 


Vertical axis (@ = 0) 
6 = Polar angle 


¢ = Azimuth (longitude) 
angle 


Antenna (in y —z 
plane with main 


(@=0°, 6= 90°) 
: B/ 
beam along x axis) 


Equator (@ = 90°) 


Azimuth reference axis 
x (6 = 90°, 6 = 0°) 


Fig. 1.4 Antenna coordinates. 


inclined to the @ axis by an angle wy, which is given by 


2E,Eg COs & 


tan 2y = t 
an 2p ia ee 


(1.80) 


For the two components of the electric field which are exactly in phase or 
out of phase, Eq. 1.75 gives 


(1.81) 
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which represents a line through the origin with a slope, 


ee a=O0 
Eni > 
(1.82) 
Pec SUN nce, 
Ey 


For elliptical polarization the electric field vector rotates at a frequency 
equal to the frequency of the electromagnetic wave, and the locus of the tip 
of the electric field vector describes an ellipse. The polarization is defined 
as being left handed when the direction of the rotation of the electric field 
vector is counterclockwise when looking toward the departing wave at the 
transmitter. For this case 

O<a<a. (1.83) 


For right-handed polarization, the field vector rotates clockwise when 
viewed from the transmitter as a departing wave and 


Foie eT (1.84) 


If the two orthogonal electric field components have equal amplitude 
and a 90 degree phase shift, circular polarization results. For this case 
Eq. 1.76 becomes 


— pi 1, (1.85) 


which is the equation of a circle centered at the origin. 

Noise Temperature. Antenna noise temperature is a measure of the noise 
power which a receiving antenna delivers to the receiver at the antenna 
terminal. Most of this noise power comes from noise sources illuminated 
by the antenna pattern. This includes galactic noise arising from outer 
space, noise from celestial bodies within the antenna beam, and noise from 
ground sources in the antenna beam. Since most of these sources are rela- 
tively fixed with respect to earth coordinates at any given time, the antenna 
noise temperature depends on the positioning of the antenna and the size 
and location of the antenna sidelobes. 

The antenna noise temperature is given by 


ig 
W Be Reree (1.86) 
oe KB 
where P,, is available noise power delivered to the antenna terminal, K is 
Boltzmann’s constant, and B is the bandwidth. The antenna noise tempera- 
ture for a given antenna orientation can be calculated by adding the con- 
tributions of the individual noise sources. If T(@,¢) is the source noise 
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temperature at the angle 0, ¢ and G(6, ¢) is the antenna gain function, then 
the antenna temperature is 


[ re, H6@, a4 
Tye ee (1.87) 
| G(O, ¢) dA 
8 
where the integration is performed over the surface S with the solid angle 
dA = sin 6 d6 dé. (1.88) 
From Eq. 1.43 
I G(0. sh) Gta tllespriad ya aa (1.89) 
Ss Wr Js 


so that the antenna temperature is 


1 é 
T= [, T(6, $)G(0, 4) dA. (1.90) 


The relationship between the noise temperature and the noise figure is © 
given by 


pe pele (1.91) 
Ty 
where F is the noise figure and 7) is the reference temperature of 290° Kelvin. 

When low-noise operation is desired, it is necessary to keep the antenna 
backlobe and sidelobes to a minimum so that very little of the noisy earth 
will be illuminated when the antenna is pointed skyward. It is also desirable 
to keep transmission line losses to a minimum since this loss increases the 
antenna noise temperature. 

Power Handling. The power-handling characteristics of an antenna must 
be considered when the antenna is used in conjunction with a high-power 
transmitter. The power-handling ability of an antenna is generally deter- 
mined by the geometrical configuration of the various conductors. The 
spacing of conductors is selected to avoid voltage breakdown at high power. 
Sharp edges and discontinuities should be avoided. If the antenna operates 
in a low-pressure environment, it may be desirable to pressurize the critical 
areas with air or other gases. It is also desirable to avoid impedance mis- 
matches which create standing waves and points of unnecessarily high 
voltage. 

Mechanical Characteristics. Electrical antenna design must take cog- 
nizance of the required mechanical characteristics. For large, ground-based 
antennas, adequately positioning the antenna in a predetermined direction 
and insuring that the antenna surface deviations are kept within specified 
limits often prescribe some of the electrical design characteristics. For 
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airborne and spacecraft antennas mechanical problems of integrating the 
antenna with the vehicle and designing the antenna to withstand the expected 
environment also impose limitations on the electrical design. The electrical 
antenna designer must be aware of the antenna fabrication problems and 
of the characteristics of the materials and structures available for use in 
antennas. The designer must also be aware of the size, weight, and tolerance 
restraints imposed on the antenna. 

Environmental Effects. The antenna designer must consider carefully the 
environment in which the antenna is to operate. Antennas within the earth’s 
atmosphere have to accommodate such factors as wind, rain, ice, snow, 
salt-spray, and the effect of surrounding objects on the antenna pattern and 
impedance. Other factors which have to be considered are operating tem- 
perature and such mechanical forces as shock and vibration. The use of 
radomes must be considered for protection against the environment to 
obtain the proper performance at the least cost. 
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PROBLEMS 

1.2.1 Given an antenna with the power pattern given by P(6, ¢) = Po sin’ 6, 
find the antenna gain using Eq. 1.43 and the approximate antenna gain using 
Eq. 1.48 and compare the results. 

1.2.2 Given the antenna pattern of Problem 1.2.1 assume the antenna sees the 
hemisphere containing the sky at a temperature of 4° Kelvin and the other hemi- 
sphere containing the earth at a temperature of 290° Kelvin; find the antenna 
noise temperature and noise figure. 


CHAPTER y) 


Point Source Antennas 


A point source antenna is a fictitious antenna with no aperture. Although 
it does not exist in practice, it provides a convenient isotropic reference 
with which to compare other antennas. In practice, an antenna viewed 
from a great distance appears to have infinitesimal dimensions and can be 
considered to be a point source. 

The radiated field of an antenna arises from the motion of electric charges 
on the antenna structure. Since there is no place for the charges to move on 
a dimensionless antenna, it is not proper to speak of the radiated field from 
an isotropic point source. However, since this isotropic source radiates 
equally in all directions, the Poynting vector is 


P(6, ¢) = constant. (2.1) 


The total power flowing through a sphere of radius r is 


Wr = i |p .ds =|{ >. dA, (2.2) 


where P, is the radial component of the Poynting vector and dA is the 
infinitesimal element of area of this sphere which is given by 


dA = r* sin 6 dé d¢. (2.3) 
Combining Eqs. 2.1 and 2.2 gives 
Wr = P| dA = 4nr’P,, (2.4) 
s 
and the power density is 
Wr 
P, = : dad 
Anr® ae 


The units for power density are watts per square meter. 
The directivity of an isotropic antenna as defined by Eq. 1.44 is 


Pax 
D=—* = 1, 2.6 
Pay (2.6) 


Zap 
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Zz 


Point source 
at origin 


Fig. 2.1 Point source antenna. 


Since the fictitious isotropic antenna has no losses, its efficiency is unity 
and its gain is 


G=7D=D=1. (2.7) 
The effective area of an isotropic antenna is given by Eq. 1.16 as 
72 
Api: 2.8 
4a 2°) 


Because the isotropic antenna is dimensionless and has no current, the 
radiation resistance defined by Eq. 1.33, the effective height, and the scattering 
area cannot be uniquely defined. 

The isotropic point source antenna radiates a spherical wave. In practice, 
when an antenna is viewed at a great distance, its dimensions seem small 
and its radiation appears to take the form of a spherical wave. Therefore 
most antennas are considered as point sources when their far field effects 
are being considered. Coordinates of the point source antenna are shown 
in Fig. 2.1. 

REFERENCE 
Kraus, John D., Antennas, McGraw-Hill Book Company, New York, 1950, 
Chapter 2. 


CHAPTER 3 


Wire Antennas 


One of the simplest antennas is the one-dimensional wire antenna. Simple 
wire antennas are well understood both theoretically and experimentally. 
They include short and long wires, monopoles, dipoles, and loops. 


3.1 Short Wire 


In the simple short wire antenna shown in Fig. 3.1, the wire is oriented 
along the z axis with its center at the center of the coordinate system. The 
wire is made sufficiently short so that the current can be considered to be 


Fig. 3.1 Coordinates for short wire antenna. 
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uniform over its entire length. This uniform, time-varying current is given by 

Lea lve. (3.1) 

where a, is a unit vector in the z direction, J, is the maximum amplitude of I, 

and the exponential term indicates a harmonic time variation. The short 

wire antenna, or small uniform current element, is often called a short 
dipole antenna. 

The radiation from the short dipole can be determined by the retarded 


potential method. The retarded potentials can be derived from Maxwell’s 
equations. From Eq. 1.3 and the vector identity, 


V-VxA=0, (3.2) 


the magnetic flux density can be equated to the curl of a magnetic vector 
potential A. That is, combining Eqs. 1.3 and 3.2 gives 


B=VxA. (3.3) 
Equation 1.2 can be written as 
Vx E+ =0. (3.4) 
Combining Eqs. 3.3 and 3.4 gives 
Vx (x + 2A) 0. (3.5) 
The vector identity, 
V x Vé = 0, (3.6) 
provides the definition of the scalar potential 4. From Eqs. 3.5 and 3.6, 
E+ “ a ai (3.7) 


Since Eq. 3.3 does not give a unique definition of A, the following condition 
is generally added: 


V-A= —we a (3.8) 
From Eq. 3.7 
= -(v¢ i 2A), (3.9) 
and from Eqs. 1.5 and 3.3, 
H= : Vx A. (3.10) 


The retarded vector potential due to a time-varying current is given by 


i: [Ijt — r/v dV 
A= p| Eee ; (3.11) 
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where the brackets around the current indicate that the current is evaluated 
at time t — r/v to determine the potential at time ¢. The integration is 
performed over the volume V containing the current, r is the radial distance 
to the point where the potential is computed, and v, the velocity of the propa- 
gation of the electromagnetic wave, is given by 


v = [pe}-”. (3.12) 
Combining Eqs. 3.1 and 3.10 gives 


L/2 I eiatt—r/v) 
Ate an 7. dz, (3.13) 
—L/2 4rr 


for an element of length L. The retarded potential therefore has only a 
component in the z direction, which is given by 


Li efot—r/) 
pe eae tees EY 


A, are (3.14) 
If the phase constant is denoted by | 
koGaan?, (3.15) 
and the harmonic time variation is ignored, 
A,= phlei (3.16) 


4ur 


From Fig. 3.1 it can be seen that the spherical components of the retarded 
potential are 
aLD,€ " cos 0 


A, =A, cosG = . (3.17a) 
. ; 4nr 
es Jt es 
A, = A, sin 6 = wet en (3.17b) 
Tr 


Equations 3.8, 3.9, 3.16, and 3.17 can be used to determine the components 
of the electric and magnetic fields due to the short electric dipole. The 
magnetic field is given by 

a, ra rsin Ga, 
1 OiteeO 
= etna AE 3.18 
ur’? sin | Or 00 oa 


Ae Ay TPO 
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Since there is no ¢ component of the retarded potential, and no variation of 
the retarded potential in the azimuth direction, Eq. 3.18 reduces to 


H = ay 4(2 rAg — =), (3.19) 
pr \Or 06 
or 
eee fi 
Hee I,,.Le”" sin (= a *). (3.20) 
Ar r r 
Also, 
—Jjkr 
pen ee (3.21) 
An r joer* 
—Ikr a: 7 
iy oe Sea +), (3.22) 
Aa r r jJower 
where 
Vy 
roam (4) ; (3.23) 
(3 


The equations for the electric field can be obtained from the equation of 
the magnetic field using Maxwell’s equations. Close to the antenna the 
fields are given by 


I, Le—* sin 6 


Ho o= 3.24a 

é Ar” ( ) 
—ikr 

pee LEAR a (3.24b) 

joe4ar k 

th ise 

G2 (3.240) 
jowe4ar 


Equation 3.24 describes the induction field which extends to a distance of 
approximately one-sixth wavelength from the antenna. In this region electric 
and magnetic fields are in phase quadrature, so that there is no average 
outward energy flow as defined by Eq. 1.26. 

At large distances from the antenna only those terms which vary inversely 
with the distance are important. For this case the magnetic and electric 
fields are 
s ikl aber sia 0 


H 
$ 4arr 


; (3.25a) 


‘ —ikr « 
RU eS oor ai (3.25b) 
Amr k 


Therefore electric and magnetic fields are in time phase and have the ratio 


Eg _ Of _ 


Zo: 3.26 
Hak 0 (3.26) 
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These are the characteristics of a plane wave approximating the spherical 
wave from the small wire at large distances. The radiation pattern is given by 
Eq. 1.26 as 

ZL AE sin? 0 


3.27 
32077” ( ) 


Pay = 5 (E x HY) = P,@) = 


This power pattern is shown in Figs. 3.2 and 3.3. 


Fig. 3.2. Polar power pattern of short electric dipole. 


The total power flowing through a sphere of radius, r, is given by 


7 2p 272 Cr 27 272 
Wr -| P-ds =| P,2nr’ sin 6 dO = ak ta? sin’ 0 d0 = mi : 
8 0 7 Jo A 
(3.28) 
The radiation resistance defined by Eq. 1.33 is 
2 
R, = Lb ts allies 30n°( =). (3.29) 
Pe Oa A 


The directivity of a short wire antenna can be found from the definition 
of Eq. 1.44. The ratio of the maximum to the average power density at a 
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distance r from the antenna is 
Vids wd be 


QP 
ey ee ee (3.30) 


Since the current is uniform over the entire length of the short wire, the 
received voltage is | 


Ve = | Edz= EL, (3.31a) 


—10 


—15 


| | 


0 45 90 135 180 
Polar angle 6, in degrees 


Fig. 3.3 Rectangular power pattern of short electric dipole. 


Relative power, in db 


—25 
—30 
and the effective height of the antenna from Eq. 1.56 is 


ei. (3.31b) 


The effective area of the short wire can be determined using Eq. 1.58 which 
gives 


A, = 12071 mS 32 = (4). (3.32) 
4R, 8a = 2 \4ar 
Since the gain of the short wire for the lossless case is given by 
G= D=3, (3:33) 
this verifies the relationship of Eq. 1.16, and 
_*G 


(3.34) 


° awe Aap 
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The short wire antenna can also be analyzed in terms of the electric 
Hertz vector, II’, which can be defined in terms of the magnetic vector 
potential by 


A= u(o + 2). (3.35) 
ot 
Assuming a lossless medium and harmonic time dependence gives 


if = 


=a ey A (3.36) 
jope k 


where c is the velocity of light. Using the additional defining relation of 


¢= —-V-II’, (3.37) 

and Eqs. 3.9 and 3.10, gives 
E = w*uell’ + V(V - I’), (3.38) 
H = joe V x ID’. (3:39) 


This method gives the same fields as those of the vector potential method. 
In an analogous manner it is possible to define an electric vector potential 
F such that 


Ro Saher (3.40) 


H=-— (ve + mr), (3.41) 


This electric vector potential can be defined in terms of a magnetic Hertz 
vector II” as 


F= (a +e 2) (3.42) 
ot 
and the electromagnetic fields are 
E = —jouV x II” (3.43) 
H = wueII” + V(V - II”). (3.44) 
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PROBLEM 
3.1.1 Use the Hertz vector of Eq. 3.35 to find the fields of the short wire. 


3.2 Long Wire 


Another antenna type which does not exist in practice but which provides 
information for comparing other antennas is the infinitely long wire with 
uniform current. For convenience the wire is aligned with the z axis as 
shown in the cylindrical coordinates of Fig. 3.4. The current is given by 


[=1,=I,,e'% (3.45) 


When the wire is infinitely long, the magnetic field has a component only 
in the ¢ direction, and the electric field has a component only in the z direction. 
There are no variations in the fields on any cylindrical surface and the antenna 
is linearly polarized in the z direction, in the z =0 plane. For this case 
Maxwell’s equations, 1.1 and 1.2, become 


a, a, 
r 
gg) 
VxH=|0 ‘ie ols (o + jwce)E = a,- — (rHyg), (3.46) 
ar ror 
0 dal. 0 
a, a, 
r r 
OE 
VxE=|0 = —jouwH = —a zy 3.47 
a O70 Lye o>, (3.47) 
OO) aes, 
so that 
eee (3.48) 
jou or 
and Eq. 3.46 becomes 
GE) On, 
(jop)(o + joe)E, = 52 SLE Ba” (3.49) 
This is the wave equation 
OE, 0k 4 
24 -— —-yE, = 0, 3.50) 
On eee rior d ( 


where 
vy? = jou(o + jwe). (3.51) 
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as 8 nN 


Infinitely long antenna 


=co 


Fig. 3.4 Infinitely long wire antenna. 


For a lossless medium, o is zero and the propagation constant is 


y= —wue = —k?, (3.52) 
Changing the variable of Eq. 3.50 to | 
& = kr (3153) 
gives 
OE, , kK dE 
2 VE, = 0; 3.54 
Ox? i GOL 4 Co 
or 
2 
Pere, CL Pt et (3.55) 


Ou" 4 Ox 


2 
ae oy +o oy + (a? — n*)y = 0. (3.56) 
Ox Ox 
The solution to Eq. 3.56 is 
y = AJ, (x) + BY,(2), (3.57) 


where J,(x) and Y,(x) are Bessel functions of the first and second kinds, 
respectively. Therefore the solution to the wave equation of Eq. 3.50 is 


E, = AJj(kr) + BY,(kr). (3.58) 
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That is, the field can be represented as the sum of zero-order Bessel functions 
of the first and second kinds. Alternatively, the field can be represented as 
the sum of zero-order Hankel functions of the first and second kind as 


E, = AHO (kr) + B,Hy (kr), (3.59) 
where 

HO (kr) = Jo(kr) + jYo(kr), (3.60a) 

H®(kr) = Jo(kr) — j¥o(kr). (3.60b) 


The Hankel functions have the characteristics of traveling waves at long 
distances from the origin. That is, 


Opa 

HY (2) (2) Ua), (3.61a) 
TTX 
uy Ae 

HY (a) » (=| oa eA): (3.61b) 
TX 


These represent incoming and outgoing waves, respectively. 

If the long wire is considered as a transmitter, it is only necessary to 
consider the outward traveling waves at long distances. Therefore the far 
field of the long wire antenna is 


_ = B,HY (kr). (3.62) 


Then, making use of the relationship 


2 HP ol = HPO), (3.63) 
ax 
Eq. 3.48, gives 

1 OE, —kB,H@ (kr)  —jB,H? (kr) 


= = 3.64) 
? jou Or jou Ze 
Very close to the infinite wire at a distance, a, 
I 
Hy,= a: , (3.65) 
Ta 
and 
(2) : ka eee j 
ae kad (KO) tet hd wa ie > ka « 1, 
2 aka k 
(3.66) 
so that Eq. 3.64 becomes 
Zar kZol (3.67) 


B, Sas 
2ra(j2/aka) 4 
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Then the far fields of the wire are 


Hkr), (3.68) 


a _ kZol 
‘ 4 


H?(kr), (3.69) 


mt ray 
H 
aan 


and the impedance of the outgoing wave is 


(2) 
Paes : ia) (3.70) 
Hy H (kr) 
At large distances 
H(z) ~~ (2 a. ene te), x large. (3.71) 
so that 
Hy(x) = jHy (2), —_ large, (3.72) 
and the impedance is 
Z= Zp. (3.03) 


The impedance of the long wire can be determined by considering the fields 
at the surface. If the wire is perfectly conducting and the applied field is E, 
the total tangential field at the wire surface at radius a is 


Ea) = E + E,a) = 0, (3.74) 
so that 
E= —E,a). (3.75) 
Combining Eqs. 3.65 and 3.75 gives 


ae (2) 
ee E “3 E{a) Me ZH bee ; (3.76) 
I 2mwaH, —j2naH, (ka) 


or 


y 1 ie In ka 602 ? ; 
= fo\ 7 gy OG Sin— ka K1. * BD) 
2ra\ j(2/aka) A A ka 


The real and imaginary parts of Eq. 3.77 represent the radiation resistance 
per unit length and the reactance per unit length of the infinite wire. 

If the wire is not perfectly conducting, the assumption of Eq. 3.52 is no 
longer valid and Eq. 3.50 must be used. Dividing Eq. 3.50 by the square 
of the propagation constant gives 


O"E,. , Age 0k, 
Oyry yr Ayr) 
which is the modified Bessel equation having the solution 
E, = Alj(yr) + BKo(yr), (3.79) 


— E,=0, (3.78) 
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where J, and K, are the modified Bessel functions of order zero. Since the 
second term of Eq. 3.79 becomes infinite at zero radius, and since the fields 
must remain finite within the wire, this second term may be dropped so that, 
within the wire, the solution is 


E, = Al(yr), rsa: (3.80) 
Equation 3.64 now gives 
1 OE AI 
ai AE Ay aed (3.81) 


° jou Or jou 


At the wire surface 


E = Ea) = Aljya), (3.82) 
and 
I = 2naH, = aii (3.83) 
jou 


so that impedance of the wire is 


where the intrinsic impedance of the imperfect conductor is 


: Ye 
Zo = (ee_| (3.85) 
o + jwe 


At low frequencies the approximations, 


2 
Igya) v1 + a, ya <1, (3.86) 


I,(ya) © os ea <i, (3.87) 


can be used. For this case the low frequency impedance is 


1 jou 1 jop 
Zig = ——_ + — = 2 —— > 3.88 
ae ma(o+jwe) 82 mao 8r Be, 
This indicates the low frequency resistance and reactance per unit length 
of the wire. At high frequencies Eq. 3.84 becomes 
Z De ee 
Zn = 2 = + (2) 4 = R tix). B89) 
2ra 2aa\ 26 27a 
Therefore at high frequencies the impedance is equivalent to the surface 
impedance of a flat sheet. At intermediate frequencies it is necessary to 
evaluate Eq. 3.84. 


36 Wire Antennas 


The Poynting vector for the infinite wire can be found from Eqs. 3.68 
and 3.69, that is, 


ee a KZ ol” (2) (2) 
= 3 |E,| |H4| = aoe [Ho (kr)| |Hy (kr)|. (3.90) 


In the far field, this Poynting vector becomes 


2 y be 2) I? 
= Meat (=) = Zol'k } (3.91) 
32 \akr 16z7r 
The total radiated power is 
Z,1*k 


In a practical situation the infinite wire approximates a very long wire of 
length L. For this case the total radiated power is 


ZI°kL 
Wa = rets (3.93) 
The radiation resistance is 
R, = “AE = 30rkL 3.94 
ee r? a 7 2 ( * ) 
and the average power per unit area flowing through the cylindrical surface is 
Wr _ 15I°k 
ae 3395 
OY arr L 2r CR 
so that the directivity of the long wire is 
Pmax 
D=—=1. (3.96) 
Pay 
Also, the effective area is 
2 
A, = Z ; (3.97) 
Aa 
and the effective height is 
a) Y% 
h= (a) = (2) K (3.98) 
Zo 27 


These characteristics of an infinite wire provide a basis for comparison only, 
since the infinite wire cannot be realized in practice. 
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PROBLEM 
3.2.1 Calculate the impedance per unit length of a copper wire, with a 5-cm 
radius at (a) 500 mc, using Eq. 3.88; (b) 50 ge, using Eq. 3.89. 


3.3 Dipole Antenna 


One of the most commonly used antennas is the dipole antenna shown in 
Fig. 3.5. It consists of a wire whose length is an appreciable portion of a 
wavelength. The wire is fed by a voltage generator at its center. Since the 
antenna is relatively long, the current is not constant over the entire length. 

It has been found experimentally that the current distribution on a wire 
antenna fed at the center is approximately sinusoidal with zero current at 
the ends of the antenna. That is, there is a standing wave pattern on the 
antenna with current nulls at the ends and at every half wavelength from the 
ends between the ends and the center. For the antenna of Fig. 3.5, the current 
on the antenna can be represented by 


Le sin [x(4—-)]. z2> 0, 


I, Sin [e(E + :)] 2<0. 


If the antenna is relatively short so that the electrical length of each arm 
is less than six degrees, the sinusoidal functions can be replaced by linear 
functions. Thus, for short dipole antennas, the current distribution is ap- 
proximately triangular instead of sinusoidal. This current can be represented 


by 
LE 


Key (3.99) 


ao 


: 3.100 
a (3.100) 


< 
2 


For this short dipole, the retarded potential of Eq. 3.13 becomes 


j(@t—kr) FP L/2 0 
L= une | (= - | dz +{ (+ :) az}. (3.101) 
27Lr 0 2 Apaw4 


Omitting the time dependence gives 
— jkr 
A,= (ae (3.102) 
2 4ur 


Therefore, the triangular current distribution gives a vector potential whose 
magnitude is one-half of the magnitude of a vector potential which would 
be obtained if the current distribution were uniform over the same wire 
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(a) (b) 


Fig. 3.5 Dipole Antenna. (a) Coordinates. (6) Current distribution for dipole antenna 
slightly less than one wavelength long. 


length. Thus the far field of the short antenna is one-half of the field given 
by Eq. 3.25 and 


, —IkT os 
oe! jkinbeTsin@ ) yl (3.103a) 
Sar k 
joul bee" sind) Li) 1 
E, = ——=s——] -<. 3.103b 
: Sarr 1 ~ 30 ( ) 


Also, the Poynting vector is 
Zc 


P.(6) = 
7(9) 12877? 


sin” 0, (3.104) 
which shows that the power pattern of the short dipole is the same as the 


power pattern of the elemental wire. For this antenna the total radiated 
power is 


L 2 
Wr = 100%1,(£), (3.105) 
and the radiation resistance is 
2 
Ree ao a 200'(2). (3.106) 
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Since the small dipole has the same pattern as the small wire, it also has the 
same directivity and the same effective area, given by 


_ 3H 


eae ¥ (3.107) 
Sar 


However, the triangular current distribution producing the lower radiation 
resistance also reduces the effective height of the antenna. Using the defini- 
tion of Eq. 1.58, the effective height of a short dipole is 


R 16 
Aes (78) on (3.108) 
Z, 2 


In other words, for the same maximum antenna current, the short dipole 
produces only one-half the radiated field that the short wire produces and 
therefore has only one-half the effective height. 

A long dipole with a sinusoidal current distribution can be considered to 
consist of a large number of small elements of constant current such as that 
analyzed in Section 3.1. The radiation field of this antenna is therefore a 
superposition of the radiation fields of each of the small segments. From 
Eq. 3.25, it can be seen that the electric field at a great distance from the 
antenna due to the small current element dz is 


__ jkZol(2) dze~™" sin 6" 


Mu” 


dE, (3.109) 


A4anr 


when the geometry in Fig. 3.5 is used. Since the far field point is at a great 
distance from the antenna, the distances r and r” are related by 


r’ ~r—zcos 8, (3.110a) 
0” ~w 6, (3.110b) 
and 
ee ey (3.110c) 
r r 


The total electric field is therefore 


: —JGKT oS L/2 4 
E, = Hoe sin Oy | I(ae 2° del, (3.111) 


Aor adi/P 


° —jkr .: L/2 
E, _ IkZoT me sin al elke cos @ sin [«(E— :)] dz 


Arr 0 


0 
+| pa Si [a(E+ :)| ac} (3.112) 
SE /2 2 


or 
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This general integral is 


fe #® sin (ba +c) = Pyne sin (bx + c) — bcos (bx + c)], 


(3.113) 


where 
a=jkcos#, b=+tk, c=k~, a+b =k’*sin’ 6. (3.114) 


Performing the integration gives 


5 cos (“cos 0) — COS ies 
jool ne 2 2 


Ey = 3.115 
; 2ur sin 6 ( ) 
The Poynting vector is 
1 2 eal IF 
Ps = = |E,| |H E o, 3.116 
5 Ho ol = A wile? Z, = Z, ( ) 
and 
2 
ae S (7 608 a) — cos Be 
P,= 2 | ———>—_—_—_——_ ], F117 
Sarr? sin 6 ( ) 


and the total power radiated from the dipole is 


; cos (1 £cos a) — cos = 
0 


sin 0 


dO. 
(3.118) 


Wr -| P-ds =| P,2nr’ sin 6 dé = 
s 0 


TT 


If the radiation resistance is defined in terms of the maximum current, it is 


kL kL]? 
a % -|e0s sey = 03-5 
> = [ or (3119) 

vs 27 Jo 


m 


sin 6 


Integrating Eq. 3.119 gives 
R, = 60,C + In kL— C(kL) + : sin (KL)[S,2kL) — 2S,(kL)] 
+ 5 00s (kL) le + In (1 L) + C,2kL) — 2C. (kD) | | (3.120) 


where C, Euler’s constant, is 
CeO 52 (3.121) 
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and the sine and cosine integrals are, respectively, 


S,(2) =| dz, C(x) = -| se ds (3.122) 
0 x x 


x 


If the antenna is not fed at the point of current maximum, the radiation 
resistance as seen at the input terminals differs from the radiation resistance 
of Eq. 3.119. For the general case the radiation resistance at the input is 


2W. ie 
Rn = == (2), (3.123) 
Tin Tin 


where J,,, is the amplitude of the input current. 
If the current maximum is at a distance d from the input terminals, the 
sinusoidal current distribution gives 


Ln = I, cos kd, (3.124) 
and the radiation resistance seen at the input terminals is 


Bs (35125 
"im cos? kd Ae) 


The directivity pattern of the dipole is given by 


cos («Ecos a) — cos KL ; 
AO eh (3.126) 


sin 6 
If this pattern has a maximum value F,,,,, the directivity is 


p= Pmax — Zofmax Fax (3.127) 


fF (6) sin 6 dé 
the effective area is 
A Goa ZF: 
A ea See (3.128) 
4a AiR, 
and the effective height is 


A max 
h = Amax (3.129) 
where f,,.x is the maximum value of f(6). 


A special case of interest is that of a dipole antenna which is an odd 
number of half-wavelengths long. For this case the shape of the far field 
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pattern is given by 


2n—1 
cos ( A )e cos | 


(a) Half-wavelength dipole [OS 


af ="), (3.130) 


This pattern has zeros where f(@) is zero or 
where 
Nee 
cos 


2k —1 
os, eae Re 


' cos | = (0, (3cis}) 


or 


cos? = + 


(3.132) 


(b) Three half-wavelengths dipole - 
Also, the numerator of the expression for the 


Fig. 3.6 Dipole polar pat- far field pattern is a maximum at 
terns. 


cos (2 as 1 cos | = +1, (3.133) 


or 


cos 0 = 26 ; Be OL 1 en Sate (3.134) 
2n—1 


Thus there is a lobe broadside to the antenna (9 = 90°) with unit normalized 
amplitude. Because of the term in the denominator of Eq. 3.130, the lobes 
given by Eq. 3.134 are all tangent to a unit cylinder whose axis coincides 
with the antenna. This is illustrated in the patterns of Fig. 3.6 for antennas 
one half-wavelength long and three half-wavelengths long. 

For the half-wave dipole, the field given by Eq. 3.115 is 


_ | cos (z cos a) 
i jO0Le.. 2 _ A 
? tha 4 ‘ 


E¢ : (3.135) 
r sin 0 
The average power density of Eq. 3.117 is 
2 
mae cos (2 cos 0) 
jp e= = (3.136) 
Tr sin 0 
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The total power radiated is given by 


T 2 
ae cos see 
Wr =|P-ds =| ee ——_———_| 27mr’ sin 0 dé 
0 amr sin 0 


(32137) 
7 
7/2 ©9S (z cos a) 
= 605! ————— sin 0 0. 
0 sin 6 
Changing the variable of integration to 
u = cos 6 (3.138) 
gives 
cos” (=) Cos (=) cos" (=) 
Wr = 601! | — du = 30I,, [ du +{ — du}. 
0 1—u o 1—u o itu 
(3.139) 


Then, changing the variable to 
v= Lu; ve=l+u (3.140) 
in the first and second integrals respectively gives 


eae ee sin? (22 sin? (22 
° y z Wu 2 wy) 
Wy = 301,,2 { salad en +{ eas = 301, seas luc aly) 
ib 0 


v 1 v v 
(3.141) 
Using the half-angle formula 
- 90D 1 
sin“ —- = —(1 — cos v), 3.142 
5 a ) (3.142) 
gives 
2 — 
Wr = 151,,2 | ges LD Wy (3.143) 
0 v 
and changing the variable to 
= (3.144) 
gives 
Qa 2s 
Wr = 151° De POS OBE TE TCC On) Be sei a (3125) 
0 u 
The radiation resistance is 
2Wr 
Ry et oar (3.146) 


and the directivity given by Eq. 3.127 is 


Te 120F max x 120 =a) hark (3.147) 
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The effective area for a perfectly efficient antenna, from Eq. 3.128, is 


A, = 0.13122, (3.148) 
and the effective height of Eq. 3.129 is 
h= Be 0.3184. (3.149) 
7 


The preceding equations have been derived for a symmetrically fed 
antenna. That is, the signal generator is located at the exact center of the 


z 


Fig. 3.7 Asymmetrically fed dipole. 


dipole, as shown in Fig. 3.5. Another arrangement, which is also of interest, 
is the asymmetrically fed dipole shown in Fig. 3.7. For the asymmetric 
dipole, Eq. 3.99 becomes 
I, sin [k(h — z)] OOD 
12) = 
I, sin [k(h + 2)] BGI 


since the current must be zero at the ends of the antenna. Also, the current 
out of the signal generator must be equal to the current into the signal 
generator so that 


I, sin [k(h — z)] = L, sin [k(A + 2]. (3.151) 


(3.150) 
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Equation 3.151 is satisfied if 
I, = 1,, sin k(h + 2), (3.152a) 
I, = I,, sin k(h — 2), (3.152b) 
so that the current distribution is 


I, Sin [k(h + 2,)] sin [k(hA — 2)], Le, 

I) =)" ’ : (3.153) 
T,, sin [k(A — 2,)] sin [k(h + 2)], Bee GS 

It is also of interest to note that, for an antenna which is an integral number 

of wavelengths long, 


I(z) = (,, sin kz) sin kz, L =n, (3.154) 


which implies that the current distribution is sinusoidal and the shape of 
the sinusoid is independent of the position of the signal generator, although 
the amplitude of the sinusoid does depend on the generator location. 

The self-impedance of the dipole can be found by using methods similar 
to those for the long wire antenna. For a dipole antenna the current is 


I, = 1, sin k(h — |z|). (32159) 
The voltage across an incremental length of the antenna is 
aV,= E,dz. (3.156) 
This incremental voltage is related to the input current by a transfer im- 
pedance 
Z,= ae Gi157) 
t dl, ° . 


Also, the ratio of the voltage applied at the input to the current at the 
incremental portion of the antenna is the same transfer impedance 


ee = (3.158) 
Combining Eqs. 3.157 and 3.158 gives i 
V dl, = dV _I,. G59) 
The desired input impedance of the antenna is 
y) ne eS (3.160) 
I heedly ee eS 
so that 
V dIy, = I, dV. (3.161) 
Combining Eqs. 3.155, 3.159, and 3.161 gives 
dV= 1 = sin k(h — |2|) dV,, (3.162) 


m 
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and substituting Eq. 3.156 into Eq. 3.162 gives 


dV = —E, sin k(h — |z|) dz. (3.163) 
Therefore the input impedance is 
WES pie 
Fe aes =| Facute (3.164) 
| Pei! edt 5 


The electric field can be found from the magnetic vector potential which 
is given by 


Rh os a AVI 0 n\ dk 
ee wal | sin k(h — z’)e dh! +] sin k(h + z’)e a | (3.165) 
4a LJo r -h r 
With the observation point in the x = 0 plane, 
r= [y+ (—2’)?]%. (3.166) 


The magnetic vector potential can be written in terms of exponentials as 


A, = Hl im oa. dz' +] ae ae 
8aj 0 Br 


h 0 
_ pci | e Ika) qo? 4. | gp ik(r +2’) ae | (3.167) 
0 —h 


In the x = 0 plane the magnetic field is given by 


A, = —H,= ae : (3.168) 
fe Oy 
Performing the indicated integration gives 
Hye Lan) ese + et _ 2 cos Khe], (3.169) 
Ary 
where 
n=l t+ h— 2%, (3.170a) 
r= (y+ (h + 2%, (3.170b) 
r= y+ 2%, (3.170c) 


as shown in Fig. 3.8. The electric field in the z direction in the « = 0 plane 
is given by 


1 
pa ala ays (3.171) 
jwcy Oy 
which gives 
ean Fa —Ikry —IKT2 —ikro 
E, = ee + — — droskhe ) (3.172) 
4iwe \ ry rs ro 
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Fig. 3.8 Dipole. 


Combining Eqs. 3.164 and 3.172 gives for the input impedance 


h eer oe ikre e7kro 
Z4 = j30 i ( _ —2cos kh sin k(h — |z'|) dz’. (3.173) 


—h ry r 2 a 


The impedance can be divided into real and imaginary parts. The real part 
is equivalent to the radiation resistance given by Eq. 3.120. The imaginary 
part is the input reactance. This is given by 


xt 3025 (kL) + cos kL[2S,(kL) — S,(2kL)] 


tain kL| 2C(KL) COL) o*)]} (3.174) 


For the special case of an antenna which is an integral number of half- 
wavelengths long, Eq. 3.173 can be written as 


Ll g-ike — g-sk(L—2) | 
Zo = j30| | + | sin kz dz, (3.175) 
Z 


0 73 
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where the primes have been omitted and it is assumed that the antenna is 
very thin so that y is much less than h. This can be rewritten as 


L j2kz —IkLy ,j2kz 
Ts -15] i J en ie (3.176) 
0 z L—z 
or 
L —J2kz L j2kz 
va 1s{ Ao See 1s] ER 5. (3.177) 
0 2 o0 L—z 
Then, letting 
u = 2kz (3.178a) 
and 
v = 2k(L — z) (3.178b) 


in the first and second integrals of Eq. 3.175 gives 


2rn el SH 2rn ae 
z= 15( | Bea 1, +] =<" a0), Lh eae 
0 u 0 p 


v 
Then, letting 


Ww = ju, jv (3.180) 
gives 


jan 4 ya! 
Z= 20] LW (3.181) 

0 w 
The exponential integral of Eq. 3.179 is defined as 


; een 
EinGy) -| 
0 w 


dw = Cy) + jS(y), (3.182) 


so that the input impedance of the dipole is 
Z = 30[C,(27n) + jS,(27n)]. (3.183) 


Note that the resistive component of Eq. 3.181 agrees with the radiation 
resistance of Eq. 3.146. That is, 


R, = 30C,(27n) = 30[0.577 + In(2an) — C2nn)], (3.184) 


and the reactance is 


X4 = 30S,(27n). (3.185) 
For the half-wavelength dipole this reactance is 
X4 = j42.5 ohms, nad. (3.186) 
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PROBLEMS 


3.3.1 Verify Eq. 3.115. 
3.3.2 Integrate Eq. 3.119 to verify Eq. 3.120. 


3.4 Cylindrical Antenna 


The fields and impedance of the electric dipole are determined by using 
the assumption that the current distribution on the antenna is sinusoidal. 
If the dipole radius is appreciable, this sinusoidal current assumption is not 
strictly valid. 

The cylindrical dipole antenna is shown in Fig. 3.9. The vector potential 
can be determined by considering the electric fields on the cylindrical antenna 
as shown in the figure. Since the tangential components of an electric field 


, D, 2) 


Fig. 3.9 Cylindrical antenna. 
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must be continuous at a boundary, 
E, = E,, (3.187a) 
E, = E,, (3.187b) 


where the primed and unprimed fields are the fields just inside and just 
outside the cylinder, respectively. If the radius is much smaller than the 
wavelength, and the cylinder length is much larger than its radius, the effects 
of the end plates can be neglected and 


Faas | > a, ax. (3.188) 


If the conductor impedance due to skin effect is denoted by Z, the electric 
field inside the conductor is 
E/ = ZI, (3.189) 


where J, is the total current. The electric field outside the cylinder can be 
determined from the magnetic vector potential. For the time-varying case, 
Eqs. 3.8 and 3.9 become 


V-A = —jwped, (3.190) 
EK = —V¢ — joA. (3.191) 
Combining Eqs. 3.190 and 3.191 gives 
2 
sas fev emery —jo] Sve Ae A]. (3.192) 
Jope a) 


Since the current has only a z component, the vector potential A has only 
a zcomponent. Equation 3.192 becomes 


w (0°A 
.= js = KA), 35193 
: al Oz” =" ( ) 
and combining Eqs. 3.187a, 3.189, and 3.193 gives 
2 “1-2 
OA, , pag IRZT, (3.194) 
02? wo 


Equation 3.194 is a second-order, first-degree wave equation which is only 
homogeneous when Z is zero. The solution can therefore be represented as 
the sum of a complementary function and a particular integral; that is, 


A,=A,+4,, (3.195) 
where 


A, = B, cos kz + B, sin kz, (3.196) 


fh ae i isin ke — Os. (3.197) 
Cc /0 ‘ 
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These equations can be verified by substitution into Eq. 3.194. The vector 


potential can therefore be written as 


A, = =e, cos kz + C, sin kz — z| I(s) sin k(z — s) as]. (3.198) 
c 0 
If the antenna is driven at the center, so that the current and vector potential 


are symmetrical with respect to the origin, 


I(z) = I(—2), (3.199a) 
A(z) = A(—2), (3.199b) 
and the vector potential is 


A, = lc, cos kz + C, sin k |z| — z| I(s) sin k(z — s) as|. (3.200) 
c 0 


The relationship between the potential applied at the center of the dipole 
and the vector potential can be found from Eq. 3.190. That is, 


0A 
2 = —joped. (3.201) 
Oz 
The applied voltage is 
V = lim [¢@) — 4(—2)], (3.202) 
20 
or 
2 ae 2 
y= tim j [PO _ P42) ee een (3.203) 
z70 WL 2 Oz @ 270 02 
Then, from Eq. 3.198 
pee) ee be ear Uy (3.204) 
270 Oz c c 
Combining Eqs. 3.203 and 3.204 gives 
C,= i : (3.205) 


The retarded potential can also be given in terms of the surface current 
I(z') as indicated in Eq. 3.11. For the cylindrical antenna this is 


L/2 J(4!\o-ikR 
pane | Mae: (3.206) 
4nJ-rjz2 60s 
where 
R= [2 —2)4 PF)". (3.207) 
Combining Eqs. 3.200, 3.205, and 3.206 gives 
h t\ 5—IkR z 
jH | Lae dz’ = C, cos kz + lees k |z| — z| I(s) sin k(z — s) ds, 
4a Jn R 2 0 


(3.208) 
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where 


(3.209) 
The integral on the left-hand side of Eq. 3.208 can be rewritten as 


h "\ —IkR h ul h eT kR __ 
| I(z'je dz! = I(z) dz +| ee ™ =1@ dz" “(BZ10) 
—h R —h —h R 


The first integral on the right-hand side of Eq. 3.210 can be written as 


mea [(h—z + a°]* +(h—2) 
1) oe ee ee 


= 10] 9 + In (1 — =) + 4], (3211) 
where 
OS ain (*) - Ole: (3.212) 
a a 
and 


ran (ie Ile GIT). eam 


Combining Eqs. 3.208, 3.210, and 3.211 gives 


i= wake cos kz 15 = ean k|z| — AN I(s) sin k(z — s) ds| 


2 h 1\5-IkR __ 
—— AKC In (1 - 2 + I(z)d +| (2 —10) a:'| (3.214) 
O h =) 
At the ends the integral 


R 
[ dz’ 
me Nis «4 


remains finite and the current is zero so that Eq. 3.214 becomes 


+ In, (3.215) 


a 
2 


z=th 


Oe =i (c, COs eh ee kh) 
TO 2 


0 
5 h h 1\ 5—IKRn 
= 4) 2 I(s) sin k(h — s) ds — | Bejeves a'| (3.216) 
0 =) R,, 


where 
R, = (A — 2)? + a)”. (3.217) 
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Then, subtracting Eq. 3.216 from Eq. 3.214 gives 


Ke) i <1) C,(c0s kz — cos kh) + “(sin k |z| — sin kh) 


Zo 


- Ae in(1 -4) + 1()8 


re [PO 10) ae - de! ee i eae ds| 


h —IkRn 
a Al IL — dz' = alt I(s) sin k(h 7 s) ds| . 


: (3.218) 


This is the integral equation of Hallén for the total current distribution on 
the center-fed cylindrical dipole. A zero-order approximation can be 
obtained by neglecting the terms in the last two sets of brackets in Eq. 3.218. 
This gives 


te) = =4| cr) — Fo)], 3.219) 

where 
F(2) = fol2) — fol) = cos kz — cos kh, (3.220a) 
G2) = gol2) — go(h) = sin klz| — sin kh. (3.220b) 


Substituting Eq. 3.219 into Eq. 3.218 gives an approximation for the re- 
maining terms, which is 


(2) = lane) +t sages Y Gale’ )} (3.221) 
where 
F#’) = fie’) — fA), (3.222a) 
ens aie 2 Uh, CRE fae OU, 
fe) = Fyn (1 =) + F@)8 L - be 
= a F,(s) sin k(z — s) ds, (3.222) 


oe 


fi(h) =| F(z’ es ae ty i [ F,(s) sin k(h — s) ds, (3.222c) 


0 


and G,(z’) is Pee re F(z’) with G written for F. The first-order ap- 
proximation is then 


L(2) = Lh + he), (3.223) 


I) = =H c,| Fo ) + Fe) 4 AD) 4 “Gul )+ oie))) (3.224) 


or 


Relative current amplitude, |I(z)| 


Relative current amplitude, | I(z) | 


— 
Nh 


© 
0 


0.4 are 
Q = 30 
= co (sine curve) 
0 
—1.6 -1.2 -0.8 —-0.4 0 0.4 0.8 i 


Electrical length, kz 


A 
Fig. 3.10 Current distribution on 5 cylindrical antenna. 


1.6 


Relative current amplitude, |(z}| 


4A -1.6 -0.8 0 0.8 1.6 2.4 
Electrical length, kz 


3A 
Fig. 3.11 Current distribution on a cylindrical antenna. 


—3.2 -24 -1.6 —-0.8 0) 0.8 1.6 2.4 
Electrical length, kz 
Fig. 3.12 Current distribution on one wavelength long cylindrical antenna. 
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1.6 
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Repeating this process indefinitely gives 


is (3.225) 
L= ee eee (3.226) 


where the functions of h are defined in Eqs. 3.220 and 3.222. Substituting 
Eq. 3.226 into 3.225 gives 


sin k(h — lel) + 2 + CE bo 
(2) = ; (3.227) 
aM poste! 2 OE ee 
Oe OF 


where 
b, = fi sin kh — f,(A) sin k |z| + g,(A) cos kz — g,{z) cos kh, (3.228) 
and 
dy = f,(h). (32229) 


Neglecting the higher order terms in Eq. 3.227 gives the first-order approxima- 
tion for the antenna current as 


I(z) = Je so — eb + Bue). (3.230) 
602, cos kh + d,/Q 
Figures 3.10 through 3.14 show graphs of typical current distributions. 


Relative current amplitude, | I(z)| 


Electrical length, kz 


5A 
Fig. 3.13 Current distribution on zi cylindrical antenna. 
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The input impedance can be determined by evaluating the input current 
in Eq. 3.230. Therefore at the origin 


1(0) = wie (set bie), (3.231) 
60Q\cos kh + d,/Q 
and the input impedance is 
Zo Nad hes — jon0o(cos th + GIO), (3.232) 
I sin kh + b,fQ+--> 


0 
Typical curves for the input impedance are shown in Fig. 3.15. Note that 
the impedance variations with frequency are reduced as the antenna thickness 
is increased. Therefore the thick antenna is more broadband. 


amplitude, |I(z)| 
So = 
(ee) Oo 


lo 
o1 


Relative current 


-1 0 1 
Electrical length, kz 


3A 
Fig. 3.14 Current distribution on mi cylindrical antenna. 


For very thin antennas, Q of Eq. 3.212 becomes very large, the current 
distribution of Eq. 3.230 becomes 


iV ss k(h — eD| : 
1@). ===) Se et ih i), 3233 
Oe es es sin k(h — |z|) (3.233) 
and the input impedance is 
V 
Zin = —~ = —j60Q cot kh. 3.234 
n 1(0) ) 0 ( ) 


Therefore the sinusoidal current distribution assumed for the electric dipole 
is shown by Eq. 3.233 to be valid for cases in which the antenna element is 
very thin. 

Equation 3.234 is similar to the impedance of an open circuited lossless 
transmission line which has a characteristic impedance 


Zy = 60Q = 120 In = (3.235) 
a 
The characteristic impedance at a distance z from the origin can be found 
from Eq. 3.235 as 


7 Gyo Ine (3.236) 
r(z) 
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Resistance 
in ohms 


Reactance in ohms 


Key 


Q = 16.6 (L/a = 4000) 
———— Y= 96 (L/a= 120) 
Numbers along spirals = h/» 


Fig. 3.15 Input impedance for typical cylindrical antennas. 


where r(z) indicates that the conductor radius may be a function of distance. 
The average characteristic impedance can be defined as 


h h 
ipa | Oe ae (3.237) 
h Jo hoy “r(z) 


For the cylindrical antenna, r(z) = a and 
—— 120( In ahs i) (3.238) 
a 


The impedance using this approximation is then 


Zin = —)120( In gabe i) cot kh. (3.239) 
a 
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This is a pure reactance obtained by assuming a very thin antenna. It 
therefore does not take radiation into account. If radiation is considered, 
a better approximation is obtained by using the results of Section 3.3. In 
this case the input impedance is 


Zin = R,(kL) — j[ 120( 1m wR i) cot = x AkL)], (3.240) 
a 


where R,(KL) and X,(KL) are given by Eqs. 3.120 and 3.174. 
The patterns and gain of a cylindrical antenna are very similar to those 
of a thin dipole of the same length. 


C 
Fig. 3.16 Arbitrary cylindrical cross section. 


The equations for the current distribution and the input impedance have 
all been derived by assuming that the cylindrical antenna has a circular 
cross section of radius a. In general, the cylinder may have any arbitrary 
cross section, such as the one shown in Fig. 3.16. For such an irregu- 
lar cross section, the surface current density is a function of the cylinder’s 
shape. The surface current density can be denoted by J(s’, z’) and the current 
distribution along the antenna is given by 


I(z’) = b Is, 2') ds’, (3.241) 


where C is the curve which defines the cylindrical cross section. In general, 
it can be assumed that the surface current density is separable into the 
product of functions of each of the variables so that 


Is’, 2) = Iz) f(s’), (3.242) 


I(z) => leyfcyd = 12) f) ds’. (3.243) 
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and 
f(s’) ds’ = 1. (3.244) 
C 


For the antenna with Saeat cross section, Eq. 3.210 becomes 


DP Oat es, ! 

ite jm Nossal perma = ee ds’dz' (3.245) 
—h 

and Eq. 3.211 becomes 


h ’ 2 
| $ AO ds dz’ = I(2) in(1 — ) 
mvc. -R h° 


24 ee = dv tte\8! (G.246) 
fo) 
so that the length-to-diameter variable of Eq. 3.212 is ae My 

12 )oee== 2b J(s’, 2) he — = ds! = 212). f(s’) ies — a ds. (3.247) 


Then, if the equivalent radius a,, t radius of an equivalent ae cylinder, 
is defined by 


C= ine (3.248) 


ae 
this equivalent radius for an arbitrary cross section can be determined from 
Eq. 3.247 as 


nse: p eoeeke (3.249) 
a. C d 


The appropriateness of the effective radius can be determined by considering 
a circular cross section. For this case, Eq. 3.244 gives 


f(s’) = constant = fe ; (3.250) 
27a 
and 
bee 
d= 20 | sin il? (3.251) 


where ¢ is the angle between radial lines to s’ and s. Then Eq. 3.249 becomes 


n= pf yin 2H ds = |" sing)” 


7/2 
at bee Oe ee (3,252) 


a do a 
or a, = 4, (3.253) 


sin = 
e. 
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and the equivalent radius is exactly equal to the actual radius if the cross 
section is circular. 

The effective radius of an arbitrary cross section can be determined by 
using the definition of Eq. 3.249 if a new function is defined by 


L / 

ay = p In sas’ (3.254) 

Then Eq. 3.249 becomes 
in~ = f()s(s) + > (FO) — fO)] In Eas’ (3.255) 

a, C d 
which can be rewritten as 
1 L 

f9) = Fn — > 1466) — Folin gas (3.256) 


If the function of Eq. 3.254 can be assumed to be approximately constant 
around the periphery, then 

g(s) = G + 2,(s) (3.257) 
where 


= 2 7 a(s) ds (3.258) 


and S is the length of the closed curve C. As a first approximation, 2,(s) 
is much smaller than G. 
Similarly, the first approximation of Eq. 3.256 is 


is) = in a (3.259) 
Fe ya ae 
Then, substituting Eq. 3.259 into the integral of Eq. 3.256 gives 
Ve on oe ne blo me ee (3.260) 
g(s) a, 0 g(x) g(s)1 
However, from Eq. 3.257 
i pomaed i apes ah 1 
a s)ds y= 3.261 
pea GP nOds~ 2 (3.261) 


if the function g,(s) is small. Substituting Eq. 3.260 into Eq. 3.244, and 
neglecting the higher order terms gives 


Tee ay (3.262) 
ae 
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Then, combining Eqs. 3.254, 3.258 and 3.262 gives 


Ina, » iB $ p In d ds'ds. (3.263) 
S? Jodo 


This is an approximate formula for the effective radius of a cylindrical 
antenna. This equation becomes exact if the cross section is circular. 

A quantity of interest is the equivalent radius of two parallel conductors 
having peripheries S, and S,, equivalent radii a, and a,, and a mean separation 
dn. Table 3.1 shows equivalent radii of two parallel conductors and other 
common antenna shapes. 


Table 3.1 Radii of Equivalent Circular Cylinders 


Shape ly Radius of equivalent cylinder 


a 


ae = 0.25a 


ae 0.2 (a + b) 


1 


era Inay + S27 Inaz + 251S2lndm) 
1 2 


nae 
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Another cylindrical antenna of interest is the cylinder of discontinuous 
thickness shown in Fig. 3.17. For this antenna the vector potentials on the 
surfaces of the thick and thin segments, respectively, are 


hi J P\ 5 IKTL —hi,he J \\ 5—Ikr1 
A.) = B i bea cist | Lee dd, ee 


T J—hi ry —he,h1 ry 


hi N\ 5 ike —hi,he DY GRE 
Mies | cre Laaiore +| Lal eT games 


TT J—hi lo —h2,hi ls 
where 
n=(e-—z)Ft+ a,?)%, (3.265a) 
ry = [@ — 2’ + ay], (3.265b) 


and J, and J, are the currents on the center and end sections, respectively. 
For this case Eq. 3.193 becomes 


 o(07A | 
Em a =( a oe MA.) O< Riehe (3.266a) 
2 
Be ty OC Gee ee (3.266) 
k?\ a2" 


Fig. 3.17 Cylindrical antenna with discontinuous thickness. 
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Proceeding with ihe solutions of Eq. 3.266 in terms of the potentials of 
Eq. 3.264 in the same manner as for the simple cylindrical antenna, and 
making the same type of approximations, leads to the input impedance 


Q, sin kh, sin k(h, — hy) — Q, cos kh, cos k(hz — h,) 


Zin = j60Q, ; : : 
Q, cos kh, sin k(h,g — hy) — Q, sin kh, cos k(h, — h,) 
. (B26) 
where 
L, 
OF 2 Ins (3.268a) 
ay 
and 
Ls 
OF=— 21 (3.268b) 
a2 


Notice that as the length of the end sections approaches zero, so that the 
discontinuity vanishes, (4, — h,) approaches zero and Eq. 3.267 reduces to 


Eq. 3.234. 
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3.5 Folded Dipole 


A folded dipole consists of two or more electric dipoles joined at the ends 
as illustrated in Fig. 3.18. The antenna terminals are located in the center 
of one of the conductors. The folded dipole can be considered to be a 
special case of the T-match antenna illustrated in Fig. 3.19. This T-match 
antenna can be separated into two components, a radiating component 
and a nonradiating component as shown in Fig. 3.20a. The radiating fields 
are those due to the radiating component, which is the dipole with dis- 
continuous thickness shown in Fig. 3.205. The input impedance, however, 
is different from the impedance of the dipole, because it is necessary to 
consider both the radiating and the nonradiating components. The voltages 
and the currents in the two elements for the radiating component are 

V = Vy = Ves (3.269) 
and 
L, Hip = al, (3.270) 


64 Wire Antennas 


il 
(b) 
ff 
(c) 


Fig. 3.18 Folded dipoles. (a) Two-wire folded dipole. (6) Three-wire folded dipoles. 
(c) Four-wire folded dipoles. 


(a) 


Ly (~v) Vat (a. yar 
Ts 1 ] 1 


(a) (b) 


Fig. 3.19 T-match antenna. (a) Dimensions. (5) Voltages and currents. 
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Zo 
= Vj Vi’ + if ) 
Alte atl [te oe 
e 
(a) (b) 


(1 + a):1 


Fig. 3.20 Components of T-match antenna. (a) Radating and nonradiating com- 
ponents. (b) Equivalent components. (c) Equivalent circuit. 


where a is the “current division factor’ given by 


2 2 
cosh = + I) 


fe i I I Ses (3.271) 
cosh(= + ue — ‘) Inv —Inu 
2uv 
fe er als (3.272) 
a, a; 


where a, and a, are the radii of the first and second conductors and d is the 
spacing between the centers of the conductors. The two parallel conductors 
are equivalent to one thicker conductor with an equivalent radius a, as 
illustrated in Fig. 3.205. This equivalent radius is given in Table 3.1 as 


Ina, ~ Ina, (u? Inu + 2u In v). (3.273) 


1 
+ eee 
(1 + uy? 
The input impedance of the dipole with discontinuous thickness is 


V; V, 


Z,= 2 eee, 
Le ie iesa)i: 


(3.274) 
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For the nonradiating component, the voltages and currents are 
I= —1, =I, (3.275) 
V, = av, Ve = —V (3.276) 
The two parallel conductors can be considered as a two-wire transmission 
line for the nonradiating component. If this transmission line has the 
characteristic impedance Zo, the input impedance of each transmission 
line segment illustrated in Fig. 3.206 is 
L 
Za=iZeianek S (3.277) 
In terms of the voltages and currents, 
2Z,1, = V, —V, = (1+ a)V;. (3.278) 


Adding both the radiating and nonradiating Popo gives the following 
input voltage and current: 


V=V,4+ V,=V,+ aV;, (52259) 
l=h+i=I1, + Ij. (3.280) 
Also, in the second conductor the voltage is 
Vi=V,'+ V, = V,—V, = 9, (3.281) 
so that 
V, = V;. (3.282) 
Therefore the input impedance is 
es V_ Gaba, of Oe eZ _ 20 + afZ,Z; 
ST Gan eel eyed ayrZzt, - 2Z,+0 +a) ae 
‘ OTe 
(3.283) 
and the input admittance is 


PARP GO ae 

Equation 3.284 implies that the T-match antenna has the equivalent 
circuit given in Fig. 3.20c. The antenna therefore appears to have a step-up 
transformer with a step-up ratio of 1 + a and a shunt impedance at the 
input corresponding to the nonradiating impedance. From Eq. 3.271 it 
can be seen that the step-up ratio depends on the conductor sizes and spacings. 
The relationships are plotted in Fig. 3.21. 

For the special case of the half-wavelength matching section 


Z,>(+aZ, Ls - (3.285) 
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Step-up ratio, (1 + a)” 


12 Diererag 47)" 44'5 6 Per Our LOM etl oe a c0 80 


Separation-to-radius ratio, v = d/a, 


Radii ratio wu = ag/a, 


Fig. 3.21 Impedance step-up ratio of T-match antenna. 


and the input impedance of Eq. 3.283 becomes 


Zin = (1 + a)*Z, Le - (3.286) 


Also, if the two conductors have equal radii, the current division factor of 
Eq. 3.271 is unity and the input impedance is 


TRERAT I WSGeaig Dery mi (3.287) 


For a multielement folded dipole consisting of N closely spaced equal 
diameter conductors, a simplified expression can be obtained for the input 
impedance. The equivalent circuit of a multielement folded dipole is shown 
in Fig. 3.22. The input voltage V can be considered to be divided equally 
between the N elements. The voltage across the first element can therefore 
be represented as . 


N 
=a. il, Za (3.288) 
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where [,, is the current in the mth element and Z,, is the impedance between 
the first and nth elements. Since the elements are closely spaced, 
L,I (3.289) 
for all values of n, so that 
V N 
=i Z, (3.290) 
N n=1 


Also, because of the close spacing, 


Ln © Ly (3.291) 
for all values of n, so that 


(3.292) 


Fig. 3.22 Equivalent circuit of multielement folded dipole. 


Since the impedance of the first element is the impedance of the dipole 
without the additional elements, 


Zy, = Z,, (3293) 
and the input impedance of a multielement folded dipole is 
n= = NY, (3.294) 


1 
For a two-element folded dipole, Eq. 3.294 agrees with Eq. 3.287 and Fig. 
3.21 for elements with equal radii. 
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3.6 Monopole Antenna 


The monopole antenna is a modification of the dipole antenna in which 
a plane conducting screen is placed at the center of the antenna at right 
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angles to the antenna axis. Currents flowing on the conducting screen 
simulate the missing half of the dipole to create an image in much the same 
way as a mirror forms an optical image. A monopole antenna is often used 
instead of a dipole antenna for situations requiring an omnidirectional, 
vertically polarized antenna, because the monopole is shorter and cheaper 
to construct and because the earth can be used as the conducting ground 
plane. In practice, the ground plane radius is not infinite and a perfect 
image is not formed. A monopole with a finite ground plane of radius a 
is shown in Fig. 3.23. The current element is aligned with the z axis, has a 
length h, and is assumed to be infinitely thin. The current is 


I = I(z)e%*. (3.295) 


From the symmetry of the problem it can be seen that there is no variation 
in the fields in the ¢ direction; there is no component of the electric field in 
the ¢ direction, and the magnetic field has only a ¢ component. The fields 
in cylindrical coordinates are therefore 


a, a; 
r r 
, Q @ (2 OE 
Wo Ho 2 0 — | a rH —*}, 3.296 
lee ar BAe oe weer Gavan 
Eanes 
a, a, 
ay oa 
r r 
VxH=(o4+jweE =| 0 0 0 SS oH je A); 
ap a r Or r Oz 
ibe taebs 0 
i" (3.297) 
so tha 
E, = (= ie Hy) (3.298a) 
e\ Or r 
—1 0H 
= - ie (3.298b) 


where it is assumed that the ground plane is a perfect conductor. Substituting 
Eq. 3.298 into Eq. 3.296 gives the wave equation 


2 2 
Gils Te Hes (et — 5 \H, <0. 


3.299 
02” or” ror ( ) 
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z 


Circular conducting sheet 
of radius a in z =0 plane 
with center at origin 


Fig. 3.23 Monopole antenna. 


The vector potential of Eq. 3.11 is 


h j(wt—kr) 
A =a Nise | Ie dz’. 


z 
Ar Jo r 


(3.300) 


The magnetic field at large distances is assumed to be made up of the sum 
of the fields due to an infinitely large screen and those due to the change 


resulting from a finite screen. That is, 


The first term of Eq. 3.301 is given by Eqs. 3.10 and 3.300 as 


a, a, 
r r 
Hy? =* o 0 a =i 
MY Op Oz eae 
CoO 84 


or 


h )\ pIkR1 0 jkRe 
ry? ex (eee | (ie i 
4roriJo R, aie Be 


(3.301) 


(3.302) 


(3.303) 
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where it is necessary to include the effects of both the antenna and its image, 
and 


R, = [@ — 2)? + ?]%, (3.304a) 
ee SuiCe ee eo a (3.304b) 


Since both Hy, and H,® satisfy the wave equation of Eq. 3.299, H, must 
also satisfy the wave equation. Hy, is continuous everywhere except at the 
z = zero plane, where the presence of the conducting screen makes it dis- 
continuous. 

A study of the wave equation in cylindrical coordinates shows that the 
magnetic field has the form 


eo ai ER 
i JCAL Pelle: a8 2 AAS) 2270 
> 0 
Agr, = (0 iieats (3.305) 
| THAT) I ANC mae MAL Ay z< 0. 
0 


The boundary condition at the conducting plane is 
Ey gies OFM rt are (3.306) 
Combining Eqs. 3.298b and 3.305 gives 


= { ce yA Tan) ft(Aya da, z>0 
0 


E, = Eves p> a. (3.307) 
_ Z| Gee yeni adi et 0 
0 


The functions under the integral of Eq. 3.307 can be found in terms of the 
Bessel functions and the fields using the Fourier-Bessel transform pairs 
given by 


ni Gyn i BORAT (3.308a) 


B(A) -| J(Ar)A(r)r dr. (3.308b) 
0 
Combining Eqs. 3.307 and 3.308 gives 


sseahs aioe 
Zo(k? — ay* 
gehen Ae 
Zo(k? — a2)" 


T= | Bein ear (3.309) 


f(a) = | SLOPE ar, (3.310) 


2, Wire Antennas 


so that Eq. 3.305 becomes 


EP cane sel ("a ary g(r’ dr’ | 4+ aa, 2>0 
o |. salarie _ ACY Es de" eae dl, 2 > 


9 v0 


Hy + i 
ake (arjgs a i * Tar E(r’)r' ar | ae nee. 
7 re 4 : (a 
(3.311) 
The Poynting vector is given by 
= (E x H*) = (E® + B) x (H® + A, (3.312) 
and the total average power is 
a al Pods (3.313) 
2/8 


where S is the surface enclosing the antenna and the real and imaginary 
parts of Eq. 3.313 are the power radiated through and stored within the 
surface. If the antenna has an input impedance Z, then 


W = 4ZI(0)I(0)*. (3.314) 
Combining Eqs. 3.312, 3.313, and 3.314 gives 


h 
ZI(0)I(0)* = —lim 2ar | (E,°-+ E)(H,” + H,)* der Get) 
r—0 0 


Near the origin the magnetic field becomes 


lim (H,” + H,) = lim Hi,” = lim 1 (3.316) 
r—>0 


10 27r 


since the current on the ground plane does not affect the current distribution 
on the antenna. Therefore 


Z1(0)I(0)* = — | (E.® + EDI(@)* de. (3.317) 


If the impedance of the antenna over an infinite screen is denoted by Z®, 
then 


Z*1(0)1(0)* = lim ZI(0)I(0)* = ie I(z)* dz. (3.318) 
a oo 0 r=0 


Combining Eqs. 3.317 and 3.318 gives 
h 
(Z — Z~)I(O)I(0)* = =| A Tt) dz, (3:319) 
0 7r=0 


Combining Eqs. 3.298a and 3.319 gives 


(Z — Z”)1(0)1(0)* = = of t2 (rH,)| _JO* de (3.320) 
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Combining Eqs. 3.311 and 3.320 with considerable manipulation gives 


(Z — Z*)1(0)1(0)* = jk | “T* ae| [Pee Fie TEEOAD) 


This can also be written as 


(TZ?) ji[ 2a.) 


, (3.322) 
j87kU! Jo I(0) 
where 
h 
— | I(z) dz 
U = (3.323) 


| eE (r) dr 


Some manipulation gives 


ae ike ei (2ka+37/4) 
U = ae + ee (3.324) 


h 2 j(2kat+3r/4)7 —1 
k| 18 ge [1 + | . (3.325) 
0 1(0) (4nka) 


so that Eq. 3.322 becomes 


7, ae 9s = Zo eitka 
j4aka 


For large diameter screens this reduces to 


h 2 
Z— Z* = 20 gites ap Uo (3.326) 
j4aka 0” (0) 
From Eq. 3.153, 
I(z) = I,, sin kh sin k(h — 2), z=) 0, (3327) 
and 
I(0) = I,, sin? kh, (3.328) 
so that 
phe aa 2 
[2a ‘= |k K sin k(h — 2) i = (2 cos ky (3.329) 
I (0) sin kh sin kh 
and 
2 
(Ay Ke a (1 <coy) (3.330) 
ja4aka sin kh 
or 
) ey he F(é (= cos thy! (3.331) 
A sin kh 


The variation of the complex value of F(a/A) is shown in Fig. 3.24. For a 
quarter-wavelength monopole the last term of Eq. 3.331 is unity, so that 
Fig. 3.24 can be interpreted as a change of impedance of a quarter-wavelength 
monopole antenna with frequency and ground plane diameter. 
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For thick monopole antennas the sinusoidal current distribution of Eq. 
3.327 is no longer valid and the results of Section 3.4 must be used to de- 
termine the monopole impedance. 

The pattern of a monopole with a large ground plane is, to a first ap- 
proximation, the pattern of an equivalent dipole radiating into a single 
hemisphere. For an infinite ground plane the total radiated power is the 
integration of the Poynting vector over a hemisphere instead of a sphere, 


1.0 


0.8 


0.6 


0.4 


Im [F (a/X)] 
(2) 


-0.8 


—1.0 
-1.0 -08 -0.6 -—04 —0.2 0 C2 S0vay (016 PC:Siieed) 


Re [F (a/A)] 
Fig. 3.24 Graph of F(a/A). 


so that the monopole has one-half the total radiated power of a dipole and 
the radiation resistance of the monopole is one-half the radiation resistance 
of an equivalent dipole. However, the maximum power density is the same, 
so the directivity and the effective area of the monopole are twice as large 
as those of the dipole. The lower radiation resistance and increased effective 
area of the monopole give an effective height equal to that of a dipole. 
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PROBLEMS 


3.6.1 (a) Determine the input impedance of a three-quarter wavelength mono- 
pole over a six and one-eighth wavelength ground plane using Fig. 3.24 and Eq. 
e183: 


(b) Repeat (a) for a one and one-eighth wavelength radius ground plane. 


3.7 Loop Antenna 


A loop antenna consists of a wire bent in the form of a loop as shown in 
Fig. 3.25. The radiation from a loop antenna having a constant current 
throughout the loop can be determined by using the results of the small 


Circular loop of radius 
ainz=0 plane 


Fig. 3.25 Circular loop antenna. 


current element given in Section 3.1. If the loop is considered to be made 
up of small segments of length ad’, the retarded vector potential due to 
the first current element at an angle ¢’ is 

hia db Teeter? cos d' 


CA 6h pe eg (3.332) 
Aor’ 


and the retarded potential due to the current element diametrically opposite 
at an angle ¢’ + 7 is 


—pa do’, et cosd’ 


dA, = : (3.333) 


4znr 
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where the far field is calculated at a distant point in the x-z plane. From the 
figure it can be seen that at large distances from the antenna 


rwr+tacos¢? sndxr+ y, (3.334a) 

r’ ~r—acos¢? sindwxr— y, (3.334b) 
le elke (3.334c) 
r r r 


The total contribution resulting from the two current elements is 


pa dbleg ae cos db’ 


= (eit? — oth), (3.335) 


Summing the contributions from all the incremental current elements gives 


yee Hal yp | le Hey+o') 4 eilky—o') __ g—slkw—$') _ pile +o" 4 | dd’. 
: 4ar 
(3.336) 
If the loop has N closely spaced turns, this reduces to 
j(@t—kr) C7 
A; a HaNI,,€ | eilka cos ¢’+¢’) d¢’. (3.337) 
4ur =o 
The Bessel functions are given by 
oe o- eile cos d+nd) dd (3.338) 


so that the vector potential is 


juaNI,,e7(?* *"J,(ka sin 6) 


A,= 5 (3.339) 
r 
The far electric field is given by Eq. 3.9 as 
te j(@t—kr) 5 
i 0A a ZokaN1,,€ J,(ka sin 6) (3.340) 
ot 25 
and the far magnetic field is 
j(w@t—kr) 
eee E zs koNI ne J,(ka sin 0) (3.341) 


Zz, 2r 


From Eq. 3.340 it can be seen that the electric field is linearly polarized in 
the ¢ direction. 
The Poynting vector for the constant current loop is 


Zok?a?N*L nda (ka sin 0) 
Sr? 


P, |Es| |Hol = (3.342) 


A 
2 
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The total power radiated is 
2 ,2n727 2 
Wr = { | P.ds = Zoe Ntae || 5 (ka sin 9) sin@ d0d¢, (3.343) 
or 


J,?(ka sin 6) sin 6 dé. (3.344) 


0 


Wp = aZok7a7N7L m2 ( 


4 


For the case of a very small loop Eq. 3.344 can be simplified. The series 
form of the Bessel function is 


(oo) ‘= (Bye (2) 
ta) ae ; 3.345 
) Zia emi ( 
Then, for the case in which the radius of the loop is less than $ wavelength, 
kasin 6 <2, (3.346) 
and 
ain De (3.347) 


Z 


since the Bessel function can be approximated by the first term of its series. 
For this small loop the total radiated power is 


4n727 27 47 2 

Wr & ead] sin? @ dé = 4 rede), (3.348) 
16 0 3 16 

or 


WirOneaanen tad a (3.349) 
ai 


For this small loop the radiation resistance becomes 


= 207°(ka)*N*. (3.350) 


For the small loop the maximum value of the Poynting vector is given by 
Eqs. 3.342 and 3.347 as 


Zo(kaytNAD,? — 157(ka)*N7D 


Prax = Q,2 2 > 35!) 
and the average power density is 
Wr 5 a(ka)*N?I H 
Pay = — = ——_ 3.352 
eed 27? \ 
so that the directivity is 
Dz aaa os (3.353) 
Pave eee 
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which is the same as the directivity of the short wire. The effective area is 
therefore 


Aa (3.354) 


and the effective height is 


bs [eRe] (kayNA 


= kNA,, a< be (3.355) 
Lo Z 7 


where A, is the geometrical area of the loop. 
If the loop is not small, the Bessel function of Eq. 3.343 can be rewritten 
as 


7 2ka 
| sp: less aig shane eotces | reer (3.356) 
0 ka Jo 


where x is any variable. For large loops, where a is greater than the wave- 
length, 


2ka 
{ J(x) dx w 1, Cis (3,357) 


0 


Therefore the total radiated power for a large loop is 


2 2 
Wr = ee 8 aa (3.358) 
and the radiation resistance is 
R, = a = 607°kaN. (3.359) 


The maximum value of the Bessel function shown in Fig. 3.26 is 
Jy(%) max = J1(1.84) = 0.582. (3.360) 


Therefore the pattern of a large loop given by Eq. 3.342 has a maximum at 


6 = arc sin cae : (3.361) 
ka 
and a maximum power density of 
0.338 aN 

Pmax — ee 9 ka > 1.84. (3.362) 

r 

Thus the directivity of a large loop is 
Pmax , 
p= —"= obo a 2"" |. 3 
W7/4ar A 
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where C is the loop circumference. The effective area of a lossless large 
loop is therefore given by 


VG 
A, = ras 0.338Aa, a eA; (3.364) 
TT 
and the effective height is 
R “3 
h= (24:) = 0.582CN, Ce 2 rk: (3.365) 


0 


0 2 4 6 8 10 12 14 
G 


Fig. 3.26 First-order Bessel function. 


For loops with an intermediate dian.eter the small and large loop ap- 
proximations cannot be used. A more exact calculation gives the radiation 
resistance and directivity shown in Figs. 3.27 and 3.28. 

The fields of a square loop can also be analyzed in terms of the fields cf 
the short wire. The coordinates which will be used for the square loop are 
shown in Fig. 3.29. The pattern in the y-z plane can be analyzed as the 
superposition of the patterns due to the currents flowing in sides 1 and 3 
of the loop, since the other two sides make no contribution to the radiation 
in the y-z plane. Because radiation of the current elements in sides 1 and 3 
is omnidirectional in the y-z plane, the electric field at large distances is 


By her 0 emer Oey, (3.366) 


80 


Radiation resistance R,, in thousands of ohms, 
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10 


Directivity in db 
fo) (0.0) 
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2 4 6 8 10 12 14 16 
Loop circumference, in wavelengths, C/d 


18 


Fig. 3.27 Radiation resistance of circular loop with uniform current. 


2 4 6 8 10 12 14 16 
Loop circumference, in wavelengths, C/A 


Fig. 3.28 Directivity of circular loop with uniform current. 
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Fig. 3.29 Square loop antenna. 


At large distances 


wrt ksin 8, 


Go 0 m0. 

1 1 1 
ie ai ae, PZ || 4M) 5 
r r r 


so that Eq. 3.366 becomes 


3 hh 
= — GkL ol Le’ "T se(L/2) 8iM.0 Akl /2) SiN 
tine 4ar ‘ i" 
or 


ae I —Jjkr in 

Es, = sat ol lea sin («2 sin a), 
2ar 2 

and the magnetic field is 


kI — jkr 
ioe ae ie lei sin («Zsin a). 
Lo 2ur 2 


81 


(3.367a) 


(3.367b) 


(3.367c) 


(3.3674) 


(3.368) 


(3.369) 


(3.370) 
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If the sides of the loop are very small, the field equations are 


nae (KLY Zo es2" sing tee TZ ol me’ sin 8 A, (3.371) 
4ur r 2 


Th me?” sin 0 A, A 
pen Se Ca. 

b Vs 107 
Therefore the principal plane fields of a small, square loop are identical to 
the fields of the circular loop given by Eqs. 3.340, 3.341 and 3.347. 

The loop antenna can be analyzed in terms of a magnetic current which 
is analogous to the electric current used to analyze the short dipole. For the 
electric current case, the magnetic vector potential of Eq. 3.11 can be written 
as 


H,= (3.372) 


— jkr 
Alea | “ ds, (3.373) 


Tr 


where s is the surface of the antenna, and the electric surface current density 
which produces the magnetic field is given by 


J=nxH, (3.374) 


where n is the unit normal to the surface s. Similarly, an electric vector 
potential can be defined as 


—jkr 
ee { ae (3.375) 
4or 


where the magnetic surface current density which produces the electric 
Heo Mie —n x E. (3.376) 


The definition of the magnetic current density requires the definition of 
magnetic charge p,, and magnetic current i,,. With these quantities, Max- 
well’s equations become 


Vi (3.377a) 
Ot 

Vx hie ee (3.377b) 

Vibe (3.377c) 

Vip: (3.377d) 


where p, and i, are the electric charge and current, respectively. The fields 
can be found in terms of the vector potentials by 


B= —joA—2V(V-A)—1VxF, (3.378a) 
€ 


He —joF —2VG-R 470K A (3.378b) 
ub 


Loop Antenna 83 


The very small loop therefore has an electric vector potential given by 


h i e Jk 
Ko = 23k ae| ——— dz, (3.379) 


-r 4ar 
and for a very small loop with an equivalent magnetic current length L, 


Sa Birt. 


F (3.380) 


4ur 
Then, using Eq. 3.378 and the procedure for Eqs. 3.16 through 3.22 for the 
analogous electric dipole gives 
_ —jkipLe™ sin 6 


Ni i Snare ow repeat TS (3.381) 
4ur 
; ; ad Tacs 
H, _ Joei,Le sin 0 (3.382) 
AnrZo 


where only the far field components have been retained and the harmonic 
time dependence has been omitted. Combining Eqs. 3.340 and 3.347 shows 
that for a small loop the electric field can be expressed in terms of the electric 


current as eT ee 
_ (ka)*Zyi-e~™ sin 6 


4r 


Therefore the magnetic current analysis which leads to the electric field of 
Eq. 3.381 is equivalent to the electric current analysis if 


E07 ol (3.384a) 
kara. (3.384b) 


E, (3.383) 


For this case the Poynting vector becomes 


1 i Lek Ssin= 6 
Perera gg a 3.385 
5 |Eol |el 32 PZ, (3.385) 
and the total radiated power is 
T - 27,27 2 
Wr =| P-ds -| P,2mr’ sin 6 d0 = pas : (3.386) 
Ss 0 127Z, 


Combining Eqs. 3.384 and 3.386 yields the same expression as Eq. 3.349. 
For loops it cannot be assumed that the current through the loop is uni- 
form. That is, for large loops the current at any point on the loop depends 
on the angular coordinate of that point. For this case it cannot be assumed 
that the far field point in Fig. 3.25 is in the y = 0 plane since the field is not 
independent of the coordinate ¢. If the far field point is P(r, 9, ?), Eq. 


3.334a becomes r’ =r —asin6 cos (¢’ — 4). (3.387) 
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The magnetic vector potential is parallel to the current element a dd’. This 
can be resolved into two vectors as shown in Fig. 3.30 to give 


A = a, |A| cos (¢’ — ¢) — Ay, (3.388) 
where 
|Aq| = [Al sin (¢’ — ¢). (3.389) 


At the far field point P,, the magnetic vector potential becomes 


A= —a, Ail — a, |A,| cos 6 + a, |A| cos(¢’ — 9), (3.390) 
sin 0 
or 
Ags) At | -a ae —a,cos 6 sin(¢’ — ¢) + a, cos (¢’ — 6)}. 


(3.391) 


Fig. 3.30 Circular loop antenna. 
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Combining Eqs. 3.332, 3.387, and 3.391 gives 


ba ry) ,J(@t—kr) sin ue 5 j ) 
dA = — I(¢’)e | a, —a,cosOsiny+a levered ‘ 
Aor #) sin 6 : i“ * cos © : 
(3.392) 
where 
p=? — 4, (3.393) 
y = kasin 0. (3.394) 


As a first approximation it can be assumed that the current in the loop is 
sinusoidal just as the current in an electric dipole is sinusoidal. That is, 


I(¢’) = I, sinnd’ = I sin n(? — ¥), (3.395) 
where the loop is oriented so that the z-axis passes through a current null. 


With this current distribution the components of the magnetic vector poten- 
tial, due to the incremental current element, are 


yee Sue eae r. (s tals ) Sa jy COS vd 
eer gee pee E5962) 
* j(a@t—kr) ‘ 
CAn =H 60s sin n(d — y) sin pe" dy, (3.396b) 
ur 
Lage } 
dA, = ———_ sin n(¢ — y) cos pe’? °° dy. (3.396c) 
£ 4ur : “4 v 


The radial component can be written in exponential form as 


dA, me Regie esa A onde a ener] tee ‘eae eae ert cos *dy 
(35397) 
where 
j(wt—kr) 
Kia (3.398) 
16zr 
The total radial component can be found by integrating the radial component 
due to the differential current around the loop. That is, 


ie I Aah tee (3.399) 

Integrating Eq. 3.397 and using the Bessel function identities, 
27j"J Ay) =| CLE PEE) Jay, (3.400a) 
J_Ay) = (—)"S a), (3.400b) 


TO) ee 21D) (3.400c) 
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gives 
*(m—1) —ikr 
Ane Cea eae = - eens — ne (3.401) 
Similarly, 
*(m—1) I —Jjkr 
vee jo" galpex cos 6 ee cos “| : (3.402) 
2r y 
{ual eo ‘ ; 
Ag = pee ae [Jns(Y) — Insi(y)] sin n¢. (3.403) 


The fields can then be found from the magnetic vector potential using 
Egs. 3.9 and 3.10. 
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PROBLEMS 
3.7.1 Obtain Eq. 3.337 from Eq. 3.336. 


3.7.2 Plot the power pattern of a loop with a radius of 3 wavelength. 
3.7.3 Verify Eqs. 3.381 and 3.382. 


3.8 Ferrite Loop Antenna 


The insertion of a ferrite core into a loop antenna raises the magnetic 
field intensity within the core and thereby raises the radiation resistance. 
The magnetic flux passing through the core is given by 


® = [ | B- dA. (3.404) 


The voltage across the terminals of the loop is 


v =e ds — a (3.405) 
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Using a harmonic time dependence, this becomes 


V=— joo || nae dA, (3.406) 


where ju, is the permeability of the core. If the field is constant over the core 
area, 


V — —jopf1A,, (3.407) 


where A, is the area of the core. The terminal voltage of the loop is also 
given by 
V = Eh (3.408) 


where / is the effective height. The ratio of the effective height of a loop 
with a ferrite core to the effective height of a loop with an air core is 


3 a Ae 
No Vito) Mo 
However, the effective height of an antenna is proportional to the square 
root of the radiation resistance. Therefore the ratio of the radiation resistance 
of a ferrite loop to the radiation resistance of an air core loop is given by 


Ry _ (2) = (Hy. (3.410) 
Ry ho Mo 


(3.409) 


From Eq. 3.350 the radiation resistance of a small air core loop may be 
written as 


4 2 
Rae ee (3.411) 
A 


so that the radiation resistance of a ferrite loop is 


us 2 2 

He 320 nt Ad’ ( He)’ (3.412) 
A Ho 

The effective core permeability u, is related to the permeability of the core 

material w by 


yb 


= _ 3.413 
1+ Du— 1 oa 


He 


where D is the demagnetization factor. This factor has been determined 


experimentally for various core geometries. The results are shown in Fig. 
3,31, 
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Fig. 3.31 Demagnetization factor. 
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Fig. 3.32 Spherical antenna. 
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3.9 Spherical Antenna 


Another antenna which is of some theoretical interest is the spherical 
antenna shown in Fig. 3.32. It consists of a spherical surface split along an 
equatorial plane with a voltage generator between the two halves of the 
sphere. 

From the symmetry of the antenna it can be seen that there is no variation 
in the ¢ direction and the magnetic field has only a ¢ component. For this 
case Maxwell equations are 


a, rag rsin Oa, 


feo eee 


Vex cH = 


ae 3.414 
r*>sin6|dr 00 ( ) 
O90, arsin dH, 
= : cE i (r sin 0Hy) — rag i (7 sin on) = jock, 
r?>sn OL 06 Or 
a, Tra rsin ba, 
1 oo 1 E ate . 
V5ock = —- — 0 =-a,|— -— ——| = —JjouH, 
rsin6| ar 00 r *La0 ar 
EAST 0 (3.415) 
or 
Le GOH jy aif eB (3.416) 
r sin 0 00 
1a ; 
— - — (rH) = jocks, (3.417) 
r or 
GE CE = —jopurH,. (3.418) 


06 or 
Differentiating Eqs. 3.416 and 3.417, and substituting them into Eq. 3.418 
gives 
0° WG; lind 


5,2 (rH,) + 239 Bais (rH sin 6) + k°(rH,) = 0. (3.419) 
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This can be solved, making the assumption 


rH, = ROO), (3.420) 
to give 
r?R" Li. tiake ; | 
Pr = —~—|—_— (0 G) hs 1 3.421 
pebag cs ER ROTET sin 0) | — 


Then, making the assumptions 


epee ee ee (1 —w2)* =sin@, (3.422) 


00 Ou 


gives for the @ function 


Cie) 00 1 
(1 — u’) ay 2u rh + | nn +1)-— KE |e =O; (3.423) 
This is similar to Legendre’s equation 


24 + [nin +1) = |y=0 (3.424) 


Ox | eae ig 


O"y 
1 — «°)— — 2% 
( ) 52 
which has the solution 
y = P™a). (3.425) 


This is called an associated Legendre function of the first kind, of order n 
and degree m. With this function the solution of Eq. 3.423 is 


@ = Pi(u) = Pi(cos 9). (3.426) 


Then, making the substitution 


oie) (3.427) 

Eq. 3.421 becomes : 
=f is ee + a? i. ot Reo. (3.428) 
This is a form of Bessel’s equation given by Eq. 3.424, which has the solution 
Ry = AI nur kr) + By, Ying kr). (3.429) 


In the far field these Bessel functions can be combined into a Hankel 
function 


AP y kr) = Jn idkr) + JY, dk), —_r large. (3.430) 


Near the origin only the Bessel functions of the first kind can be used. By 
using the Hankel functions for the outgoing wave, Eq. 3.420 becomes 


A 
f= —1 Pr (Cos OA (kr), (3.431) 
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and 
yee geealPOS.D) He (kr) — krH kr), (3.432a) 
joer® 
oe — Ann we s(kr) [cos 0P?(cos 0) — P;,4:(cos 6)). (3.4325) 


jmer” sin 6 


The voltage applied across the gap is given by 


mr /2+61 T 
v=| E,a dé =| E,a dO, (3.433) 
7 /2—01 0 
since E, is zero on the surface of the sphere everywhere except at the gap. 
The electric field on the surface of the sphere can be expanded in a series 

of Legendre polynomials as 


Ea) = Db, P\(cos 6), (3.434) 
where 
= seine } E,P(cos 0) sin 6 dé. (3.435) 
2n(n + 1) Jo 


If the gap between the two halves of the sphere is small, 


P(cos 0) ~ nO Sees : + 6, (3.436a) 
sinOdx1 6, small. (3.436b) 


Combining Eqs. 3.433, 3.435, and 3.436 gives 


b= (2n + 1)P,O)V. (3.437) 
2n(n + l)a 


On the surface of the sphere where there is no radial component, the electric 
field of the TM wave is given by Eq. 3.432 as 


E,(a) = 7 me > A,,P4(cos 0)[kaH ? 1(ka) — nH}2)1<(ka)]. (3.438) 


Combining Eqs. 3.434, 3.437, and 3.438 gives 


wea*(2n + 1)PL(0)V 


oe eee wag Eee we habe rie aes S 3.439 
j2n(n + D[kaH® 1(ka) — nH? y4(ka)] ( 


The surface current density on the sphere is 


J=nxH, (3.440) 
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Fig. 3.33 Admittance of spherical antenna. 


the surface current is 


fe [s -ds = 27a sin 0H, (3.441) 
and the current of the gap is 
io) 1 
(2) =2na> An Anka) H ye(ka). (3.442) 
n=1 a 


The input impedance is therefore 


iM 


in 


S nt lym _ Hee) | das 
he aaa ja(2n + 1)[P2(0)P Hi (ka) 


The admittance of a spherical antenna, calculated from the first nineteen 
terms of the summation, is shown in Fig. 3.33. 
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3.10 Biconical Antenna 


A biconical antenna consists of two cones aligned along a common axis 
with their points together at the feed point as shown in Fig. 3.34. The 
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Fig. 3.34 Biconical antenna. 


simplest case to analyze is that of the infinitely long biconical antenna. 
This antenna guides a spherical wave just as an infinite transmission line 
guides a plane wave. For a TEM spherical wave the electric field vector 
between cones is oriented in the 0 direction and the magnetic field vector is 
in the ¢ direction. Since there is symmetry in the ¢ direction, Maxwell’s 
equations become 


| a, Tag rsin Ja, 


We earl ae 0 (3.444) 
r’?sinO|éer 06 
O. .0 arsin OH, 
a d : ane ' 
= “_ — (ry sin 6H,) — — (rsin 0H,), 
r’ sin 0 dé ( ) r sin 6 dr ( ) 
a, ra rsin Oa, 
1 (ae) ihe) 
Vix Ke —_—- — 0 =a,—— (rE,). 3.445 
r?sin@|dr 06 #7 3p! ( ) 


0 rEg 0 
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Therefore 

ee. (rHy) = —jocEy. 
r or 
Ld (rEg) = —jouHy. 
r Or 


< (r sin 0H) = 0. 


The solution of Eq. 3.446c is 
r sin 0H,(r, 0) = H,(r). 
Since the TEM wave is a spherical wave, one solution is 


Ay(r) = Hye", 
so that 


Combining Eqs. 3.446a and 3.449 gives 
—jkH,e ** 


= —jweEg, 
r sin 6 : i 


or 


Heer => ZoH 4. 


a 


r sin 0 


(3.446a) 


(3.446b) 


(3.446c) 


(3.447) 


(3.448) 


(3.449) 


(3.450) 


(3.451) 


The voltage between two points, each a distance r on the cones from the 


origin is 
Daneede 


m—On, 

V, -| E,r dO = ZoHte™ | 
On 

and 


Viee27 Hee nica: (**), 
The current on the cones at a distance r from the origin is 
27 
I(r) -| Agr sin 6 dO = 2arH,g sin 6. 
0 


Combining Eqs. 3.449 and 3.454 gives 
I(r) = 27H, e~*". 


Therefore the impedance of the biconical antenna is 


A 9. 
6, sin® 


(3.452) 


(3.453) 


(3.454) 


(3.455) 


(3.456) 
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which is independent of the distance r. For the infinite biconical antenna 
the Poynting vector is 
P= 


ZH 
[Eel |H gl = 5 aS (3.457) 


1 LZoHo _ 
2 r? sin? 6” 


and the total radiated power is 


7—On, 
Wr =|P TAS is nih | ae = 27Z,H, In cot On . (3.458) 
a, sind 2 


The radiation resistance is therefore 


6 
R, = = — In cot a (3.459) 


The characteristic impedance of the transmission line, which is real, is 
therefore the radiation resistance of the infinite biconical antenna. The 
directivity of the antenna is 


2 Z H 2 2 
pees = Gee (3.460) 
a pie TT In cot 2 
The area of the infinite biconical antenna is 
2 2 
a aa (3.461) 
TT 


47 \n oe 
D5 


and the effective height is 


ua 
A RAs) a? (3.462) 
0 T 
For small cone angles 
2 
In cot on = In : ee In a = In = : (3.463) 
2 6 6, a 
tani 
2 


Therefore the characteristic impedance of the biconical antenna for small 
cone angles given by Eq. 3.456 is equivalent to the characteristic impedance 
of the cylindrical antenna given by Eq. 3.235. 

The TEM waves given by Eq. 3.446 are applicable only for infinite cones. 
The TEM wave cannot exist in free space. Therefore the radiation must 
be due either to TE or TM waves. From the manner in which the antenna 
is excited, as shown in Fig. 3.34, TM waves are more likely than TE waves. 
The equations for TM spherical waves are given in Eqs. 3.431 and 3.432 
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for the far field beyond the finite spheres. Near the antenna the fields 

become 
V4 
wm ly Sol alt) (to5 0), (3.464) 
Qarn n(n + 1)(khy*J,,.14(kh) dé 

1 an d 

Ee=a-7 >), a ere 

jammer “n n(n + 1)(kh)? J ,,.14(kh) dr 


Ay 


[(ker“T gasket] - Leone 


(3.465) 
ge Ly aalkr)* Ingrsl erLn(C08 8) (3.466) 
"  j2mwer® “a (kh)? J,,,14(kh) 
where 
L,(cos 0) = A,[P,(cos 6) — P,(—cos 9)] (3.467) 


for n not an integer. The voltage due to the higher order modes is given by 


7™—O9pn 7™—O9n 
Viz -| Ede = fo] os L,,(cos 6) d6 
9n On do 


= f(r){L,[cos (7 — 4,)] — L,, (cos 6,)}. (3.468) 

However, on the surface of the cones, E, is zero and Eq. 3.466 gives 
L,(cos 6,) = L,,[cos (a — 9,)] = 0, (3.469a) 
nex2m+it 12 (3.469b) 


120 In cot 6, 
so that 
Va = 0. (3.470) 


The current due to the TM modes is given by 


% 
ly = 27r sin 0Hy = sin 6 > eee Laake 2 L,(cos 6). (3.471) 
= n(n + I(kh)“J,,14(kh) dO 


The terminal admittance of the biconical antenna is 


I(h) _ I(h) + In) 


Yr, = Vn) =e Surry ame Ni) ie ow eA (3.472) 
where 
Y, = Jo(h) (3.473a) 
V(h) 
Y, = Tih) P (3.473b) 
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Y,, is the admittance due to the capacitance between the ends of the antenna 
resulting from the current in the principal mode and Y, is the admittance 
due to the higher order currents. For very thin antennas 


‘4 TAG y meg small (3.474) 
Vale ad aiiicot == 
2 
where 
G92. (3.475) 
Combining Eqs. 3.456 and 3.474 gives 
d 120 
— L,(0 = ‘ 3.476 
do ( Des Vb Aik ( ) 
so that Eq. 3.471 becomes 
co My, 
Le = = th bomsa(kr) Joms34(kr) (3.477) 


Z, wo(2m + 1)(2m + 2)(Kh)* Somsss(kh) 


When the fields near the antenna and the fields at some distance from the 
antenna are equated, the current becomes 


moe dn 3 


eee Eh) AH ICR) Ja, as). GATS) 
H Z, Zo(n + DQn +1) [(kh) Ho, .36(kh) (kh) Jon43s(Kh)], ( 
but 
ee (3.479) 
Zr 
and 
Ty = V(DY,, (3.480) 
so that 
Y, = S Z,(kh). (3.481) 


k 


The biconical antenna therefore has an equivalent circuit as shown in Fig. 
3.35. The impedance Z, depends only on the cone length. This impedance 


Fig. 3.35 Equivalent circuit of biconical antenna. 
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Fig. 3.36 Input impedance of biconical antenna. 


is transformed a quarter wavelength along a line, with characteristic im- 
pedance Z,, which depends only on the cone angle. At this point the 
admittance due to the end cap capacitance (Y,) is added. Typical curves 
of the input impedance of biconical antennas are shown in Fig. 3.36. 
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PROBLEM 
3.10.1 Plot the radiation resistance as a function of cone half-angle using 
Eq. 3.456. 
Plot the radiation resistance on the same graph using Eq. 3.463 to determine 
where the half-angle approximation is valid. 


3.11 Spheroidal Antennas 


An antenna which has received some theoretical analysis is the spheroidal 
antenna. Figure 3.37 shows a prolate spheroidal antenna. The two systems 
of confocal ellipses are given by 


ee ee (3.482) 


2 
eh a (3.483) 


where c is the semifocal distance along the z axis and 


HR SBARE LS (3.484) 
2G 
ES (3.485) 
ide 
z= cu, (3.486) 
p=y=clw — 11 — v®)]*. (3.487) 
The metric form is 
2 2 
d= (uv? — 0( + | + p' dd’. (3.488) 
w—-1 1-v 
The general orthogonal coordinates are 
ds? = h,? du? + h,? dv? + h,? dd’, (3.489) 
so that 
2 a\l4 
h, = (==) (3.490a) 
u“—1 
2 2\4 
hie (=) (3.490b) 
1—v 


hy = p. (3.490c) 
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Fig. 3.37 Prolate spheroidal antenna. 


With a voltage generator applied between the gap of the prolate spheroid 
there is only a ¢ component of magnetic field and no variation in field in 
the ¢ direction, so that Maxwell’s equations are 


h,a, ha, hgag 


0 0h ia, 


a, Oo a, oO 
= —“ —(pH,) — — — (pH,) = jwek, 3.491 
jeioe (pH) or (pHy) = jwe (3.491) 


ha, ha, hag 


1 dn 
h,h,hg| ou Ov 


h,E, hE, 0 | 


nas, aap) 2 tn,6.)| = jou ae 
yh, Lou dv 
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and thus 
Led 
jmep dv 
—1 0 
ibe =e PL a), (3.494) 
jwep ou 
) 0 ; 
Ou Ov 
Then, making the substitution 
A= pH, (3.496) 
gives 
en) 0 ee (3.497) 
ke?[(u? — 1)(u? — v?)]* dv 
Tope ot = aa AA cae eee (3.498) 
ke?[(1 — v*)(u? — v*)]? Ou 
1 
ee ee 3.499 
el? = pa — 1" ake 
where 4 is a solution of 
2 2 
ey net ay GPa) 4 0 (3.500) 
Ou” dv” 
Using the method of separation of variables, 
A = U(u)V(v), (3.501) 
and 
(4,2 0°U 22,,2 
(u“ — enya —n)U = 0, (3.502) 
2 a°V 2 2452 
Tee bea oes JL = 2 (32503) 
v 


so that u and v satisfy the same equation. At large distances from the 
spheroid where u is large, Eq. 3.502 becomes 


2 
SC URE 0. (3.504) 
du” 
and 
r? = (2 + p’)* = cu (3.505) 


so that a solution of Eq. 3.504 is 
Urey UiCae (3.506) 
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and the total field is equal to the sum of the individual components, or 
ites ¥ ee ies (3.507) 
The current on the antenna is given by 
jae ef Hgllu! “yt 2014 db = 27g, 2), 2 ee 


where the prolate spheroid antenna is defined by the surface 


(3.509) 


V1 Uae ee v Vg 
Vo=—| Bel“ —=) do. (3.510) 


For a very narrow gap considerable manipulation leads to the impedance 


a= jZU, (uy) Np 2 (3.511) 
(2n — 1)n°U,,(uo) 
where 
1 
Nie | NNO) si (3.512) 
a(i —v’*) 


W= Dal Saeco (3.513) 
where B,, is given by 
jkcVoB,, 


Si fee Eaal aed BR (3.514) 
ZoN Un (Uo, v) 


n 


The radiation resistance can be found from the total radiation power by 


Rie. (3.515) 


Calculations of antenna current distributions, input impedance, and radiation 
resistance can be found in the references. 

Equations for the fields and impedance of an oblate spheroidal antenna 
can be found by using a procedure very similar to that for the prolate 
spheroidal antenna. 
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3.12 Transmission Line Antennas 


A common type of wire antenna is the transmission line antenna. Two 
versions of this antenna, the L and M antennas, are shown in Fig. 3.38. 


2a | b/2 


(6) 


Fig. 3.38 Transmission line antennas. (a) L antenna. (b) M antenna. 


The equivalent circuit of this antenna is a transmission line as shown in 
mig. 3/39; 

Because the antenna can be analyzed as a transmission line, the current 
distribution on the antenna is sinusoidal with the amplitude and phase of 
the current, dependent on the ratio of the impedance terminating the trans- 
mission line to the characteristic impedance of the transmission line. The 
current being sinusoidal, the radiation patterns of the transmission line 
antenna are very similar to the radiation patterns of a dipole in the presence 
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of the same shaped ground plane. The radiation impedance can be de- 
termined by considering the equivalent circuit of Fig. 3.39. The currents 
on the two sections of the transmission line are given by 


cosh (ys, + 05) sinh (yz + 9,) 


I,,@ =1 3.516 
©) sinh (ys + 6, + 65) ( ) 
1 yeaa cosh (ss + 6,) sinh (yw + 6,) (3.517) 
sinh (ys + 6, + 4.) 
where 

w=s—%, (3.518) 
6, xP, 1b eotta =" (3.519) 

7 

wes 
= 3.520 
2 (3.520) 


Fig. 3.39 Equivalent circuit of transmission line antenna. 


where Z, is the characteristic impedance of the transmission line, and 


y=a-+ jp (3.521) 
is the propagation constant. For transmission lines and terminations with 
low losses y w jp, (3.522a) 

0, ~/®, (3.522b) 
and , 
0, & jD,. (3.522c) 


Then, if the currents of Eqs. 3.516 and 3.517 are used to calculate the Poynting 
vector and this vector is integrated over the unit sphere to obtain the total 
radiated power, the resulting radiation resistance is 


ke 1 Sep sin Bs, sin Bs 
R, = 30 “2 14 (- eh ( Me E 2 x, aE] 
p sin ©, sin D, : psy per BS2 


A bes bee cos (P, — ®,) m Bs} (3.523) 
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where 
LIER Ep UR ae (3.524) 
sin®, sin(f6s+®, + ®,) 
gs Te ease Baya Pt) (3.525) 
sin®, sin(fs + ®, + ®,) 
For the special case of the L antenna of Fig. 3.38a, 
0, = 0, = 0; (3.526a) 
5, = 0, (3.526b) 
Soi 85, (3.526c) 
and the radiation resistance is 
308°b? in 2 
Res wey wt =) (3.527) 
sin Bs. Doss 
For the special case of the M antenna of Fig. 3.388, 
0, = 90, = 3 (3.528) 


and the radiation resistance is 

— 3087b? 

sin” Bs 

ie (= E 5183 Se" 
BS 5452 


The input reactance of the transmission line antenna is the parallel com- 
bination of the input reactances of the two transmission line sections; that 
iS, 


R, 


E (sin? Bs + sin? Bs, + sin? Bs.) 


sin Bs sin Bs, sin ps. | : sin Bs #0. (3.529) 


Ain = ees ; (3.530) 
X,+ X, 
where 
X, = —Z, cot (fs, + ®,), (3.531) 
X, = —Z,, cot (Bs, + ®,), (3.532) 


and the characteristic impedance of the transmission line is 


Z, = “In (2 f a c nh (3.533) 


where Z, is the characteristic impedance of free space (1207 ohms). 
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PROBLEMS 

3.12.1 Plot the radiation resistance as a function of element spacing (R, vs b/2) 
for the L antenna using Eq. 3.527 over the range 0 < 5/2 < 4/4. 

3.12.2 (a) Plot the radiation resistance as a function of element spacing 
(R, vs b/2) for the M antenna using Eq. 3.529 with S, = 4/4 and S, = A/2 over the 
range 0 < b/2 < A/4. 

(b) Find the input impedance for b/2 = 4/8. 


3.13 Miscellaneous Wire Antennas 


Many other wire antennas have been devised for special applications. One 
common antenna is the sleeve dipole shown in Fig. 3.40a. The sleeve around 
the dipole serves to alter the current distribution to make the antenna more 
broadband. It also provides a more rugged mechanical structure. 


(6) 


(c) / 


(d) 
Fig. 3.40 Miscellaneous wire antennas. (a) Sleeve dipole. (5) Half-loop. (c) Scimitar. 
(d) Turnstile. 
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Another common antenna is the half-loop shown in Fig. 3.405. For 
this antenna the ground plane is inserted along the diameter of the loop to 
serve as an image plane. This is analogous to the use of a ground plane 
with a stub forming a monopole antenna to replace the dipole. This antenna 
often finds applications on vehicles having large metal surfaces. A special 
form of the half-loop is the Scimitar antenna shown in Fig. 3.40c. With 


(a) 


Ww 
ro) 


N 
o1 
— 


i 
oO 


Input standing wave ratio 
ine) 
(em) 


= 
oO 


2 3 4 5 
Cone slant height in wavelengths, h,/A 
(b) 


Fig. 3.41 Discone antenna. (a) Antenna. (5) Impedance. 


this antenna the dimensions are changed to make the loop thicker at the 
end and more broadband. 

A fourth antenna which has wide application is the turnstile antenna 
shown in Fig. 3.40d. This antenna consists of two dipoles oriented at right 
angles to one another. Their characteristics can be obtained by super- 
imposing the fields of the individual dipoles. The turnstile antenna is often 
used when it is desirable to obtain circular or elliptical polarization. 

An antenna that has patterns similar to those of a dipole and that is also 
widely used is the discone antenna shown in Fig. 3.41. This antenna is 
usually fed with a coaxial cable whose inner conductor terminates on the 
disc and whose outer conductor terminates on the cone. The discone 
antenna has a broader band than the simple dipole. The impedance charac- 
teristics of a typical antenna are shown in Fig. 3.410. 
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CHAPTER 4 


Apertures 


The wire antennas are essentially one-dimensional antennas having linear 
current distributions, small effective areas, and therefore low gains. This 
implies that the wire antennas have omnidirectional radiation patterns. 
For applications in which higher gain or more directive radiation patterns 
are required, it is necessary to employ an antenna having a larger effective 
area. 

The radiation fields from a two-dimensional aperture can be determined 
when the fields and geometry of the aperture are specified. This chapter 
analyzes the radiation from an elemental area and applies the results to 
rectangular, circular, and cylindrical areas. No attempt is made to explain 
the manner in which the fields in the aperture are created. 


4.1 Elemental Area 


The analysis of apertures begins by considering the radiation from the 
elemental area oriented in the x = 0 plane as shown in Fig. 4.1. The ele- 
mental area is part of some arbitrary aperture bounded by the curve C. 
The spherical coordinates of the elemental area are (r’, 0’, 7/2) and the fields 
are to be evaluated at the point P(r, 6, ¢). 

Since the elemental area being analyzed can be excited by both electric 
and magnetic fields, it is convenient to use both the magnetic vector potential 
of Eq. 3.373 and the electric vector potential of Eq. 3.375. These are 


—ikR 
A — 9k | Je ds, (4.1) 
47/s R 
and 
—ikR 
go Sait Me imal ge (4.2) 
4n7nJ/Js R 
respectively, where 
J =n x H, (4.3) 
M = —nx E, (4.4) 
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P(r, 6, >) 


i =) 


Fig. 4.1 Elemental area. 


J and M are the electric and magnetic surface current densities and n is the 
unit vector normal to the elemental area. Again, if only the far field is of 


mens R=r-—r'cosy, (4.5) 
so that Eqs. 4.1 and 4.2 become 
ee jkr’ COS p 
A= Je ds, (4.6a) 
amrds 
co oe 
F= | Mig co? ds, (4.6b) 
4ar Js 


The notation for calculating the far fields can be simplified by defining 
the radiation vectors, 


N -| BP Sadik aay Fe (4.7) 
8 


L -| Me**"’ 098 ¥ ds. (4.8) 
S 
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Therefore, 
—jkr 
ey we en (4.9a) 
Aur 
—ijkr 
be 1. (4.9b) 
4nr 


The directions of the radial position vectors are given in terms of the 
reference Cartesian coordinates as 


a, = a, sin cos ¢ + a, sin 0 sin d + a, cos 9, (4.10) 
a, =a, sin 0’ cos ¢’ + a, sin 0’ sin ¢’ + a, cos 6”. (4.11) 
The scalar product of the two position vectors is given by 


a,° a, = COS Y, (4.12) 
so that 
cos y = sin 6 sin 8’ cos¢ cos ¢’ + sin 6 sin 0’ sin ¢ sin ¢’ 
+ cos@cos6’, (4.13) 
or 
cos y = sin 0 sin 6’ cos (6 — ¢’) + cos 6 cos 6’. (4.14) 


The electric and magnetic fields are given in terms of the electric and magnetic 
vector potentials in Eq. 3.378. These are 


He —joF AV -B) +2 0x A, (4.15) 
Lb 

E= —joA — 20 +A) - 20 xF. (4.15b) 
€ 


Isolating the contributions to the far fields from the electric and magnetic 
vector potentials, 


H — Hy, + H,, (4.16a) 
and 
E=E,+E,, (4.16b) 
where 
H, = ay x A, (4.17a) 
Us 
Hosea [F “1 aw #), (4.17b) 
E,= —jo| A + aw . a], (4.17c) 
1 


Ee ve (4.17d) 
€ 
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The curl in spherical coordinates is 


0A, aj, 1 0A 0 
VxAcs E 0A fan te| 1 GAs _ 2 A9)| 
4 ie 06 aie ue 0d sin6O 0d or se 
*4| 2 A ed 4.18 
aria ro aA oe ) 


Since the far field distance is large, terms in Eq. 4.18 which vary inversely 
with the distance can be ignored compared to the other terms so that for 


the far field 


0A 0A 
VxA=—a,—~* Ao Gnas 
° Or * Or 
Then, Eq. 4.17a gives 
ke ve 
Hy, = 
40 4nr : 
—jke 
H 
ae 4ur ; 


Then, if it is assumed that the waves in the far field are plane waves, 


Ey = ZH, 
Ey = —ZL oly, 
so that 

_ —jkee™ 
E Zee; 
aay 4ar a 

YY —jke* 
Es, =, 20No- 


Similarly, taking the curl of the electric vector potential gives 


OF OF 
Vx F=-—a,—*+a , 
° Or cae, 
so that 
—jke 
a Le. 
6 4aur ‘i 
jhe 
E ss p) 
6 4aur : 
and 
SE ee 
Ar, — —jke™ Le ‘ 
Amr Zo 
Hy, = ike bs 


¢ Aar Zan 


(4.19) 


(4.20a) 


(4.20) 


(4.21a) 
(4.21b) 


(4.22a) 


(4.22b) 


(4.23) 


(4.24a) 


(4.24) 


(4.25a) 


(4.25b) 
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The components of the electric field are therefore given by 


—jke 

E, = E4, + Ex, = ae (Ly + ZoNs), (4.26) 
Poe, 

E, = E,,+ Er, = J c= oe ZANT: (4.27) 


and the components of the magnetic field are 


eo jo kr 
Hy = Ha, + Hy, = cna (Ly — ZoNo); (4.28) 


Bar 


The time average Poynting vector is given ae 


LE)? |Eol? + lEgl" 


[ee 1Re(E x H _— aa! ae DC a a a] 4.30 
2Re( 4 DZ, IZ, (4.30) 
or 
2 
Pay = Zo ie + Ne) 4 (= = Ne) | (4.31) 
8A2r 2 Zo 


The radiation intensity, which is the power per unit solid angle radiated in 
a given direction, can be written as 


K.= r’P,,. (4.32) 
The total radiated power is 
w=| Ras ds -| i} Payr" sin 6 dé dd, (4.33) 
S 0 Jo 
or 
W =|[x sin 6 dé dd, (4.34) 
where 
al sy) Hos) | 
= + NoYe + 1 — NG!’ |. 4.35 
ne cie Zu ae? 


The use of the radiation vectors and radiation intensity can be illustrated 
for the problem of the short wire analyzed in Section 3.1. From Eq. 3.14, 


the magnetic radiation vector is 
N, = InL- (4.36) 


The spherical components of this vector can be obtained from the rectangular 
components, using the relationships 
N, = (N, cos ¢ + N, sin ¢) cos 0 — N, sin 8, (4.37a) 
Ng = —N, sin ¢ + N, cos ¢, (4.37b) 
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so that for the short wire the radiation vector is 

Ny = —LmL sin 6. (4.38) 
The far fields given by Eqs. 4.26 and 4.29 are 


 fkZen TL sin 0 


LS ee (4.39a) 
4ur 
1 o—dker . 
pe jke-’""I,,L sin 6 (4.39b) 
Aor 


which agrees with Eq. 3.25. Also, the radiation intensity of Eq. 4.35 for the 
short wire becomes 
. Zokni L* sin? 6 


K 
82° 


: (4.40) 


which is in agreement with Eq. 3.27. Similarly, for the magnetic current 
element used in analyzing the loop antenna, Eq. 3.380 gives 


Loe i,0, L, = —inL sin 6, (4.41) 
so that 
—jke-?i,,Lsin 0 
jee ty ans (4.42a) 
beaks : 
Hee jke = 6 (4.42b) 
0 


which is in agreement with Eqs. 3.381 and 3.382. Also 


Pa hed paper 
Ka imt sin ue (4.43) 
8A°Zo 
which is equivalent to Eq. 3.385. 

The expressions for the field of the elemental area thus derived are valid 
at large distances from the aperture in what is known as the far field or 
Fraunhofer region. Near the antenna in the Fresnel region, the approxima- 
tion of Eq. 4.5 is no longer valid. Near the aperture, the radial distance 
can be expressed in rectangular coordinates as 


R=e2+(y-—y)/+(-—2z). (4.44) 
This is approximately 
yy) +@—-2’P 


Rract 
22x 


, LD yz (4.45) 


and 
|R| ~ |a|. (4.46) 
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Then, if the y-z coordinates are chosen so that the electric field in the ele- 
mental area with amplitude E) is aligned with the y axis, the field near the 
aperture is 


. —jka ares 1\2 Ses \S 
ye | | exp|—jr] Y= +E = 2)! dy’ de!, (4.47) 
QAx y’ z! ‘ 22 


° —jka ae 1\2 eae 1\2 
p, = Be [ [cos «YY — j sin g Y= | dy’ 
2Ax y’ 2% 2a 


or 


eo a = Be 
x \ cos ite ttre ano az'| (4.48) 
2’ 29 2G 


The expression for the electric field, therefore, involves the Fresnel sine 
and cosine integrals defined by 


a 2 
S(«) =| Chan (4.49a) 
0 ps 
(4 2 
C(a) =| cos aT, (4.49b) 
0 
where in the last integral of Eq. 4.48 
k 7) 
T= (£) (2 — 2’), (4.50a) 
TX. 
k 4 
idee (£) dz’. (4.50b) 
TX 


Tabulated values of the integrals are available in reference books and curves 
are shown in Fig. 4.2. 

As a simple example, consider the elemental area centered in the x = 0 
plane as shown in Fig 4.3. Let the electric field be aligned with the y axis 
and the magnetic field be aligned with the z axis to give a plane wave traveling 
in the x direction. For this case Eqs. 4.3 and 4.4 become 


E 
J=nxH=a, x a,H,) = —a,Hy) = ay 5 ; (4.51) 
0 
M = —n x E= —a, x a,E, = —a,Ep. (4.52) 
For the differential area, Eqs. 4.7 and 4.8 become 
aNd eae ae (4.53) 


0 


dL = Mds = —a,E, ds. (4.54) 
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Points on spiral indicate 
values of x 


x 
C(x) = f cos Aa. 
0 


e 2 
S(e)= | sin J dT 
Fig. 4.2 Cornu spiral. 


Then, from Eq. 4.37, 
—E, ds sin ¢ cos 6 


aNeg = GN Sin@ COS Vie 
Zo 
aN, = DN sea atanss SUC Oe 
Zo 
dle = =dL, sin 0 = Eyds sin 0, 
dL, = 0. 
The ¢ component of the far electric field is given in Eq. 4.27 as 
je eR 
dE, = ap (dL, — Z,aNg), 


or 
je *"E, ds(sin 0 + cos ¢) 


dh 
z QAR 


(4.55) 


(4.56) 


(4.57) 
(4.58) 


(4.59) 


(4.60) 


Elemental Area iU7/ 


4 


Area ds in x = O plane 


Fig. 4.3 Centered elemental area. 


The 8 component of the far electric field is given in Eq. 4.26 as 


jena 
aE, = SX — (aL + Za AN0) (4.61) 
or 
_+,-ikR . 
dE, = —je "Ey ds sin $ cos 6 (4.62) 


24R 


Note that the 9 component of the electric field is zero in both principal 
planes (y = 0 and z = 0 planes). Similarly, the magnetic field components 
of Eqs. 4.28 and 4.29 become 


Haas GG dN,) (4.63) 
= [eZ ; ; 
COOL, aad aaa is cae 
rjrpiplaaat es ySreds oan 4.64) 
= ae 5) : 
ats WZ, | 9 + Zo dN 4) ( 
or 
Sega 9 
yy al engi sin sncoss (4.65) 
2ArZo 
_ jon dkr 
ae je ’"E, ds(sin 6 + cos ¢) (4.66) 


2At Le 
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Also, the radiation intensity of Eq. 4.35 becomes 


dL dL : 
dK = 2) (2 Ue + aN) + (St— any) 4.67 
Ba? Q Z, $ (4.67) 
or 
Z | (—E, ds sin ¢ cos 0)? —E, ds sin 0 — E, ds cos ¢\? 
ax = 2 (Eades dems), (lads — Baden dP 
mall Zo Zs 
(4.68) 
dK = aoe (sin® ¢ cos? 6 + sin? 6 + cos’ ¢ + 2 sin 6 cos 4), (4.69) 
Eg: ds® 2 
dK = 3222, a7 + cos ¢ sin 6)°*. (4.70) 
However, 
cosa =Fr-a,=cos¢sin 6, (4.71) 


where « is the angle between the radial vector to the far field point and the 
x axis. Therefore, Eq. 4.70 is 


E,’ ds 
dK = —° 1 + cos «)?, 4.72 
32z, am Cl 
or 
2 2 
dK = Paiute (cost a) (4.73) 


The total power radiated is given by Eq. 4.34 as 


W = [x sin 0 d0 d¢, (4.74) 
so that 
ae [fin 6 + 2cos ¢sin? 60 + cos” d sin® ¢) dO dd, (4.75) 
or 
Eo ds ds” ( 2) tea Fe a") 
= 4n +0 4-7) = 7 4.76 
82°Z, 3 \82z, Se, 


The maximum radiation intensity is the maximum of Eq. 4.73 which is 


Eo ds" 
Kmax = 4( 822, } (4.77) 
so that the directivity is 
pei ae (4.78) 


Bie 
4a 
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and the effective area is 
2 
A,= ae : (4.79) 
Ag 
Note that the directivity of the elemental area is twice the directivity of the 
elemental current calculated in Section 3.1 because the aperture radiates in 
only one direction, the direction of the positive x axis. The aperture radiates 
into only one hemisphere and the gain is correspondingly increased. 
If the voltage is applied in the y direction, then the applied voltage across 
the elemental area is 
Vi = Ly dy: (4.80) 


the radiation conductance is 


2Wr 4 dz dz\? 
G, = We ee _ 1 (Gl (4.81) 
Ve 3N°Zy O90 A 
and the effective height is 
h'=(4G,Z,A,)* S22 dz. (4.82) 


. REFERENCES 

Ramo, S., and J. R. Whinnery, Fields and Waves in Modern Radio, John Wiley and 
Sons, New York (Second Edition), 1953, pages 505-509, 526-531. 

Silver, S., Microwave Antenna Theory and Design, Radiation Laboratory Series, 
Vol. 12, McGraw-Hill Book Company, New York, 1949, pages 169-180. 

Slater, J. D., and N. H. Frank, Electromagnetism, McGraw-Hill Book Company, 
New York, 1947, Chapter 14. 


PROBLEM 


4.1.1 Plot principal plane far field patterns of the elemental area using 
Eqs. 4.60 and 4.61. 


4.2 Rectangular Aperture 


A rectangular aperture of finite dimensions can be analyzed in terms of 
the elemental area of the preceding section. Consider an aperture in the 
a = 0 plane with sides of lengths a and 5 in the y and z directions, respec- 
tively, as shown in Fig. 4.4. Let the electric field be aligned with the y axis 
and the magnetic field be aligned with the z axis to give a plane wave traveling 
in the x direction. 

If the aperture is uniformly illuminated, the electric field is constant in 
amplitude and phase over the aperture. For this case, using Eq. 4.60 and 
integrating over the aperture, gives 


. —Jjkr, . 
E, a JEve a + cos ff cereore dy’ dz’. (4.83) 
r 
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P(r, 8, d) 


Fig. 4.4 Rectangular aperture. 
Also 


r’ cosy = a,+¥’ = (a, sin 8 cos ¢ + a, sin 6 sin ¢ + a, cos 6) 


x (a,yy’ + a,2’), (4.84) 
or 
r cosy = y' sin 6 sing + 2’ cos 8, (4.85) 


so that Eq. 4.83 becomes 


jE ge *(sin 8 + cos 4) ("” 


E 
. 2Ar —b/2 


a/2 
| exp [jk(y’ sin 6 sin @ + 2’ cos 0)] dy’ dz’. 
—a/2 


(4.86) 
Performing the integration gives 


p, = LEoe sin 8 + cos a giv sin osin g Y ee a ies 


> 


2Ar jk sin 6 sin ¢ /-a/2\ jk cos 0 /-»/2 
and 
mlb sin (*2 sin 6 sin 4) sin (@ cos 0) 
rE. = abE,e "(sin 8 + cos ¢) 2 » 
i 2ar (ka/2) sin 6 sin ¢ IL (kb/2) cos6 + 


(4.88) 
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The field in the z = 0 plane is 


abE,e "(1 + cos |" . ea ‘) | 
Ban oe é) © 2Ar (ka/2) sin 6 1 ees 


The last term in Eq. 4.89 has the form (sin u)/u. This function is plotted in 
Fig. 4.5. The nulls in this pattern occur approximately at the points 


sin (2 sin 0, sel), (4.90) 
or 
= sin 0,, = nz. (4.91) 


For relatively large apertures, the first nulls occur at 


A 
0, — Maa! (4.92a) 
a 
0 
—5 
-—10 
—15 
a 
no) 
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Fig. 4.5 Pattern of uniformly illuminated rectangular aperture. 
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and the beamwidth between the nulls is 


Gy eee AN (4.92b) 
a 


From the curve of Fig. 4.5 is can be seen that the half-power beamwidth 
occurs at u = 1.39. Therefore, the half-power beamwidth is approximately 


/ 


@.cxd sin-#( +224) seg LE EE Fi (4.93) 


TA a 


Also, the first sidelobe occurs approximately at w = 37/2 at an amplitude, 
(—13.2db). (4.94) 


The pattern in the y = 0 plane can also be determined from the expression 
for the electric field in the ¢ direction. From Eq. 4.88, 


(2 
sin |— cos 0 
abE,e "(1 + sin al 2 (4.95) 


E.tr, #. 0) = 
es) Dar (kb]2) cos 6 


Changing the 6 reference to the x axis, by changing the variable to 


yp=o—-, (4.96) 
2 
gives 
o fkee 
Le tee ar Nae Be 
E,(r, y, 0) = oe SE) —_ (4.97) 
2dr (kb/2) sin p 


which is the same as Eq. 4.89. Also, the 9 component of the electric field is 


ed oe ‘ 
dE, = je"Ey ds(sin $ cos 6) (4.98) 
2Ar 
and | 
dE,(r, 0,0) = a,(, 4 ‘ 4) 1) y = Ope =10: (4.99) 


Therefore, the principal plane patterns are polarized in the ¢ direction. 
From Eq. 4.70, the radiation intensity is 
_ Ey (1 + cos ¢sin 6)? 


b/2  [ra/2 
K {| | exp [jk(y’ sin 6 sin ¢ + 2’ cos 8)] dy’ an'|, 
—b/2 J—a/2 


(4.100) 
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or 


sin (‘2 sin 6 sin $) “| sin (2 cos 0) ; 
Pape a*b°E,°(1 + cos ¢ sin 6)* 2 2 


43 Rae (ka/2) sin 0 sin ¢ (kb/2) cos 6 
(4.101) 


If the antenna aperture is large, so that most of the radiated energy is 
confined to a narrow cone about the zx axis, 


0 =>, $= 0, cos $ = sin 0 = 1, cos 0 ~ y, sin $ = $, (4.102) 


and 
Risen (4.103) 
DA Le bok ol2 kby/2 
and the total radiated power is approximately 
wa|[x dé dy. (4.104) 
However, 
OO ae 
| So dx =n, (4.105) 
—0oo x 
so that 
21.2 2 2 
yy eval (2) (72) ae (4.106) 
2A°Z, \ka/ \kb aLe 
the directivity is 
Di ep ee (4.107) 
W /4ar ir 
and the effective area is 
2 
A= oe — 00 AS. (4.108) 
4a 


Therefore, the effective area of the antenna is approximately equal to 
the geometrical area. The voltage across the aperture is given by 


Vin = Eqa, (4.109) 


so that the radiation conductance is 


‘5) 
Cae (4.110) 


and the effective height is 
h = (4G,Z,4,)%, (4.111) 
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which gives 
h = 2a. (4.112) 


This uniformly illuminated aperture is the aperture which has maximum 
gain and the one used as a reference for comparison with other aperture 
illuminations. The actual aperture illumination is usually more complex. 

In most practical cases, the two-dimensional aperture illumination can 
be considered to be the product of two one-dimensional aperture distribu- 
tions. That is, the field over the aperture can be written as 


E=fiy',2) =AM Ae). (4.113) 
For this case, Eq. 4.86 becomes 
—jkr (a/2 ¢ 


i iy de 0/2 ue 
y= IE (™ peynemv snoring ay’ | peepee ome de, 4.114) 
Ar —a/2 ome 


where it is assumed that the beam is concentrated along the x axis. The 
E-plane pattern is given by 


- —jkr (a/2 ; 


je LN, b/2 
By i eo ea ay’ | foe) dz’, O= 
GP —b/2 


4.115 
ri (4.115) 


ue 
2 
and the H-plane pattern is given by 


je-ir a/2 b/2 G 
B= |" heyy ay [C nereorrd’, $= 0. G16 
Ar J-a/2 —b/2 

Since the effects of the two independent orthogonal aperture distributions 
can be added by superposition, it suffices for the analysis to assume that 
the aperture is illuminated uniformly in one direction and to calculate the 
effect of non-uniform distributions in the orthogonal direction. That is, 
let the antenna be uniformly illuminated in the z’ direction so that 


A@) = I. (4.117) 
Then the H-plane pattern of Eq. 4.116 becomes 
sin (2 Cos a) 
jenn) aaa), (4.118) 
(kb/2) cos 8 


where C is a constant. For this case, the E-plane pattern of Eq. 4.115 
becomes 
E a IDE eae FG jen dy. z=0 (4.119) 
OS ee a ead ‘ 
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The constants of Eq. 4.119 can be ignored and attention focused on the 
variables by considering 


a/2 fag 
oo fily ei 04 dy, (4.120) 


The aperture can be normalized and the expression simplified by using the 
variables 


_ 7a sin $ (4.121a) 
A 
and 
2y’ 
p=, (4.121b) 
a 
so that Eq. 4.120 becomes 
1 
g(u) = 5 { f(vyei” dv. (4.122) 
=il 


The radiation intensity is given by 


kby\? 
Spe St 
55.5 kb - [Jr ee one dy |, Mee 
V2 


which has a maximum value 


| Sere = (4. 124) 


ab? i 2 
if d iy 
22Z, fily’) dy 


Also, from Eq. 4.106, the total radiated power through the aperture is 


2 
see fuer dy’, (4.125) 
oF. 
so that the directivity is 
[Ac ) nel 
D= aes = te — (4.126a) 
BF Yet ay 


Note that for uniform illumination, Eq. 4.126a is equivalent to 4.107. 
Using Eq. 4.121b gives 


_ 2mba 


[/ 4 a0} 
Be [sor dy 


As another illustrative aperture distribution, consider the triangular 
amplitude illumination given by 


fo) =1— ol, lol <1. (4.127) 


(4.126b) 
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Combining Eqs. 4.127 and 4.122 gives 


a aN 9 4 hae 
g) = “(| ee dv +] ve?" dv -| pee do) 
ea 


—1 0 
Ne 
1 — cosu a sae 
— eae => —-\— . (4.128) 
u? 2\ u/2 
For this illumination, the first nulls occur at 
: a (4.129a) 


and the beamwidth between nulls is, therefore, 


eee. (4.1296) 
a 
Also for this curve, the half-power point occurs at approximately 
: = 1.0, (4.130a) 
so that half-power beamwidth is 
O= (24) = 1.28 dhe (4.130b) 
Ta a 


Since the pattern of the triangular distribution is the square of the pattern 
of the uniform distribution, the first sidelobe level is 


1 
Psy = ; —26.4db). 4.131 
sta = 99 12 ( ) (4.131) 
Also, 
1 
| J) .dv| =; (4.132) 
Zi 
1 
| f(v) P dv = = (4.133) 
= 
so that the directivity is 
3 aba 
De 7 (4.134) 
and the effective area is 
A, = 3A, (4.135) 


which is three-fourths of the effective area of the uniform aperture or three- 
fourths of the geometrical area. 
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Another aperture illumination commonly used is the cosine type taper 
for which the cosine function may be raised to some power. That is, 


fa) = cos" (4.136) 
For this illumination 
.¥ 
g(u) = ; (| cos BL dv), =a, (4.137) 
ay 
or 
a Lae Sas one 
g(u) =_ a | eilutm/2)]v dv -— ei lu—(a/2)0 ao), (4.138) 
4 —1 
which gives 
g(u) = cay —~— |. (4.139) 
rere 
WE: 


The first null in this pattern occurs at u = 37/2, so that the beamwidth 
between nulls is 


O,==. (4.140) 


Similarly, the half-power point occurs at u = 1.9, so that the half-power 
beamwidth is 


QO = gee (4.141) 
a 


Also, the first sidelobe occurs at u = 27 with an amplitude 


1 
ep 2 — 23.5 db). 4.142 
Sli (15)? ( ) ( ) 
Also, 
a 4 
{fQ) dv =—, (4.143) 
—1 ais 
and 
1 
| [f(o)? dv = 1, (4.144) 
so that oe 
32ba 
D= ; 4.145 
2 ( ) 


This gives an effective area for a cosine illumination of 


A, = 0.81 A,. (4.146) 
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Fig. 4.6 Effect of quadratic phase error. (a) Uniform amplitude illumination, f(v) = ile 
(6) Tapered amplitude illumination, f(v) = cos? v. 


The preceding discussion has been concerned with variations in the 
amplitude of the field across the aperture. The illumination might also have 
phase variations across the aperture. In this case Eq. 4.122 becomes 


g(u) = - F f(vje*® ei do. (4.147) 
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Fig. 4.6 (Continued) 


If this phase error is linear across the aperture, then 


Vv) = — fo, (4.148) 
and 


e(u) = ; If: f(vyei"-” dy, (4.149) 
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This is similar to Eq. 4.122 with the variable, u, shifted by an amount pb 
in the direction of phase lag. That is, the pattern has the same shape, but 
the peak now occurs at an angle 


oo = sin’ ee (4.150) 
Ta 


The aperture, therefore, appears to be illuminated by a plane wave traveling 
at an angle ¢o, and the gain is reduced since the projected aperture in the 
direction of the propagation is reduced. That is, the new gain is 


G G6 cosa, (4.151) 


where G is the aperture gain without the linear phase error and G’ is the 
aperture gain with the phase error. 
The second aperture phase distribution of interest is the quadratic phase 
distribution given by 
W(v) = — fv. (4.152) 


For this case the aperture distribution is 
a 1 , 2 
g(u) = { frye Pr". (4.153) 
—1 


The exponential can be written as an infinite series 


a ie) ren m 
e ibe ae > ( iP) oe 
m0 m! 
so that the aperture illumination is 


(4.154) 


g(u) = sore = ae Fy. vt (ve dv. (4,155) 
However, 
i f(ve* dv = j ue v¥f(v)ei"” do. (4.156) 
Therefore, 
£ Or  Keswh (4.157) 
where 
Zo(u) =|" foe dv, (4.158) 


is the amplitude distribution for zero phase error. If the phase error is 
small, the aperture distribution can be approximated by the first two terms 
of Eq. 4.157. This gives 


g(u) © 5 [go(u) + jBe0"(w)). (4.159) 
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The effect of the quadratic phase error is the introduction of a quadratic 
term in the far field which tends to fill in the nulls and smear out the sidelobe 
characteristics of the antenna. The effect of the quadratic phase error is 
illustrated in Fig. 4.6. 
Another phase distribution of interest is the cubic phase distribution 
given by 
1(v) = pe; (4.160) 


which gives an aperture distribution of 


g(u) = = it f (vet r-P) dy, (4.161) 


Expanding this exponential in an infinite series and retaining only the first 
two terms, as was done for the quadratic phase distribution, gives 


g(u) = 5 [go(u) + Bee'(w)]. (4.162) 


An examination of Eq. 4.162 shows that the effect of the cubic phase error 
is to tilt the main beam and to distort its shape. There is also a reduction 
in gain as a result of the increasing amplitude of the sidelobes which shift 
closer to the original position of the main beam. 
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PROBLEMS 

4.2.1 Show that Eqs. 4.123 through 4.126 reduce to Eqs. 4.103, 4.106, and 4.107 
for fi’) = fale’) = 1. 

4.2.2 Derive Eq. 4.139 from Eq. 4.137. 

4.2.3. Plot the far field principal plane radiation patterns in decibels of a ten 
wavelength wide aperture: 

(a) With uniform illumination. 

(6) With a triangular distribution. 

(c) With a cosine distribution. 

4.2.4 Plot the far field principal plane radiation patterns in decibels of a ten 
wavelength wide aperture with uniform amplitude illumination: 

(a) With a quarter-wavelength linear phase error across the aperture. 

(6) With a quarter-wavelength quadratic phase error across the aperture. 
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4.3 Circular Aperture 


Analysis of the circular aperture is similar to that of the rectangular 
aperture. The expressions for the fields are somewhat different because of 
the different geometry. For the circular aperture of Fig. 4.7 the electric 
fields of Eqs. 4.60 and 4.62 become 


A ee 
p, — ein + 008 #) | | f(r’, O°)e 71008" dr’ dO", (4.163) 
2Ar 

1 ee AS awe 

ial ae (r', Be M'e08 ¥p" dy’ d6', (4.164) 
if 
where from Eq. 4.13 

cos y = sin 6 sin 6’ sin d + cos 6 cos 6”. (4.165) 


For the circular aperture it is most convenient to write the field in terms 
of the angle « from the x axis and the angle # from the z axis in the x = 0 


Zz 


Circular aperture 
in x = 0 plane 


Fig. 4.7 Circular aperture. 
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plane. The radius vector to the far field point in terms of these angles is 
a, = a,cos a + a, sin asin B + a, sin «cos f. (4.166) 
For the aperture in the x = 0 plane 
a, =a, sin 8’ + a, cos f’, (4.167) 
and 
cos y = a,-a, = sina cos (fp — f’). (4.168) 
Note that in the x = 0 plane, 6" equals 8’. With this notation, Eq. 4.163 
becomes 
_ je (sin 6 + cos 4) 


E 
2 2Ar 


27 (a 
[ [40° eo exp kr’ sin a.c0s (8 — f°) 
0 0 
x r’ dr’ dp’. (4.169) 
The circular aperture can be normalized in the same manner that the 


rectangular aperture was normalized. For the circular aperture the nor- 
malized variables are 


_ md sine 


= ka sin a, (4.170a) 
fee. (4.170b) 

and : 
ae ane li Ric Bre 28 (E-By dy dp’. (4.171) 


Attention can therefore be focused on the normalized pattern given by 
27 (1 
gu, B) = a*| [te Bee Se dy dp’. (4.172) 
0 0 
The radiation intensity of Eq. 4.73 can be written as 


e4 
a” cos* — 


9) ie 1 x on |: 
K = —— DB eee Fy dp dba 4.173 
<= Beko B'}, (4.173) 


or 
cost = 
K= EZ, g°(u, B). (4.174) 
As a special example consider the uniformly illuminated circular aperture. 
For this case HES (4.175) 


and 


2r (1 
glu, B) = a*| | BEN Sala ANGE, (4.176) 
0 0 
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However, from Eq. 3.338, 


J,(a) =L- | etleersd+nd) qd, (4.177) 
Qa —T 
so that 
2a 
{ gine cont 8) dB! == 2a Jol), (4.178) 
0 
and 
1 
g(u, B) = 2na*| Jo(uv)v dv. (4.179) 
0 


The integral of the Bessel function is 


Jory Aavdpiee hy eu (4.180) 
so that Eq. 4.179 becomes 
g(u, B) = 27a" Ju) : (4.181) 
u 


and the radiation intensity is 


OL 
2q* cos* 


al é (4.182) 


ae — 
217Zo u 


From Eq. 3.347 it can be seen that the factor of 2 in the numerator of Eq. 
4.182 is needed to normalize the pattern to unity at the peak of the main 
beam. This power pattern is shown in Fig. 4.8. For the uniform illumination 
the first nulls occur at u = 43.84, and the beamwidth between nulls is 


Ret Hl dap log (4.183) 
ad d 
For this illumination, the half-power point occurs at u = 1.6, so the half- 
power beamwidth is 


@ == 1.025. (4.184) 


From the curve of Fig. 4.8, it can be seen that the level of the first sidelobe 
is 
Psy, = 0.0178 (-~-17,5)db). (4.185) 


Notice that the first sidelobe of the uniformly illuminated circular aperture 
is 4.3 db lower than the first sidelobe of the uniformly illuminated rectangular 
aperture. However, this is achieved at the expense of approximately a 12 
percent increase in half-power beamwidth. 
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Fig. 4.8 Pattern of uniformly illuminated circular aperture. 


The effective area of the uniformly illuminated circular aperture is equal 
to the geometrical area as was the case for the rectangular aperture. That is, 


A, =A,=—, (4.186) 


2 
De oA = (74) (4.187) 
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4.4 Cylindrical Aperture 


A narrow cylindrical aperture which is uniformly illuminated can be 
analyzed by considering the capacitor antenna of Fig. 4.9. If the gap spacing 
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Fig. 4.9 Capacitor antenna. 


is relatively small, the electric field across the gap at the edge of the capacitor 
is 


ee (4.188) 
and the magnetic surface current density of Eq. 4.4 is 


V 


M = —a, X(—a,) = ay ui (4.189) 


In the y = 0 plane this gives 


L -| M cos ¢’e 28" 5” ds, (4.190) 
s 
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where 
cos y = sin 6 cos ¢’, (4.191) 
and 
2 
| ds = b| a df’ = ab| dg’. (4.192) 
s 0 
Combining Eqs. 4.189 through 4.192 gives 
27 a 
= va COSMIC a a umen d OF. (4.193) 
0 
and the electric vector potential of Eq. 4.9b is 
—djkr (° 20 
Fy, = te | cos d’e*” dd’, (4.194) 
4nr Jo 
where 
y = asin 6cos ¢’. (4.195) 


Also, the elemental area diametrically opposite has an electric vector potential 
given by 


— —dkr ("2a : 
Ea she | cos ¢’e *” dd’. (4.196) 
4nr 0 
Combining Eqs. 4.194 and 4.196 gives 
eView” 
4ar 


This equation has the same form as the equation for the loop antenna given 
by Eq. 3.336. It reduces to 


27 
Fi, = Fy, + Fg, = | cos ¢’(e"? — e 7”) dd’. (4.197) 
0 


—jkr (7 
F, as eV,e | ei (ka cos $’+¢’) dd’, (4.198) 
4or —T 
which has the solution 
: mee . 
F, _ jeVoe J,(ka sin 6) (4,199) 
2r 
or 
Ly =j27V,J,(ka sin 9). (4.200) 
The electric and magnetic fields given by Eqs. 4.24 and 4.25 are 
—Jjkr 6 
ree kV,e **"J,(ka sin 6) (4.201) 
OT 
and 
—jkr . 
fine kV,e ''""J,(ka sin 0) (4.202) 


21Zo 


Note that the field is polarized in the 0 direction, whereas the loop was 
polarized in the ¢ direction. 
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The average value of the Poynting vector is 
k?V?a?J,%(ka sin 0) _ 7V?a"J,*(ka sin 6) 
8r°Zo 240/77? 


This is the same as the average Poynting vector for the single turn loop 
given by Eq. 3.342 with 


Pay = 3 |Eol |Hgl = (4.203) 


V=1,,Zo- (4.204) 
If the radius of the capacitor is small, the total radiated power is 
Wr = ale : (4.205) 
12Z, 
The total radiated power can be written as 
Wa = V2G, =41°G,, (4.206) 


where G, is the radiation conductance. For the capacitor antenna with plates 
having small radii, this radiation conductance is 
2Wr mn a(ka)* 
Yo oa 
the directivity is identical with the directivity of the loop given by Eq. 3.353 
as 


G, = ; (4.207) 


be = (4.208) 
and the effective area is 
32? 
A,=—. (4.209) 
8a 


If the effective area is defined in terms of the radiation conductance in a 
manner analogous to its definition in terms of radiation resistance given 
by Eq. 1.55, then 


h? 
uA Gigs 
so that the effective height is given by ; 
h = (4G,Z,5A.)*- (4.211) 


For the capacitor antenna, this is 


(4.210) 


é 


_ |kal’A 
D} 6) 
which is the same as the effective height of the loop given by Eq. 3.355. 


h (4.212) 
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CHAPTER ) 


Slot Antennas 


The simple antenna which is analyzed in terms of the field and aperture, 
rather than the current and wire, is a slot antenna. The slot antennas con- 
sidered are the infinitesimal slot, the infinitely long slot, the thin slot, notch, 
cavity-backed slot, annular slot, waveguide slot, slotted cylinder, slot-dipole 
open waveguide, rectangular waveguide horn, circular waveguide horn, and 
biconical horn. 


5.1 Short Slot 


The analysis of the short slot antenna is similar to that of the short wire 
antenna with the electric and magnetic fields interchanged. A short slot 
antenna is shown in Fig. 5.1. The electric field across the slot is given by 

E =‘a,Eoe"™. (5.1) 
The electric vector potential is given by 


oer 

F =| Sct ene yw ds (5.2) 
s 4nr 

and Eq. 4.52 gives 


M = —a2E, (5.3) 


where the electric field is doubled to account for the image in the infinite 
screen. Therefore 


—okr (LL 

Po poschicoae i Ce dz. (5.4) 
4nr Jo 

For a very short slot this becomes 

a Zeta eg 


ie 
4or 


(5.5) 


This is similar to the magnetic vector potential for the short wire given by 
Eq. 3.16, with 


Leip 


Vi, = aE) = 2 


(5.6) 
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Fig. 5.1 Short slot antenna. 


The electric field is given by Eq. 4.15b as 


E=-— ly x F. 
€ 
From Eq. 3.18, this is 


1| oO 4 
E = —a,—|—(rF,) — — |, 
e -|2 ("Fo) 00 
where 


F, = F, cos 6, 


F, = F, sin 0. 
From Eq. 3.20, this is 


me —V,Le~™™ sin ue ms ‘). 
27 r r 
Also, 
—Ikr 
fe Vile C08 (2, + D ). 
27 Zee. jour 
—jkr . . 
ees sink 4 2 1). 
Der Lot «Let jour 


(5.7) 


(5.8) 


(5.9a) 
(5.9b) 


(5.10) 
(5.11) 


(5:12) 
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These are similar to Eqs. 3.20 through 3.22 for the short wire antenna. 
The far field components for the short slot antenna are 


_ —jkV,,Le7™ sin 6 


Ey : (5.13a) 
2ar 
; SUR ee 
fe JKV,,Le ?"" sin 6 (5.13b) 
2rtLy 


Again, note that the ratio of the electric to magnetic fields is 
E¢ 
— = —Zp. (5.14) 
H, ; 
The average Poynting vector is given by 
kV,,L? sin® 6 


Pay = [El |Hol = 
av > | ol | al 8727°Zy 


(5.15) 


which is similar to Eq. 3.27 for the Poynting vector for the short wire. The 
total radiated power is 


2 272(7 2 272 
Wate Yer | Sra ci Se (5.16) 
47Z, vo 37Zo 


The radiation conductance is given by 
2 2 
G,= 2Wr sa! $e (L) = +(4) (5.17) 
een Zee), 45\4 


Notice that the ratio of the radiation resistance of the short wire given by 
Eq. 3.29 to the radiation conductance of the short slot is 


pene 80 a(L/A)" Zo" 


= ——_———— = — 5.18) 
Grit #5(L/4)? 4 
The directivity of the short slot antenna is 
Paine (5.19) 
Pa eee, 
and the effective area is 
3A 
A,=—. (5.20) 
8a 


These are the same as the directivity and the effective area of the short 
wire antenna. The effective height of the short slot antenna is given by 


h = (4G,Z,A,)* = 2L. (5.21) 
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From Egs. 1.58, 5.18, and 5.21, it can be seen that the ratio of the effective 
height of the short wire to the effective height of the short slot is 

frwiro  (ARVAIZ0) ( R, \'= 1 

hace GGA ZYS ) MGZ 7 8 2. 


The larger effective height of the slot can be accounted for by the fact that 
the slot has an image in the infinite conducting screen. 


(5.22) 


ep 


P © 


(6) 
Fig. 5.2 Complementary screens. (a) Infinite, thin conducting screen with aperture. 
(b) Complement of screen with aperture. 


The relationship between wire and slot antennas is an example of the 
duality principle of electromagnetic theory. It is an electromagnetic equiva- 
lent of Babinet’s principle in optics, which can be stated as 


The sum of the field behind a plane screen and the field behind the comple- 
mentary screen is equal to the field which would exist at the same point if 
there were no screen present. 


Babinet’s principle is stated in terms of the fields behind the conducting 
screen and its complement. An infinite, thin-conducting screen and its 
complement are shown in Fig. 5.2. The fields to the right of the conducting 
screen of Fig. 5.2a are 

E, = E, + E,,, (5.23a) 


H, = H, + H,,, (5.23b) 
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where (Ey, Hy) and (E,,, H,,) are the fields due to the source P and the 
sources induced on the conducting screen, respectively. Then, if the source 
P is replaced by another source P* and the conducting screen is replaced by 
its complementary screen as shown in Fig. 5.28, the field to the right of the 
complementary screen is 


E, =E,* + E,,, (5.24a) 
H, = H,* + H,,, (5.24b) 


where (E,)*, Hy*) and (E,,, H,,) are the fields due to the source P* and the 
sources from the complementary screen respectively. The source P* is 
chosen so that 


H,* = E,, (5.25a) 
Ka* = —Z,"H). (5.25b) 


Babinet’s principle can then be expressed as 


—= = if 5.26a 
E, H,* ( ) 
H, = as hy (5.26b) 
0 Ey 
or 
E, + H, = E,, (5.27a) 
H, — = = HH; (5.27b) 
It can also be shown that ; 
H, = —E,,, (5.28a) 
E, = —Z,°H,,- (5.28b) 


Babinet’s principle can be used to obtain the fields of the slot from the 
fields of the wire. If these fields are (F,,, H,,) and (E,,,, H4,) respectively, 
then 


Eos = Hyy, (5.29a) 
Seat Hye 
Hy, = Mann (5.29b) 


Equations 3.25 for the short wire and Eq. 5.13 for the short slot agree with 
BOT... 
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5.2 Long Slot 


Another antenna type (which does not exist in practice but which provides 
the hypothetical information with which to compare other antennas) is the 


Infinitely long narrow slot 
along z-axis in x = O plane 


Fig. 5.3 Long slot in infinite screen. 


infinitely long slot having uniform applied voltage. For the slot aligned 
with the z-axis in the x = 0 plane, as shown in Fig. 5.3, the applied voltage 
can be written as 


Viet a ee (5.30) 


From symmetry, it can be seen that the electric field has only a ¢ component, 
there are no variations in the fields in the ¢ and z directions, and the mag- 
netic field has only a z component. Maxwell’s equations in cylindrical 
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coordinates then become 


a, a, 
r r 
a 1a ; 
xE=|0 Pee ar on ae (rE) = —jopH, (5.31) 
ap r or 
0 rE, 9 
a, a, 
r r 
VixsHve ied 0 = —a, ons = jweH, (5.32) 
ap 0 Or 
OO. OH, 
so that 
1 OH 
jme Or 
and Eq. 5.32 becomes 
: ; 0’H 1 0H, 
(jou)\joeoH, = > + - (5.34) 
or r or. 


This is the same as the wave equation for the long wire given by Eq. 3.50 
with the electric and magnetic fields interchanged. The solution of this 
equation, given by Eq. 3.62 is 


H, = B,H (kr). (5.35) 


Then, using Eq. 5.33 and the relationship for the derivative of the Hankel 
function given by Eq. 3.63, the electric field is 


Ey = —jZ B, HY (kr). (5.36) 

Another problem which can be solved, using the same mathematics, is 

that of the radiation from the slit bounded by conducting planes, meeting 

at an angel to form a wedge, as shown in Fig. 5.4. For this case, the applied 
voltage is given by 

Vin = E,(ajady, (0337) 


where ¢, is the angle between the plates, and the electric field is evaluated 
on a cylinder of radius a.. Also, for the infinite slot antenna, the current 
per unit length is 


; = J eH (a): (5.38) 
Then, if a is small, 
Fie (5.39) 
aka 
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by Eq. 3.72 as 
H (kr) = jH (kr) (5.45) 
and the wave admittance becomes 
1 
Y= = ¥;: 5.46 
eo ae (5.46) 


The input admittance per unit length at the slot, due to the wave radiating 
in the positive direction, is given by | 

a Ha fH (ka 

peel GN maps a (5.47) 

Van ag, E,(a) ag ZH, (ka) 
The total input admittance at the slot is the sum of the admittances cor- 
responding to the hemispheres in the positive and the negative x directions, 
respectively. That is, 
j2H9"(ka) 


Yn = 2Y¥h = ——* 
' "ad, ZoH!?(ka) 


(5.48) 


For the coplanar conducting sheets of Fig. 5.3, this input admittance is 


(2H?) k 
fas cea (5.49) 
TaZ oH,” (ka) 
Notice that the form for the admittance of the long slot is similar to the form 
of the impedance of the long wire given by Eq. 3.76. For a narrow slot, the 
input admittance is 


> 1—j-Inka ‘ D ; 

J 7 J 

Yin = ————$_—_ | = — + —In—. 5.50 

itr Zele Rae GO cmMaZ hala GY 
aka 


The impedance of the long wire given by Eq. 3.77 and the admittance 
on the long slot given by Eq. 5.50 are related by 


Zwi ae 
— (5.51) 
Yslot - 
For the infinitely long slot, the average Poynting vector is 
2 2 
Pay = = |Egl |H,| = <2 HO(kr) HO (ke). (5.52) 
In the far field this becomes 
eel prey es KVes 
Px = i) ae (5.53) 
akr AnrZy 
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The total radiated power for a long slot of length L is 
Nae ge 


Wr= - 5.54 
T 07, (5.54) 
and the radiation conductance is 
eye ars a2) (5.55) 
Vie eZ 60\A . 


Again, notice that the radiation resistance of the long wire given by Eq. 
3.94 is related to the radiation conductance of the long slot by 


: 2 
ee ToT (5.56) 
G, slot 4 
Similarly, the directivity of the long slot is 
Do tm 4, | (5.57) 
Pay 
the effective area is 
2 
es (5.58) 
An 
and the effective height is 
h = (4G,Z,A,)* = (2LA)”. (5.59) 
REFERENCE 


Jordan, E. C., Electromagnetic Waves and Radiating Systems, Prentice-Hall, 
Englewood Cliffs, New Jersey, 1950, pages 579-583. 


5.3. Thin Slot 


A common practical antenna is the thin slot shown in Fig. 5.5. This slot 
has a length which is an appreciable portion of a wavelength. Since the slot 
is relatively long, the voltage is not constant over its length, as it is with a 
short slot. If the slot is thin, the voltage can be assumed to be sinusoidal, 
with zero voltage across the ends. For the slot of Fig. 5.5, the voltage is 


VOlsneon [i(4 et il) | led (5.60) 


If the slot is relatively short, the sinusoidal voltage distribution, as in the 
case of the dipole, can be approximated closely by a triangular distribution, 
for which the applied voltage is 

ve aE 


—|-— — |z|}, lal< 
Dh ae rl), kl< 


ue 


UO ees 
= =, CG . 
Ore tle 30 
For this case, 

M = —2a,xa,V, = —a,2V,, (5.62) 
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and the electric vector potential is 


—jkr [2 0 
F=f | (= —:) de +| (2+:] dz|. (5.63) 
aLr ay Aw / —Lj2 \2 


This is similar to Eq. 3.101 for the short dipole. Integrating gives 


; —Jjkr 
pete nee (5.64) 
s 4ar 


Fig. 5.5 Thin slot. 


Again, as for the dipole, the electric vector potential for the short thin slot 
is one-half the electric vector potential for the infinitesimal slot of Section 
5.1. Therefore the far fields are 


_ —jkLV,,e-7" sin 6 


E i é (5.65a) 

mY 

; JKT as 

H,= GKLV ye" sin 0 (5.65b) 

AnrZy 

The average Poynting vector is 
1 KLV,,” sin® 6 

Pave — 1E;| || =; 5.66 
ae [Esl |Hol 32 nPZ, (5.66) 
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the total radiated power is 


272 2 (7 
Wy = [P- ds = KE Tn | sin 
0 


167Z, 
and the radiation conductance is 


: 5.67 
127Z, Ge? 
2W. ed by Popby Ed 
o, = We EE A (Ey, maar. (5.68) 
Vin 67Zy 180\A A. 30 
Also, the directivity is 
3 Lire tek 
D=- p) =e = ep 5.69 
2 rae SU Oe) 
the effective area is 
3A? Bip 2k 
A aioe | era 5.70 
a ree weet) oe 
and the effective height is 
h=(4G,ZA)@=L 2<— 


; Sv 
Pe 30 oe 
The fields of a longer slot closer to the resonant length (which is one-half 


wavelength) can be found from the voltage distribution of Eq. 5.60. For this 
case, the electric vector potential is 


7 ohn 
Fy =F, sing = £28 8/ YOR 
oor ” 


, (5:72) 
r 
and the magnetic field is given by Eq. 4.25 as 


ee HSL 

Fe peleee une | V(aje!™ © de, (5.73) 
27rZy 

This is similar to Eq. 3.111 whose solution is given by Eq. 3.115 

slot antenna, this becomes 


kL kL 
baa tees cos oy: Mees 
H, = Team le Sateeaie or ete Ae eae 


tL, sin 0 
and the electric field is 


. For the 


(5.74) 
kL kL 
eae cos ss cos 0} — cos i 
Ey = —Z oH, =e spcgsecapeesn nse ammo onc (5575) 
ur sin 0 
The average Poynting vector is 


rr Zh 


kL kL 2 
; ee cos Bese oe 
Pay = 5 El [Hel = | 


» OA6) 
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and the total radiated power is 


kL kL |? 
ye te cos & cos 0 ae. 
Wr -|P -ds=— | , (S570) 
mZo J0 sin 0 


which is similar to Eq. 3.118 for the dipole. The radiation conductance is 


& al 

cos | — cos 0} — cos — 

2Wr 2 is 2. 2 

G,=—t= eee Sel Pee ee 
0 


sae 


dé. (5.78) 
sin 0 

Again, note that the ratio of the radiation resistance of the dipole to the 
radiation conductance of the slot is 


2 
R, dipole _ Zo 


‘ 3.19 
G slot 4 ( 


The slot can therefore be analyzed by using the analysis methods of the dipole 
and the duality relationships between the dipole and the slot. 
For the special case of the resonant half-wavelength long slot, Eq. 5.79 
gives the radiation conductance of 
A 


G, = 0.00205 mho, L==, (5.80) 


and the directivity is the same as the directivity of the dipole which is 


D = 1.64, (5.81) 
so that the effective area is 
w= Os) Ae (5.82) 


From the duality relationship of Eq. 5.81, the effective height of the half- 


wavelength slot is 
h = 0.636A. (5.83) 


For a half-wavelength slot, the susceptance can be found from an equation 
analogous to Eq. 5.79. That is, 


sed ee (5.84) 
Zo 
or 
B = 0.00119 mho. (5.85) 


For slots which are thin, the results of the cylindrical dipole given in 
Section 3.4 can be applied to the slot using the expression 


2 


Z 
Ysiot = 4 Zevlinges : (5.86) 
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where the effective radius a, of the cylinder is related to the width of the 
slot a by the expression in Table 3.1 (Section 3.5), 


a = 4a,. (5.87) 


REFERENCES 
Jasik, H. (Editor), Antenna Engineering Handbook, McGraw-Hill Book Company, 
New York, 1961, pages 8-10 to 8-12. 
Ramo, S., and J. R. Whinnery, Fields and Waves in Modern Radio, John Wiley 
and Sons, New York (Second Edition), 1953, pages 534-535. 


5.4 Notch Antenna 


The notch antenna consists of a slot in a conducting screen which is 
perpendicular to the edge of the screen as shown in Fig. 5.6a. 

The fields of the notch antenna can be determined from the fields of a 
complementary monopole over an infinite conducting sheet shown in Fig. 
5.6b. TM waves are excited in the same manner as that discussed in Section 
3.10. For these waves 

H, = 0, (5.88) 


and the electric Hertz vector can be used to find the far fields. From Eqs. 
3.38 and 3.39, 


H = joeV x I’, (5.89) 
E = well’ + V(V - II’). (5.90) 

Equations 5.88 and 5.89 imply that 
Il’ = a,II,. (5.91) 


The Hertz vector which describes the radiation from the antenna must 

satisfy the wave equation. In spherical coordinates this is 

evil, fea ( My sloped Bs 
— — {sin 0 

dr? r’ sin 6.06 00 r* sin? 6 0d” 

This equation can be solved by the method of separation of variables, 

letting 


4+ IL, = Onan rae) 


IL, = R(*)O(O) OP). (5.93) 
Combining Eqs. 5.92 and 5.93 gives 
2 2 
u we ~~ 4 (sin o 2 i _ eS 
R dr Or? sin 0 dé dé Or’ sin” 6 dd” 


The variations in ¢ are expressed by 


Li yee, (5.95) 
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Semi-infinite screen 


inguoreoynane | << 


—X 


< 


—> 0d 


Monopole on x < 0 axis 


YY 


\ Semi-infinite screen 
_ in (y = 0, x >0) plane 


(6) 
Fig. 5.6 (a) Notch antenna. (6) Monopole antenna. 
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This equation has the solution 


® = Acosm¢ + Bsin md, (5.96) 
and Eq. 5.94 becomes 


Pian 4s ae alt 


ae ee Oo 5.97 
Rie > @aaede oe os pases ee) 


sin? 6 


Extracting the 0 variable gives 


2 
@ 0 Asn : 7 cy a ae Oa 
or 
a5 £ (sin 6 20) ~ | nn see |e = 0. (5.99) 
Then, making the substitutions 
cos 0 =a, (5.100a) 
sin 6 = (1 — u*)”, (5.100b) 


yd 


d 
= —sind— = —(1-—u’ P 
ee du ( ) du 


(5.100c) 


= |& 


Eq. 5.99 becomes 


“hu - ad Ae | nn ts ™ Io = 0, Game 


or 
m= 
2 


» ao 22 


irc =0. (5.102) 


This is Legendre’s equation given in Eq. 3.423. The solution is given in 
Eq. 3.425 as 


© = P™(u) = P(cos 8). (5.103) 
Then Eq. 5.97 becomes 
r’ d’R 
k?r? — n(n + 1) = 0. 5.104 
a eh ( ) (5.104) 


This is the same as Eq. 3.421. From Eqs. 3.427 and 3.429 the solution is 


R=r?*H® (hr). (5.105) 


The Hertz vector is therefore 


Il, = RO® = r*H® 1(kr)P™(cos 6)(A cos m¢ + Bsin md). (5.106) 
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The magnetic field can be found from Eq. 5.89. That is, 


a, ra, rsin da, 
H= _joe | @ oO (5.107) 
r’sin6| Or 00 Od 
Tag Ou aac 
or 
H=—_“* ra, EB Merce ba, =, (5.108) 
r sin 6 dd 06 


so that the components of the magnetic field are 
Hg a a (5.109a) 
rsin6 06 rsin@ dd 


Pee eal ee (5.109b) 


Jabot (5.109c) 
The electric field can be found from the magnetic field using Maxwell’s 
equations. That is, 


a, fa rsin da, 


(oe pom ce 


Vx H= jock = — — : 5.110 
one eee rcrmico oe Cee 
Oeil risit Old, 
or 
E. = —i—,|+2 (sin 6 Hy) — r~ H,| 
joer’ sin 0 ali 0d 


+ rag] —sin 6 ce (rH) | + rsin ba, [2 (rH) | | (Sp L10) 
or or 


so that the components of the electric field are 


r’ sin 0LOO or sin 6 d¢° 


r 
(i Dag (5.112b) 
jwer Or 
i meek (5.112c) 


joer Or 
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In the plane of the conducting sheet at ¢ = 0, 


E, = 0, (5.113) 

so that 
A=0, (5.114) 
® = Bsinmd. (5.115) 


Also, in the conducting plane at ¢ = 27, 
ea) (5.116) 


Then, since the field is not zero on the negative x axis at 6 = a, 
: u odd. (S3tt7) 


For the first term, m = 4 and Eq. 5.103 has the two solutions 


» % 
-) cos (n + 4)6, (5.118) 


Or P“(cos fj) = ( : 
7 sin 


and 

» \ sin (n + 4)0 

n+4 - 
The power flowing through an equiphase surface in the far field is 
* 2 2 2 
se ta Cae vee oe) ds. 
2 dr dé* sin’ 0 dd’ 
(5.120) 


© = P, “(cos 6) = ( (5.119) 


a sin 0 


es : [fen — E,H,*) ds = 


Equation 5.120 gives an infinite value for Eq. 5.118. A similar integration 
for Eq. 5.120 gives 


n+4=1. (5.121) 
Therefore the Hertz vector is 
4% 
Il, = Brn kr) : Sin atae (5.122) 
m sin 6 2 
or 
IL, = Ar*H(kr)(sin 0)” sin g (5.123) 
Then the magnetic field components are 
: \% _ 
= Jere HY (kr)(sin 6)* cos é = — aie Cos $ x ana 24) 
2r sin 6 2! “sin 6)“ 2 
. % 
6 H i) 
Fi a ye @ _ Hocos 6 Cae 


1 == 7. sin — 5 
2r (sin 6Y*>' - 2 (Gin OF ee 
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and the electric fields are 
Ecos On 
7] = ,, 1g Sl 
(sin @) 


a 
J 


4 $ 


i : iz COS 
z _ (sin 0)” 2 
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(5.126) 


(5.127) 


The radiation resistance of the notch antenna can be determined by 
considering the fields near the origin. Near the origin the Hankel function 


in Eq. 5.123 becomes 


HG) GL a cinall 
akr 
so that the Hertz vector is 
j2A 


ie 


Geter? 
(sit GO) Siti v 
wert | ) D 


From Eq. 5.109, the magnetic field components are 


p 


cos + 
De j@es, cll Ri aca 2 


° pr sin 6 0d  akr® (sin 0)?’ 


—jowe dll,  --jweA 


Se Be (sin 0)” 


From Eggs. 5.112 the electric field components are 


a ee cos 6 sin : 
Pe joer an Fake ® in 
1a eh ses ; 
ae joer ar pe Qakr’® (sin Dy 


cos 9 sin a 
2 


(5.128) 


(5.129) 


(5.130) 


(5.131) 


(5.132) 


(5.133) 


(5.134) 


The constant A can be determined by considering the charges induced 


in the conducting ground plane. In this plane, the electric field is 


Es — 0; 
oe 
ee 
2akr(sin 0)” 


¢ = 0, 


(5.135a) 


(5.135b) 
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so that the charge density on one side of the conducting sheet is 

COs Sia Eales 
2akr*(sin 0)” 

From electrostatics, the charge induced at a point P on the conducting 


sheet due to a charge g in the same plane outside the sheet at a distance d 
from the point P is 


—4q be 


¢ = ——_+ _, (5.137. 
Qn? dd — d,)” ) 


ett 


Monopole 


et 


Fig. 5.7 Geometry for determining charge density on ground plane. 


where d, is the portion of d outside the sheet. This arrangement is illustrated 
in Fig. 5.7 where it can be seen that 


d—d,=rsin0, (5.138) 
d,~b, wy small, (5.139) 
d? = b? + r2 + 2dr sin 8, (5.140) 
and 
agb* 


¢ = ——_______4?—____—_. 5.141 
27°(b? + r? + 2br sin 6)(r sin 0)” Cae 
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For the case in which 5 is small, 


4 
—qb 
Cn ee eee (5.142 
27°r(sin 6)” ) 


In Section 3.3 it was shown that the wire could be analyzed as a point charge 
at each end. For charges q and —q at x = —b and x = —(b + A) respec- 
tively, as shown in the figure, the total induced charge at P is 


00 —gh 
67 = o[-( + W)]— o(—b) == hb = Se (5.143) 
In terms of the current, 
T= oq; (5.144) 


and the total induced charge for this constant current is 


jih 


— = Sen Poa en Pa 5145 
47?wb*r*(sin 0)” eae 


On 


Equating the two expressions for the charge of Eqs. 5.136 and 5.145 gives 


—jlhk 
A =—— 5.146 
2 nweb” ( ) 
and 
A —jlh 


= —_—__, 5.147 
Ink An web” ( ) 


The results of Eq. 5.147 can be used with the Hertz vector of Eq. 5.123 
and the far field approximation of the Hankel function, which is 


% 
HO (kr) © (2) eee iS Vier large: (5.148) 
akr 


Thus the Hertz vector in the far field is 


i 
Tl, = 4(2) (sin 6)” sin een alt), (5.149) 


TT 


or 
—Iskr 
r= eldeee ny eee (5.150) 
mwe(Ab)* 2 


From Eqs. 5.109, 5.112 and 5.150 the far fields of the monopole over the 
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conducting screen are 


He =n a ie 
2ar(Ab)” (sin 0)” 
_ {then cos @ sin . 
Hy Sane eee 
2mr(Ab)~ «sin 0)" 
—gkr 
= sees (sin 6) sin tg ; 
A awer*(Ab)* Z 
_jthZe7™ cos 0 sin £ 
E, => LH ¢ = ee Tae 
2mr(Ab)* (sin 6)” 
Cos £ 
—jIhZ,e a 
Es = —= Zell, = poe! he 


2ar(Ab)* (sin 0)* 
The Poynting vector in the far field is 


Pay = #Re (E x H*) = $|E]- |B] = [EP 
va 


or 


1 
Pay = A [|E4|” ai |E4\"1- 


0 


The total radiated power is therefore 


=| 1 {| ; ae 
W = — |P-ds = — E,|" + |E,|*] sin 9 dé da, 
oz, s 7, [El + [E,\"] ? 


or 


2 
a rn {| (cos? 6 sin” + cos” 2) dé dd. 


This can be written as 


21,2 T T 
- Al | cos? 9 do | ‘sin’ £ ag tof cos? £6 |, 
0 0 


8 27Ab 
and the result is 
SIZ 5 


16Ab 


so that the radiation resistance for the constant current is 


2) 


_ Wa, 3Z, 
ey Betas ye 


(5.151) 


(5.152) 


(5.153) 


(5.154) 


(5.155) 


(5.156) 


(5.157) 


(5.158) 


(5.159) 


(5.160) 


(5.161) 


(5.162) 
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For a long wire, the current is not constant and it is necessary to integrate 
the actual current I(x) over the monopole. For this case the total radiated 


power is 
SZ i Lees 
Wr =— | > dx 5.163 
eG blo kece rey 
The current distribution for the long wire is 
I(x) = I,, sin k(h — 2). (5.164) 
This can be rewritten as 
I(x) = af sin k(h — 2), (5.165) 
sin kh 


where J, is the current at the base of the monopole. For this current dis- 
tribution 


{Ss “Y we dx = I,4“[C(kh) — cot kh S(kh)], (5.166) 


so that the total radiated power is 


val 


Wr = [C(kh) — cot khS(kh)], (5.167) 


and the radiation resistance of the monopole is 
2Wr _ a 


R, = 72 [C(kh) — cot khS(kh)], (5.168) 
0 
where the Fresnel integrals are 
C(kh) = | © ae (5.169) 
0 (2nt)* 
and 
t 
S(kh =|" SE 5.170 
(kh) = On” (5.170) 
For a short monopole 
I(x) = a(t = 2) (5.171) 
and 
I(«) B 4h 2 
de 5.172 
ie 0 x a ( ) 
so that the total power of Eq. 5.163 becomes 
Zlott 
= S143 
Deer (5.173) 
and the radiation resistance is 
R ws ce (5.174) 
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Key 
ee Eg, @ = OF co sheet 
——— Ey, o=T7, @ sheet 
een Eg, ¢ = 0, finite sheet 

ee . 

Key 
—— _ Semi-infinite screen 
------ Finite screen 


Semi-infinite screen 


(eas ee Finite screen 
seat ipe' 


(d) Eg in x =0 plane 


Fig. 5.8 Patterns of notch antenna. 
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The input reactance of a circular monopole of length / and diameter d is 
= jZ, tan kh, (5.175) 


where the characteristic impedance is 
Z, = 601n (= = i) ‘ (5.176) 


For a rectangular monopole of length A and width w the characteristic 
impedance is 
Zorn Le es 1). (5.177) 
Ww 
For the notch antenna in an infinite sheet the fields can be found by 
using Babinet’s principle. This gives 


fe p 
E,. = Hy, = 9 — cos+, 5.178 
emit? (sil) Es foae. Cle) 

E, cos 6 d 
E,. =H a zsint, 5.179 
Sas LO Ain f) 4 2 le) 
H,= —E¢ ses oe Si ¢ (5.180) 

Vie Z (sine) 2 
E 

B= Eo neem, (5.181) 


Te a7 end) eee 
These field patterns are shown in Fig. 5.8. The average Poynting vector 
then becomes 
. : Faé(cos 2 + cos”@ sin” #) 
\Eol?-+ (Eg? _ 2 
a7. 2Z,2 sin 0 
The total radiated power is 


Pay = (5.182) 


£ 377° ate 


Pall, he P(O, ¢) sin 6 dé dd = zane (5.183) 


4nr(Z, 0) ; 


pian ees bee 5, (5.184) 
Wr 37 


The radiation conductance of the notch antenna can be found from the 
radiation resistance of the monopole. That is, 
4R, __ 3[C(kh) — cos khS(kh)/ 
Ze 27 


Wr =|P. ds = 


so that the directivity is 


G, = (5.185) 
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For the short notch Eq. 5.94 gives 
8 h 


G, = cat (5.186) 
3Z, A 
and the input susceptance is 
B = jY, cot kh, (5.187) 
where the characteristic admittance is 
in( +2 — i) 
WwW 
Y, = —————_... 5.188 
, 607° ee) 
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PROBLEMS 
5.4.1 Plot patterns of E, and E, in the z = 0 plane for the monopole and the 


notch antennas. 
5.4.2 Determine the directivity of the monopole antenna. 


5.5 Cavity Antenna 


Another common antenna type is the rectangular slot backed by a rec- 
tangular cavity as shown in Fig. 5.9. If the cavity depth d is relatively large, 
the fields within the cavity have little effect on the assumed sinusoidal 
voltage distribution along the slot. For this case, the fields of the antenna 
are the fields of the resonant slot given in Section 5.3. However, since the 
slot radiates into one hemisphere only, the radiation conductance is one- 
half of the radiation conductance for the resonant slot given in Eq. 5.68. 
Therefore the fields are 


(= 
—_ |cos |— cos 6 
—jVee 2 (5.189) 
ES S| ee ees 
ar sin 0 
COs (Zco 0) 

IVE ea (5.190) 

H, = 2 | ———— |. 


aro sin 6 
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2 
Be Were (cos 0) 
Vee 2 (5.191) 


Deo he 


The Poynting vector is 


jy 
: sin 0 


The radiation conductance of a half-wavelength slot is 


G, = 0.00102,  L *, (5.192) 


Fig. 5.9 Cavity backed slot antenna. 


and the directivity of the slot radiating into only one hemisphere is 


D = 3.28, (5:193) 
so that the effective area is 
Ay = 02627} = fe ; (5.194) 
and the effective height is i 
h = 0.636A, L= - (e195) 


If the cavity is sufficiently deep, the admittance of the slot can be considered 
to be the admittance of the slot radiating into a hemisphere in parallel with 
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the admittance of a short-circuited transmission line of length d as shown 
in Fig. 5.10. The input admittance of a short-circuited transmission line is 


Y,, = —jY; cot kd, (5.196) 


where the characteristic admittance of the waveguide for the TE), mode is 


_ k , all . (5.197) 


Fig. 5.10 Equivalent circuit of cavity antenna. 


If the slot is thin, it has the susceptance given by Eq. 5.85 as B = 0.00119 
mho, so that the admittance of the cavity backed slot is 


27 4% 
Y = 0.00102 + j\0.00119 — 0.00265 E - (4)] cot k i}. (5.198) 
a 
REFERENCE 


Jasik, H. (Editor), Antenna Engineering Handbook, McGraw-Hill Book Company, 
New York, 1961, pages 8-12 to 8-14. 


PROBLEM 
5.5.1 Plot a curve of the admittance of a cavity-backed slot antenna as a 
function of the cavity depth for a cavity cross-section of 0.4 in. by 0.9 in. operating 
at 10.0 gc. Use cavity depth from zero to one-half wavelength. 


5.6 Annular Slot 


The annular slot antenna is shown in Fig. 5.11. It can be easily con- 
structed by terminating a coaxial line at right angles to a conducting sheet 
with the outer conductor of the coaxial line connected to the conducting 
ground plane. 

If the dimensions of the annular slot are sufficiently small, only the princi- 
pal TEM mode of the coaxial line will exist in the annular slot and the 
magnetic surface current density of Eq. 4.4 is 


= —nx E=—a, x a,E) = —a,Fy. (5.199) 
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aa 
Fig. 5.11 Annular slot antenna. 
Therefore the electric vector potential of Eq. 4.6 is 
Dee ike’ a,Eye ’ 1 ,dkr’ COs , , 
F = ——}. Moos ¢'e""  ¥ ds = *— | |r cos ¢’e’ par ag: 
4nr Js 2anF, 
(5.200) 
Integrating over the annular slot of width b and average radius a gives 
a+(b/2) 
i he — any, (5.201) 
a—(b/2) 
The voltage across the slot is 
Veep TE Eb, (5.202) 
and from Eq. 4.14, 
cos y = sin 0 cos ¢’. (5.203) 
Substituting Eqs. 5.201 through 5.203 into 5.200 gives 
—ikr (20 ; , 
ae ce Cosi 'e hs Pm Pens! ad. (5.204) 
2ar 0 
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From Eg. 4.25, the magnetic field of the annular slot in the far field is 


jk, asain Sd amply : 
Hy a cos oe mE? das 5.205 
3 InrZ, 0 ? ? oes 
and the electric field given by Eq. 4.26 is 
oe —jkr (20 : ’ : 
E, i jkV,,ae { cos d'eim sin @ cos } dd’. (5.206) 
2a1r 0 


The integral of Eq. 5.206 is the same as the integral for the magnetic vector 
potential of the loop antenna given in Eq. 3.336. This integral was solved 
for the loop antenna. The result was a Bessel function of the first kind, of 
order 1. Therefore, the magnetic field is 
kV,,a€ **"J,(ka sin 6) 

Ay 'Z, e _ ©.207) 

and the electric field is 
_ —KV,,ae ™Iy(ka sin 6) 


er a eae (5.208) 


The Poynting vector for the annular slot is 


(ka)’V,,°J17(ka sin 6) 


P, = $|Epl |Hgl = 
x |Eo| |H4I LZ, (5.209) 
and the total radiated power is 
kay he 
Wr -|P -ds = EAN) i - = | J,°(ka sin 6) sin 6 dé. (5.210) 
0 0 
If the annular slot is small, 
5s ia GO ee ene (5.211) 
so that the total radiated power for a small annular slot is 
a(ka)*Voon [ Ys a(ka)*Vn" 
Vea sin 6 do 
T pastels 3Z, (S212) 
For this small annular slot the radiation conductance is 
2W; 27(ka)* 
Gi ere enh oe (5.213) 


Ve a2 3 
Notice that the ratio of the radiation resistance of the small loop to the 
radiation conductance of the annular slot is 
Rrioop _ Zo. 


0 
——% 5.214 
G,slot 4 ‘ ( ) 
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The directivity and effective area of the small annular slot are the same as 
that of the loop. That is, 


D=3, (5.215) 
2 

see = (5.216) 
; 7 


and the effective height of the small annular slot is 
h = (4G, 2,45)" = (ka)"A = KA, (5.217) 
where A, is the area of the aperture. 
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PROBLEMS 
5.6.1 Plot a curve of radiation conductance versus diameter for annular slots 
consisting of terminated 50-ohm coaxial lines with outer diameters from 3 in. to 
64 in., operating at 100 mcs. 
5.6.2 Plot a curve of radiation conductance for a $in. O.D. 50-ohm coaxial 
line for frequencies from 10 mcs to 1 ge. 


5.7 Waveguide Slots 


A popular method of producing radiation is by using slots in the walls 
of a waveguide. The slot may be cut in either the broad wall of the waveguide 
as shown in Fig. 5.12 or the narrow wall as shown in Fig. 5.13. 

The patterns and gain of the waveguide slot are similar to those of a slot 
radiating into a single hemisphere and can be found from the expressions 
developed for the thin slot in Section 5.3. The conductance of the slot can 
be found by finding the power radiated from the slot and the resulting 
reflection coefficient within the waveguide. This depends on the manner 
in which the fields within the waveguide excite the slot. 
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Waveguides can propagate either TE waves or TM waves. Usually, the 
waveguide is designed to propagate only the dominant mode which, for a 
rectangular waveguide, is a TE mode. This mode is given by 


EE = 0; (5.218a) 
HH, Sg ee (5.218b) 


z 


Fig. 5.12 Waveguide slot in broad wall. 


The name of the mode is obtained from the fact that there is no longitudinal 
component of electric field, so that the electric field is entirely transverse 
as specified by Eq. 5.218a. For the TE wave the z component of the mag- 
netic field satisfies the wave equation, so that 


VW7H, +k?ZH, = 9, (5.219) 
where 
Kn SK" ey, (5.220) 


k2 = wpe. (5.221) 
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Fig. 5.13 Waveguide slot in narrow wall. 


If the walls of the waveguides are perfect conductors, the normal derivative 
of the magnetic field must be zero so that 
oH, a 0, a 
= 0 
on Roe 0, b 
This is the boundary condition used with the wave equation to obtain the 


fields for the TE mode in the waveguide. Writing the wave equation in 
terms of the transverse coordinates gives 


C-Hipag: 


(5.222) 


—+4k 7H, =0. 5.223 
Ox” x oy” af ( ) 

Assuming that the variables can be separated gives 
H, = X(x)Y(y), (5.224) 


so that Eq. 5.223 becomes 


2 2 
Y— + X— 4+ PXY=0, (5.225) 
y 
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or 
1 0°X 10°Y 
paras we ee 
y 
so that 
0° xX 
Sener + Kook saa Ws 
Ox 
o7Y 
apt ee 
where 


kf +k,? =k. 
The solutions of Eqs. 5.227 and 5.228, respectively, are . 
X =Acosk,x + Bsink,«, 
Y = Ccosk,y + Dsin ky. 


(5.226) 


(5.227) 


(5.228) 


(5.229) 


(5.230) 
(5.231) 


Applying the boundary condition of Eq. 5.222 at the x = 0 waveguide wall 


gives 
an. 


— Bk. Y(y) = 0, 
ae 2X (y) 


a2=0 


so that 
B=0; 


Applying the boundary condition at the x = a wall gives 


oH, = —J4 sin k,,a Y(y) = 0, 
Ox £=@ 
so that 
eee Ae Hira Ogee, 
a ¢ 


Applying the boundary condition at the y = 0 wall gives 


aH, 
oy 


= Dk,X(#) = 0, 
y=0 


so that 
Disa 0: 


Applying the boundary condition at the y = b wall gives 
an, 
dy 


= —Csin k,yX(«) = 0, 
y=b 
so that 


n 
ar 


(5.232) 


(5.233) 


(5.234) 


(5.235) 


(5.236) 


(5.237) 


(5.238) 


(5.239) 
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Therefore, the longitudinal component of the magnetic field is 


Hy = HH cos eT COS = ew, (5.240) 
where 
Mat gach ome Ser (5.241) 
If there is no attenuation, the propagation constant is 
y = jp, (5.242) 
where 
fie ey (5.243) 
hg 
The remaining constants of Eq. 5.220 can be defined in terms of wavelengths 
as 5 
= (5.244) 
A, 
k= a : (5.245) 
A 
Also, the waveguide wavelength of Eq. 5.243 can be written as 
27 
A, = (@— Ka? (5.246) 
or 
A, = eS A 5.247 
Onas ri 274° ( y ) 
Gy] 
A, 
For the TE waves, the curls of the electric and magnetic fields are 
VxE=a,(~ =) +0, Er 4 a(S — 2), (5.248) 
oy Oz Ox oy 
and 
VxH= a (St — 2H.) a, (= — tH.) a,( Zt = as), 
oy 0z Oz Ox Ox oy 
(5.249) 
so that the electromagnetic field components are related by 
east han oor E, (5.250a) 
jop oz jou 
pe CE (5.250b) 
jou dz jou 
ge + YH e= jwek,; (5.250c) 
oy 
ET vH,, = joek,,. (5.250d) 


Ox 
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Combining Eq. 5.250 to eliminate the electric field gives 


(jop)(joe)\ Be + Oe 
Hy, = — + yH,} = a 5.251b 
y —k? oy y: y k2 ae v oy ( ) 
or 
k, Ay. —yz 
H, = r + sin k,a cos k,ye ”*, (5.252a) 
Hy = a cos k,x sin k,ye”. : (5.252b) 
The cutoff wavelength becomes 
27 i 
4,.=— = i 5,253 
a aGN ee 
2a 2b 
The waveguide wavelength becomes 
A 
A, = Tn PCH PAC | (5.254) 
lia ea Ga 
2a 2b 
and the waveguide impedance becomes 
eee age ie : (5.255) 


The dominant waveguide mode is the TE,) mode. For this mode 


k,=- (m=1), (5.256a) 
a 
k, = (n = 0), (5.256b) 
k, = kgs (5.256c) 
so that the magnetic field components are 
H, = H, cos &", (5.257a) 
a 


Ay. 
etal é, (5.2576) 


T a 


Hes 
H, =0. (5.257c) 
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If it is assumed that the incident wave in the waveguide is traveling in 
the positive z direction with no attenuation, this wave can be written as 


Y= Acos (72) (5.258) 
a 


The slot in the waveguide scatters waves in both directions in the waveguide 
with amplitudes 


WY = Boos (7) “5 C cos (7) ori (5.259) 


a a 
Therefore, the reflection coefficient of the slot is 


[ie 2 (5.260) 
and the transmission coefficient is 
(ee = (5.261) 
The voltage across the slot is given by 
V = Vj cos ké, (5.262) 


where the coordinates of the slot (7, &) are defined as shown in Fig. 5.12. 
The amplitudes of the scattered waves can be shown to be equal to 


B= ; 5.263a 
akBb ( ) 
and 
ae 
Ge (5.263b) 
akBb 
where 
h 
F -| f(& cos ké dé, (5.264) 
=i, 


and the voltage across the slot due to a wave traveling in the negative z 
direction is 


Vi Vg cos. KE. (5.265) 
For a slot on the broad waveguide face, 
== ity 12 € SIll.Y), (5.266) 
eee COSMO, (5.267) 
so that 
H, = H, cos yp — H, sin y, (5.268) 
and 


: . 

H,= a|= cos pcos (a, + ésin y) — ym sin p sin” (x, + ésin »| a AB Sap 
a a a 

(5.269) 
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For the narrow waveguide face, 


y=y, + &sin y, (5.270) 
so that 


Hae Hecosie ae (5.271) 
For the broad face, Eq. 5.264 becomes 


2 
F.= TCO Yl cos I(y) — j dit iy) 
ka a a 


ee ¥ cos = J(y) — j sin y)| (5.272) 
k a a 
where i 
(a) olf 
I(y) = ip (5.273a) 
aah (ese 
Gp) ee ee 5.2730 
maaan oot (5.273b) 
tes B cos p es (5.273c) 
k ka 
ppp SaaS LD (5.273d) 
k ka 
In particular, if the slot is centered in the waveguide, 
ee Zl sin yl(p) + = cos vic), t= 5 (5.274) 
a 


so that for the centered longitudinal slot, 
amp TL, a 
F, = 2ka’cos Sie COS: 4; Po 5 pp = 0; Boa) 


and for the centered transverse slot, 


=< 2 
F,= g2GK cos (=) sin (7), r= £ ee ag (5.275b) 
p 2ka a 2 ys; 
For the slot in the narrow wall 
2 
Pas cos y cos (Bk cos yp). (5.276) 


Jag ee eee 
a(k? — B? cos? y) 
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The power flowing down the waveguide in the negative z direction beyond 
the slot is 


W, = meee ar PAT oles (5.277) 
a 


the power flowing down the waveguide in the positive direction beyond the 
slot is | 


Wy = aa [|Al? + IC)? + 2 Re (AC*)], (5.278) 


and the difference in the power flowing into the two ends of the waveguide 
is 


Poss = Tbe IeNT (*) 
NU EUR Aer 1+ Re =). (5.279) 


a 


This can be equated to the power radiated by the slot, which is given by 


V, 2 
W,=—, (5.280) 
AR... 
where 
2 2 
R,, = Zoski ie Fog (5.281) 
4R,, dipole 292 
If the slot is resonant, the reflection coefficient is real and 
Pte py Me (5.282) 
60 |F/? 


If the slot is a shunt element with normalized conductance G, the admittance 
at the origin is 
VO ate (5.283) 


If the slot is a series element of resistance R, the input impedance at the 
origin 1s 

Z(0) =1+ R. (5.284) 
Transverse slots and inclined slots in the broad face of the waveguide are 
series elements, whereas longitudinal slots in the broad face and all slots in 
the narrow face are shunt elements. The conductance and resistance of 
these elements are 


eae (5.285) 
Det 
Ries (5.286) 
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Therefore, the conductance of a longitudinal slot in the broad face of the 


waveguide is 
2: 
C= mL cos” (=) sin? (7), (5.287) 
ba 21, a 


The resistance of a transverse slot in the broad face of the waveguide is 


3 
R= Baal. cos” (z2) cos? (7), (5.288) 
aba 4a a 


The resistance of an inclined slot centered in the broad face of the waveguide 


18 
2 


0.1312° 
= IW) sin yp + “ J(w) cos v| ; (5.289) 
a 


abd, 


R 


Finally, the conductance of an inclined slot in the narrow waveguide wall is 


cos y COs (2 cos v) : 
1291,/° 2 

G= wll ; . goo ee " : (5.290) 
a°b 1 — (A/A,)° cos” 
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PROBLEMS 

5.7.1 Plot a curve of the conductance of a longitudinal slot in the broad face 
of a waveguide as a function of its displacement from the center of a waveguide. 
The waveguide inside cross section is 0.4 in. by 0.9 in., and the operating frequency 
is 10 ge. 

5.7.2. Plot the conductance of a longitudinal slot in the broad face of the wave- 
guide displaced 0.2 in. from center as a function of frequency between 9.0 and 
12.0 gc. Use the same waveguide as used in Problem 5.7.1. 

5.7.3 Plot the resistance of a transverse slot centered in the broad face of the 
waveguide as a function of frequency from 9 to 12 gc, using the same waveguide 
as in the previous two problems. 

5.7.4 Using the same waveguide, determine the conductance of an inclined 
slot in the narrow waveguide wall as a function of slot inclination at a frequency 
of 10 ge. 
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5.8 Slotted Cylinder 


The radiation from a circular waveguide can be analyzed by analyzing 
the radiation from a slot on a circular cylinder as pictured in Fig. 5.14. 
The electric field in the slot is 


E = a,E£,'(¢, 2) + a,E,'(¢, 2): (5.291) 


Since both fields are periodic in ¢ they may be represented as 


E,(?, 2) = > A aen?*®, (5.292) 


Zz 


Fig. 5.14 Slotted cylinder antenna. 


where the subscript ¢ refers to either tangential component. Equation 5.292 
is a Fourier series representation of the transverse field. The coefficients of 
this series are given by 
1 $9 ; 
A, = E,(¢, De® dB, (5.293) 
27 J—4, 


or 


A, = _ | { ” A (sje dh ds, (5.294) 
27 —0 J—Z, 
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so that 
3 % $o ; : 
4, betes i | | E/(B, sei™e-™*) dh ds dB. (5.295) 
Aa? —o JZ =95 


The transverse field components can therefore be written as 


oe ed % $ : , 
E(¢, j= pyeee (i [ fe E,(B, seme" dh ds dB. 
fis (5.296) 


The fields in space due to radiation from the slotted cylinder can be 
represented in cylindrical coordinates as 


ro) (2) 
E, =e 5 | —jka, 2 Coe) _ nO b,H Op) |e, (6.291) 
nao p p 


foo) ee: (2) : 
Ee | a aH (yp) — job, A | (5,298) 


n=— 00 p 
Ene=rem ». a, AO pier”, (5.299) 
where iG 
k* =o" Ve — JOUG, (5.300a) 
i (5.300b) 


where h is complex. The external field components are therefore given by 


Ep, >, %) =|" E,(p, $, h) dh. (5.301) 


The integration over the h-plane must be performed so that the branch 
points at h = +k are avoided. This integration leads to the following 
expressions of the far field components: 


00 Co (2) ‘ 
E, ae >) eine | | nh a,H(k;,p) + joub, OH, (ae)| ge ihe dh, 
n=— 0 —0o p Op 
(5.302) 
Bees ee { k,2a,H > (k,p)e”* dh. (5.303) 


At the slot aperture, the fields in the slot must be equal to the radiated fields. 
Therefore, 


2 (2) zo [0 : : 
SOT wren ie ay tog buchen a ae ( | E,'(B, sye"®e™ ds dB, 
a Oa Ar’ —Zz9 —opo 
(5.304) 
$0 este 
| E,’(p,,s). ee d5\d8 ee) 
—0 


20 


1 
2 py (2) pes 
anky, ae (k,,a) a ¥ An? 


—Z0 
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so that the coefficients are 


Tew bd oP 
4, = — Boe eee asd, 5.306 
42° k, Hy (kya) J—20 I-40 Nae ; 


ao a icon LLL a ES (¥ {" E,/(B, s)e\"8** ds dB 
Antouakys| Hx tnd) Re 
da 


; zo [Po : 
z vos | 4 BoB, sete ds ap. (5.307) 
Aza | a ao) B | Beige 
e da 


These expressions can be converted from cylindrical to spherical coordinates 


using 
p=rsin 6, (5.308a) 


2 == 7 COS 0, (5.308b) 
so that 


14 
H(k,p) = H®'(kyr sin 6) = ( ——| 
mk,r sin 6 


x exp Pita sin 0 + 7 + z)| (5.309) 


and the far field is 
e ihr oo jeonee Zo oo : 
E, = ore Sah eee { { E,'(B, s)einbeiks COs O Je dp, 
277 na« sin OH (ka sin 8) J—zo J—bo 


(5.310) 


e okr (ee) fee 


CPD Ay H)(ka sin 6) 


4, nootO is ee E!(B, s)ei™Bei* 89 ds dB, (5.311) 
—Zo —o 


zo [0 : ; 
| | (a Gr sje?" eit cos 6 ds dp 
—z9 /—$o 


ka sin 6 
3, 
fio ee 5.312 
9 Z, ( ) 
E 
H,=-—. 5.313 
S Zo ( ) 


If the components of the field over the aperture are separable, Eq. 5.291 
can be written as 


(P)Gi@), (5.314) 
E,, = F,(¢)G2), (5.314b) 
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and the far fields are 


e-ikr  @ gett eine L/2 . $0 : 
Ey > | | G,(s)e** cos *as| F,(B)e?”* ap | } 
—$0 


a Qn?Pr nt Lsin 0H)(ka sin 0) J—x/2 
(5.315) 
ene eo ikr = | frei la ” (et wane as| 7 (Byein® dp 
Orr ne \H®” (kasin 0)LJ— ze - el: 


Tb go ‘ 
ue | G(s) 8° ds | F,(B)e*"* as|} (5.316) 
—$0 


ka sin 6 J-L;2 


For the special case of only a ¢ component of field across the slot, 


F($) = G2) = 0, (5.317a) 
E,, =0, (5.317b) 
and the far fields are 
E, == 0, (5.318) 
efkr L/2 : 
E,= | { G,(s)-sin Ge*** “°° ° ds| 
Qa°’r J—Le2 


x 5 — fe |" rer dB. (6.319) 
noo sin OH (ks sin 0) Jo) 


For this case, the E-plane pattern in the principal transverse plane is 


Ee rs { Ee ds} 3 pee | ** m(B)e" dB. (5.320) 


2Qa°’r JL =—0 H®)'(ka) —$0 


For a narrow rectangular slot with an applied voltage V, 


vy 
F = ; 5.321 
(9) aad, ( ) 
and the far field is 
jkr (L/2 ; 
Ey = [¥ G,(s) sin 4 e@iks cos 6 ds| 
27°ar J—L/2 
i 
nao sin 0H (kasin6) ndy 

Since the slot is narrow, 

SUE (5.323) 


no 


because only the first few values of m are necessary to obtain a reasonable 
number of significant figures in the summation of Eq. 5.322. For a half- 
wavelength slot, the integral of this equation is the same as the integral for 
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90° 


(a) y = O plane 90° 
90° 
180° <> : = 0° 
(b) x = 0 plane 90° 
90° 
<> 3 
(c) z=0 plane 270° 


Fig. 5.15 Patterns of half wavelength axial slot in cylinder, ka = 0.8. 


the thin slot given in Eq. 5.73. Therefore, for the half-wavelength slot, the 
field is 


PP cos (z cos 6) 
re Veo y) = j"C, cos nd Cea 7 0: 
*  2aPar sin 0 no sin 0H® (ka sin 6)’ -C, =2,n ¥ 0. 
(5.324) 


Patterns of this narrow, half-wavelength, axial slot are shown in Figs. 5.15 
and 5.16 for different cylinders. 
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(|) $ = 180° 


180° 


p=0 


a) y =0 plane 
: 90° 
180° 6=0° 
90° 
(b) x = 0 plane 
90° 
180° o=0° 
270° 
(c) z=0 plane 


Fig. 5.16 Patterns of half wavelength axial slot in cylinder, ka = 2.5. 


Another special case is the uniformly illuminated circumferential slot 
of height 2w. For this case, 


2 = W, (5.325a) 
Dp = 7, (5.325b) 

and the fields in the slot are 
Ey (¢, 2) = 0, (5.326a) 


E,(p, %) = Eo. (5.326b) 
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Therefore, 
27H n=O 
ing 0> p) 
[" E,(6, se’ dB = ee 0, Aa (9327) 
and the only nonzero coefficient is 
| sin hw 
oy 2Eon( iv (5.328) 
© ark, PH? (ka) | 
so that 
a) (2) : 
EEO yee | eee ien) SIN ee (5.329) 


Qa Jo HY (k,a)hw 


The radiation from an inclined slot on the cylinder can be determined 
by expressing the fields in terms of a set of arbitrary orthogonal coordinates 
(u,, U2) on the surface of the cylinder. For this case, Eq. 5.291 can be written 
as 


Lg = F,(uy, us), (5.330a) 
E,, = Fp(uy, us). (5.330b) 
For this case, the element of length on the cylinder’s surface is 
= [(h, duy)? + (Az duz)?|, (5.331a) 
where 
h, = h,(uy, U2), (5.331b) 
ho = hp(u,, Ug). Grsitc) 
Also, 
S = S(Uy, Uy), (5.332a) 
B = Buy, Us), (5.332b) 


and the electric field in the far field is 


—e ike oo) yoner ep 


Qnr nolo sin 6H(ka sin 0)’ 


Care (ee | ay, mcos 0 |, 
En = —_________| ."' + ———_ 5.334 
°°" 2a? r . H®’(ka sin 0) ka sin? 6 


Ey = (5.333) 


where 


1) _ ay [Fate peru: uz) COS OpinBlur, “ah he du, dug. (51335) 
aw 
If the inclined slot has only a transverse field, this field can be written as 


E, = “4, (5.336) 
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where the 7 and & coordinates are the transverse and longitudinal coordinates 
of the slot as shown in Fig. 5.17. For this case, the electric field components 


are =), oo) “n+1 — Indy P 
Fy=——* y E+, (5.337) 
27” sin 6 n= H,” (ka sin 6) 
1 eae n COS Y COS "| 
E, =— ——__* "_| —sin y + ————— ], (5.338 
ea a H®’"(ka sin 0) Y ka sin? 6 ( ) 
where 
£ 
1 =|  £(&) exp [j(ka sin py cos 6 + ncos p)é] dé (5.339) 
and i | 


sin (ka cos y cos 8 — n sin y)w 
Prfesieetie ee eee ee (5.340) 
(ka cos y cos 6 — nsin y)w 
2a 
Notice that for the axial slot Eqs. 5.337 and 5.338 reduce to Eq. 5.322. 
If the slot has a sinusoidal field distribution, 


Cos 77a 
{= ne (5.341) 
Then Eq. 5.339 becomes 
27a K,L 
“a 9 
L,=—~——. (5.342) 
(F)-«. 
L n 
where 
K,, = kasin y cos 6 + ncos y. (5.343) 


For an axial slot, with a sinusoidal current distribution, the electric field 
on the slot is 


Ey = E, sin K,(4 _ al), (5.344) 
where 
Qa 
fee a ; (5.345) 


and A, is the wavelength along the slot. For this distribution the Fourier 
series coefficients of Eq. 5.293 become 


27 
Ay = al E, cos n¢ dé, (5.346) 
77 /0 
which can be expressed as a Fourier integral as 


co ( L/2 
My ae | { A,(s) cos he cos hs dh ds. (5.347) 
77 J0 —L/2 
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z 


Fig. 5.17 Inclined slot on cylinder. 


Then, equating the field in the slot to the radiated field, and applying the 
boundary conditions, gives 


Been Hy nk 
el Jo H(k,a)ke, 

an es 1° (kyr) cos = — cos “) cos hz 
+> —sin nd, cosn } dh |, 

REA Bho COS NE) H® (kak, 

(5.348) 
1% 

i 18 (kyr skal cos pa — cos HE cos hz dh 


H,= Ey | 
# jour?) Jo H®(k,a)k?, 


- H1°'(kyr)ksk,(c0s hL — cos ‘S| cos hz 


—E 
é i} oe a en 
+> . sin ng cos nd ' Ok, ake, 


(5.349) 
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where 
bn ae ns (5.350a) 
ke, = ke a. (5.350b) 
The total radiated power can be found by integrating the Poynting vector 
over the cylinder to give ji 


f Go L/2 
Wr= = { | E,H,a dd dz. (5.351) 
2 Apt, ATED 
The radiation conductance is 
2W: 
G= er (5.352) 
where the voltage is 
tke 
V = wadoEy sin we (5.353) 
With manipulation, the conductance can be represented as 
G.= ee ; -|4 An| (5.354) 
Z,(ka)'n? sin® on at 
where 
8 Ib; 
: 28(cos — cos = dx 
A, -| i a LT a. ae TSS FT IEA oe 5.355 
o {J,7[ka(1 — ae)? Rey {katie x) po — 2°) \ 
and 
k 
c=, 5.356 
(5.356) 


For large cylinder diameters, « is approximately unity. 
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5.9 Slot-Dipole Antenna 


Since the slot and the dipole have the same radiation patterns but have 
orthogonal polarizations, the two antennas can be used together to obtain 


Ke 


Fig. 5.18 Slot-dipole antenna. 


circular polarization. This is accomplished when the two orthogonal fields 
have a 90 degree phase difference and equal amplitudes. 
A slot-dipole antenna combination is shown in Fig. 5.18. The sinusoidal 
field distribution across the slot is given by 
eh COS ae (535)) 
a 
The field across the parasitic dipole in the slot is 
E, = E, cos y, (5.358) 
or 
E, = E, cos py cos ag : (5.359) 
a 
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which can be written as 


E, = E, cos y cos (= sin v). (5.360) 


The voltage across the dipole, due to this field in the slot, can be found 
from Eq. 3.163 as 


h 
V; -| E,. cos ké dé. (5.361) 
=a’ 


Combining Eqs. 5.360 and 5.361 for the half-wavelength dipole gives 
Al4 
Va =| E, cos y cos ké cos (7 sin ») dé, ie ue (5.362) 
—A/4 a 4 


and integrating gives 


AE, COS p COS (2 sin ») 
4a 


Vz = z (5.363) 
a1 v (? sin | | 
2a 
The current in the parasitic dipole is 
wh. 
V AE) COS y COS (2 sin ») 
1=— 2 (5.364) 


ae a1 = _ a) le +iX,) 
a 


where the dipole impedance, Z,, includes the effects of the mutual coupling 
to the ground plane. Experimentally determined values of the resistance 
are shown in Fig. 5.19. 

The far field radiation pattern of the slot can be found from Eqs. 5.73 
and 5.75 with the coordinates of Fig. 5.5 rotated to correspond to the co- 
ordinates of Fig. 5.18. The far field of the slot on the x axis is 


_a]-p—skr [ale 
a aie | Vo cos 74 dy, Ce iar §) (5.365) 
ue 2ur —a/2 a 
or 
ake —okr 
jp gis alan (5.366) 
ef awAr 


The far field pattern of the dipole on the x axis can be found from Eq. 
3.111. This far field is 


‘ —jkr (A/4 ° —jkr 
yu | cos ké era OO y=z=0, (5.367) 


E, 
Aur A/a 27r 


od 
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Fig. 5.19 Dipole radiation resistance. 


so that the z and y components of the far field of the dipole on the x axis 


are, respectively, 
: —Jjkr 
JZol oe" cos p 
ee 5 


E, (5.368) 
a 2ur 
17.7 SHIP 
oes ea Ea : (5.369) 
a 2ur 


The ratio of the z to y components of the far field from the slot dipole 
antenna on the ~ axis is 


EY E, +E, ; 
One 0s Og F((y, PAO SON, (5.370) 
Ey, Ey, 
or 
4nab Z,cos* pcosv 
Ey i NZ 
ga Be Aisha Dict 1) Za ; (5.371) 
E,, Zy COS W Sin py COS V 
(1 —u*)Z, 
where 
eee (5.372) 
2a 
ie as sin wp. (5873) 
4a 


The amplitude of the ratio of the components is 


\ | (47abR,  Zocos’ pcos v\ 4rabX,\"|" 
Ne ie, i ere haan 


Zo COS W SiN y COS Dv 


Fo = 
(5.374) 
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and the phase difference between the two components is 


4nabX, 
ie 
On = tans 5375 
a 4nabR, Zo cos” y cos v ( ) 
re 1—u 

For circular polarization, 

by = . , (5.376) 
and 

iE eels 3372) 


Combining Eqs. 5.375 and 5.376 gives one condition for circular polarization 
as 
AnabR,  Z, cos’ y cos v 
= = 5.378 
vi 1—w \ 
Combining Eqs. 5.374, 5.377 and 5.378 gives a second condition for circular 
polarization as 
A4mabX : 
(tra) ae = Z, cos y sin y COs v. (5.379) 
Equations 5.378 and 5.379 represent two equations with two variables 
(X,, y) which can be adjusted to obtain circular polarization. The reactance 
of the dipole is adjusted by adding a variable length, short-circuited trans- 


mission line to the dipole terminals. 
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5.10 Open Waveguide 


Another method of producing radiation is by using a waveguide with one 
end open, as shown in Fig. 5.20. Normally, the waveguide is operated in 
the dominant mode. Two waves are propagated within the waveguide: a 
wave flowing in the positive z direction incident on the open end of the wave- 
guide, and a wave reflected from the open end traveling in the negative z 
direction. 

The relationships between the incident and reflected electric and magnetic 
fields are 

H,, = ta, x E,,, (5.380a) 


H,, = —ia, x Ex (5.380b) 
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where 
[mes ane = Zopp, TE modes, (5.381a) 
Cou 
f= : = Zomys TM modes. (5.381b) 


The subscript ¢ refers to the transverse component of the field, and the 
subscripts i and r refer to the incident and reflected waves, respectively. 


z 


Fig. 5.20 Open end rectangular waveguide. 


The total transverse fields are given in terms of the incident fields and the 
reflection coefficient [° by 
E, = 1 + IE,,, (5.382a) 


H, = (1 — P)Hy. (5.382b) 
Combining Eqs. 5.380 and 5.382 gives 


H, = Z,a, x E,, (5.383) 
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z,=1(=*), 
1+7 


where 


(5.384) 


The far field due to the radiation from the open waveguide can be found 


from Eqs. 4.26 and 4.27. That is, 


aa ike ier 
[Dean BO MAEEOS | 6 UAE NE) 
4aur 
ike thr 
Ey» = J Cs ea ZN 4): 
4nr 


From Eqs. 4.4 and 4.8, 
L =|-a, Mabie Soe ds, 
Also, from Eqs. 4.3 and 4.7, 
N =|, Sc ee ods. 


However, 
(a, x E,) ma a,E, i a,E,, 
and 
a,x (a, x E,) = (a5, a a,E,). 
Therefore, 


L = | (at, —a,kjetr.” ds, 
Ne =z { (a,E, + a,E,)e™” ©" ds. 


Since the waveguide aperture is in the x-y plane, 
r =a, + ay. 
From Eqs. 4.11 and 4.12, 


(5.385). 


(5.386) 


(5.387) 


(5.388) 


(5.389a) 


(5.389b) 


(5.390) 


(5.391) 


(5.392) 


(5.393) 


(5.394a) 
(5.394b) 


r' cos p = x’ sin@ cos # + y’ sin 6 sin 4, (= 
The vectors of Eqs. 5.390 and 5.391 can be written in spherical coordinates 
as 
Ly = —L, sin ¢ + L, cos 4, 
L, = Lycos ¢ fi Ly sin’¢, 
and 


Ny = —N, sin ¢ + N, cos 4, 
N, = N, cos ¢ + N, sin ¢. 


Then, defining the vector function 


° = | (at. of a,E,)e"" ee? ds = a,Gy, + a,G,, 


(5.395a) 
(5.395b) 


(5.396) 
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gives 
Ls = —G, sin ¢ — G, cos 4, (5.397a) 
L, = (G, cos ¢ — G, sin ¢) cos 6, (5.397b) 
and 
Nz = —Z,(—G, sin ¢ + G, cos 9), (5.398a) 
N, = —Z,(G, cos ¢ + G, sin $) cos 6. (5.398b) 


Then, combining Eqs. 5.385, 5.386, and 5.397, and 5.398 gives for the far 
field 


adh 
1s — (1 + ZZ, cos 0)(G, cos ¢ + G, sin 4), (5.399) 
ar 
Wee : 
E,= A (cos 9 + Z)Z,)(G, sin ¢ — G, cos ¢). (5.400) 
aur 


With these general expressions for the far field of an open waveguide, 
specific expressions can now be obtained for particular waveguide con- 
figurations. As a first example, consider the rectangular waveguide of Fig. 
5.20. The radiation from this rectangular waveguide depends upon the 
modes excited within the waveguide. For dominant TE modes, the fields 
within the waveguide are given in Section 5.7. From Eqs. 5.240, 5.250, 
and 5.252, 


t= COs ke eCOS Wien et ga 1), (5.401a) 
las “et sin k,« cos k,ye "”, (5.401b) 
A; = 4 cos k,x sin k,ye °*”, (5.401c) 
EPO; (5.402a) 
jou, — jopk, . —jp2 
k= = —— COS K2 Sitkjyer™ , (5.402b) 
p Ke. 
b= eH — eoIQUKs sin kx cos k,ye °®”, (5.402c) 
y B k 2 y 
where : 

ie eee (5.403a) 

a 

nt 
leat Fae (5.403b) 
k? = k? — B, (5.403c) 
Gps = (5.403d) 
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For these TE modes the components of Eq. 5.396 become 


= jopk, (A ie 1) baka k,vei* sin 6 cos } de ‘sin k,yer sin 6 sing dy, 


‘ ke 0 0 
(5.404) 
4 a b 
= a ae L) sin k,xer® sin 6 cos } ae cos k yer siné@ sin ¢ dy. 
, 0 0 
(5.405) 
Performing the integration gives 
2 2 4) 
pas Bal a os se ASI Se Ce (5.406a) 
k,’@u(1 + T) sin 6 sin 
where 
1 — exp [j(ka sin 8 cos? +m 
(0, 4) = (t= exp tka sin Geos ¢ min) a} 
(k sin 0 cos ¢)° — k, 
f — exp Li(kb sin 6 sip db + aay (5.407) 
(k sin 6 sin ¢)"— k, 


With these aperture fields, the far electric fields of Eqs. 5.399 and 5.400 
become 


Z,(mab)* sin ‘| B cos 0 (1 - B cos “)| 
E.= S11 + rT — 
: 228rk,2 pon k 


x [(k, sin $)® — (k, cos ¢)"J¥,(8, 6) (5.408) 


Z,(7ab)* sin 6 sin ¢ cos 
Ey = Zafrany sin ban Pose cos 60 + E ae 1 (cos §@ — Ene, ) (5.409) 


sin [= sin 6 cos ¢ + mz) sin (2 sin 6 sin d + 2) 
2 2 2 2 
( sin 8 cos $) = (=) (2 sin 6 sin é) < (2) 
2 2. Ms 2 
X exp fe kr —(m +n +1) z| (5.410) 


and the origin has been shifted to the center of the aperture as shown in 
Fis; 521) 
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2 


Fig. 5.21 Centered open rectangular waveguide. 


For the dominant TE) mode, the electric field in the waveguide is polarized 
in the y direction so that 


E, = G, = 0, TE,,) mode, (5.41 1a) 
ig (5.411b) 
a 
and 
k, = 0. (5.41 1c) 


For this case the E-plane pattern of Eq. 5.408 is 


Ey 


sin (2 sin 0) 
_ Boos “) 2 — ike 


e 
k 


a2Zea°b E B cos 6 
(kb/2) sin 0 


+ Fest srt 
ar k 

(5.412) 
and the H-plane pattern of Eq. 5.409 is 


Gan 
pes, 8 8 cos (42 sin 0) P 
By = ae? 7] Pr g— §)]) 
Soiree ee meh || (ala) sin ONS Gey 


(5.413) 
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For this waveguide, the beamwidths between nulls are 


©, = 2sin” : ; (5.414a) 
®, = 2sin~’ 2 (5.414b) 
a 


Notice that the E-plane pattern is the same as the pattern of a uniformly — 
illuminated aperture described in Section 4.2. Also, for apertures greater 
than one wavelength, the half-power beamwidths in degrees are 


@©=50-, b>A, (5.415a) 


Drea165-, a>. (5.415b) 


For the TE,) mode, the maximum value of the Poynting vector is 
21 2 2 
Pmax = P(O, 0) = 22a) i P + r(1 — ey ; (5.416) 
wh k k 
and the total radiated power is 
1 — |[')a@pa*b 
pe ee CE a (5.417) 


An 
so that the directivity is 


Die =e = aarerant + : 4 r(1 . ey). (5.418) 


For a large aperture 


B ww I, (5.419a) 
k 
Tx 0, a, b large, (5.419b) 
and the directivity is 
ab A 
D » 10.2 Cia 10.2 a : (5.420) 


where A, is the geometrical area of the aperture. 
For TM waves there is no longitudinal component of the magnetic field 
so that H, = 0 and 
E, =, v= 0nd. Peal en (5.421) 


since the tangential component of the electric field must vanish at the wave- 
guide walls. The wave equation of Eq. 5.223 is then 
Oh O 
24 24 ;,°E, =0, Be PY 
Ox” oy” ( ) 
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which has the solution of Eq. 5.224 


E, = X(x)Y(ye™, (5.423) 

where X = Acosk,« + Bsink,«, (5.424a) 
Y = Ccosk,y + Dsink,y, (5.424b) 

ke ik =k. (5.424c) 


Applying the boundary condition of Eq. 5.421 at the x =0 and y=0 
walls gives 
eee =A+C=0, (5.425) 
so that 
A=C=0. (5.426) 


Then, applying the boundary condition of Eq. 5.421 on the remaining two 
walls gives 


E,\e-4 = B Dsink,a sin k,b = 0, (5.427) 
so that a 
pe (5.428a) 
a 
k, = aa (5.428b) 


which are identical to the same constants for the TE waves, and the longi- 
tudinal component of the electric field is 


E, = E, sin k,x sin k,ye ”’. (5.429) 
For TM waves the curls of the electric and magnetic fields are 
VxE= a. — a + a,( — oy + a,( 2 — ies) (5.430) 
oy Oz Oz Ox Ox Oy 
0H. 0H oH, “OH 
Vx H=a,(— : +a + a,( — 5.431 
Oz ” Oz Ox ol] ( 
so that 
—jopvH, = LEP + yE,, (5.432a) 
oy 
—jouH, ina -(@ zc VE.) (5.432b) 
Ox 
jocE, = vH,, (5.432c) 


joecE, = —yH,. (5.432d) 
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Combining Eqs. 5.432 to eliminate the magnetic field gives 
y__ OE, 


c= ams (5.433a) 
k? + y? Ox 
—— nal (5.433) 
y? + k* dy . 
where ‘ 
k2 = (joe)(jou) = k2 — 7°. (5.434) 


Combining Eqs. 5.429 and 5.433 gives the transverse fields for the TM 
modes as 


Le= are cos k,x sin k,ye ”’, (Eyal (5.435a) 
Vie, : —yz 
E, = 2 sin kw cosk,ye ~. (5.435b) 


c 


Combining Eqs. 5.432 and 5.435 gives the magnetic fields of the TM mode 
as 


Ha = oe sin k,% cos k,ye””, (5.436a) 
Hy = whee os kw sin Rye © 5.436b 
eae cos k,« sin k,ye ™. (3: ) 


A comparison of Eqs. 5.402 for the TE modes and 5.435 for the TM modes 
gives 
ETE) E,(EM) 


(5.437a) 
jouk, —yk, 
ET E,(T™ 
be (5.437b) 
jouk, yk, 


Therefore, the integrals of the fields over the apertures given by Eqs. 5.404 
and 5.405 for the TE modes can be related to the integrals of the TM modes 


by 


GTM) = 2k: ¢ (rE), (5.438a) 
ok, 
G,(TM) = ASD G,(TE), (5.438b) 
ok, 
where 
: Pe: 
y=jB=i—, (5.439) 


Open Waveguide 201 


and A, is the waveguide wavelength. Combining Eqs. 5.406, 5.407 and 5.438 
gives 
_ bk,k,k(1 + T) sin 6 cos ¢ WY 


G,, i? (9, $), (5.440) 
G, = ty ene Pw, $), (5.441) 


where 
ene oath Lilkasint tos 6 ceonn)| 
(k sin 6 cos $)* — k, 
x }L= exp Li(kb sin 6 sin ¢ + nz)] 


—- (5.442) 
(k sin 6 cos ¢)* — k,? 
From Eqs. 5.440 and 5.441 it can be seen that 
G, sin? — G, cos d = 0, (5.443) 
so that from Eq. 5.400 
py oO (5.444) 


and from Eq. 5.399 


mnprab sin “| k cos 8 ( k cos “)| 
Eo ee Fl be — —— ] | F500, 9). 5.445 
6 4Rrk? B B (9, 6). (5.445) 
The radiation from open-end circular waveguides can be determined 
from the fields of the circular waveguide modes. The wave equation in 
cylindrical coordinates which must be satisfied by the longitudinal com- 
ponents of the field is 
eo lilo Ay ae 
Zz See a EK 0: 5.446 
Ci eC fer Oe J ( 
The geometry is shown in Fig. 5.22. Then, assuming that the variables 
can be separated as for the rectangular waveguides, 


f, = R(r)®O( de”, (5.447) 
so that 
(oO, Raper OOR o® 
—— + -— + kor = —- — = n’, 5.448 
Ridr- M eR.or ? 0¢? ( 
having the solutions 
R= AJ,(k,r) + BY,(k.r), (5.449a) 
® = Ccosn¢d + Dsinnd. (5.449b) 


The curl of the electric and magnetic fields is 
1 of, a) (2 of, E 0 =o | 
V f= {2% —% + LE ae LS aE w- —-—" |, 
: : rop 02 ee dz or r Or Ss) r 0d 
(5.450) 
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z 


Fig. 5.22 Open end circular waveguide. 


so that Maxwell’s equations give 


r 0d 
OE, . 
vE, + mie = joul 4, (5.451b) 
r 
0 OE, : 
3 (rEg) — ae = —jourH,, (5.451c) 
and 
ELEM ys Rett (5.452a) 
r 0d 
—vyH, — sa = jwcEs, (5.452b) 
or 
i) Gia 
ae (rH) — ae == jwerE,. (5.452c) 
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Combining Eqs. 5.451 and 5.452 gives 


1 ( OE, | jou a 
ES, SS 
ko or r 0d 
1 (= OE, oH 
Ey Ss 
k, dd 0 


and 


L (ios 2 a.) 
= — Say eae 


ki Nur Sod Or 
1 (; OE y aH.) 
Ay = — —| joe ~~ + - 
SPs ie nlee OF Puan 
For a circular waveguide with TE modes, 
E, = 0, 
A, |,—0 7 ©, 


so that Eqs. 5.447 and 5.449 give 


H, = J,(k.r)(A, cos nf’ + B, sin nd’), 
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(5.453a) 


(5.453b) 


(5.454a) 


(5.454b) 


(5.455a) 
(5.455) 


(5.456) 


where the primes are used for the fields in the z = 0 aperture plane. Finally, 
if the coordinates are rotated so that the maximum field occurs along the 
@ = 0 axis, 

HH, = H,J,(k,r’) cos nd¢’e~”. (5.457) 


The boundary condition for the TE waves at the inner surface of the wave- 
guide is 


a me = AJ,'(k,a) cos nd’ = 0, (5.458) 
so that 
k, = Prt ; (5.459) 
where p/,, is the /th root of ; 
J, (ka) = 0. (5.460) 


The remaining fields for TE waves in a circular waveguide aperture are 


He= eee Ui, (ker ) cos the en *, (5.461a) 
H, =” dite J(Ker’) sin noe 28%, (5.461b) 


rie 
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and 
: H ; 
E, = ee ee eal 1 7 (k,r’) sin nd'e”’, (5.462a) 
B rk, 
Es = oh He = a Jk i) cos nde 7, (5.462b) 


The rectangular components of the electric field in the z = 0 plane are 


E, = E,cos ¢' — £,sin ¢’, (5.463a) 
E, = E, sin ¢' + E, cos ¢’, (5.463b) 
so that 
p —j Bz 
E, = oun | J,(k,r’) sin nd’ cos ¢’ — J,'(k,r’) cos n¢’ sin |, 
Cc cI 
(5.464) 
. —jBz 
b= jeune JA(k,r’) sin nd’ sin ¢’ + J,'(k,r’) cos nd’ cos |. 
Cc cI 
(5.464b) 


These equations can be simplified using Bessel function recurrence relations 


Talker’) = BW weal) + Tnalker) (5.465a) 
or 
Jn (ker) = 3In-aker’) — Inualker I), (5.465b) 
so that 
5 H — I pz : i 
1 ee ee [J,,-1(k,r’) sin nd’ cos d’ + Jy3(k,r’) sin ng’ cos 
— J,_(k,r’) cos n¢’ sin d’ + J,4:(k,r’) cos n¢’ sin ¢’], (5.466a) 
: H — Bz 
Ey = eget ae [J,,-1 sinn¢’ sin ¢’ + J,,,, sin n¢@’ sin ¢’ 
+ J,_, cos n¢’ cos ¢’ — J,,, cos n¢’ cos ¢’], (5.466b) 
or 
° H —j Bz : 
E, = (In-alker’) sin (0 = 1)" + Inea(keer’) sin (n + 18) 
(5.467a) 
jopwH,e *?” , , ’ ! 
E, = ce ares [J,-1(k_r’) cos (n — 1)6" — Jnyi(k,r’) cos (n + 191]. 


(5.467b) 
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The integration of this field over the aperture can be written as 


_ Joud + PT) 


G, 
2k, 


a (27 
| E, exp [—jkr’ sin 6 cos (¢ — ¢’)]r’ dr' dd’, (5.468) 
0/70 


; a (27 
Gis pe DY i E, exp [—jkr’ sin 6 cos (¢ — ¢’)]r’ dr’ dd’. (5.469) 
é 0/0 
These integrals can be evaluated using the Bessel-Fourier series 


exp [jkr’ sin 6 cos (@ — ¢$’)] = Jo(kr’ sin 0) + > J,,(kr’ sin 6) cos n(¢ — 4’), 
n=1 


(5.470) 
and the Lommel integral formula 


s,(22)2 1,(60) — s,¢0) 21,02] 


(5.471) 


Say OD) (be) ax 2 
| =.(025,(62) eae 


The resulting far fields are 


Came 4 — jkr . : 
E, _ ji nope E h Bos 6 rn r(1 _ Boos fy athe sin 6) sinnd 
2r k sin 6 

(5.472) 


n+l —Jjkr 7 . 
Ey _ fj” *kawpe E eee nee r(2 id ve. g) |ZaCead (ka sin 6) cosng 


2r ae (* sin “y 
k, 
(5.473) 


The dominant mode in circular waveguide is the TE,, mode. For this 
mode the E-plane (w = 0 plane) pattern is given by Eq. 5.472 and the H- 
plane (y = 0 plane) pattern is given by Eq. 5.473. Typical patterns are shown 
in Fig. 5.23. The beamwidths between nulls in these principal planes are 


Oo sin1( 2614), (5.474a) 
a 
Oo, = 2 sin-1( 2854) (5.474b) 
a 
and the half-power beamwidths in degrees are 
aA 
@ = 147°-, (5.475a) 
a 
a) 
D507 =. (5.475b) 
a 
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Key 
x = 0 plane 


(c) 2a=1.5d (d) 2a=2.25d 


Fig. 5.23 Patterns of open circular waveguide with TE,, mode. 


The directivity can be found from the maximum value of the Poynting vector 
and its average value. The maximum value is given by 


B ( é) 

14+-4+7]1—-—-+ 

|E,(0, OF Sige k 
oe, 597, 


2 


[kawpJ,(k,a)) 


Pmax = P(0,,0) = 


(5.476) 
The total power radiated from the open end of the waveguide is 


wae [ "(CBI + IE,r" dr’ dd’, (5.477) 
2a 0 J0 
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which gives 


2 2 a 
W = SUPT Teck) + Iker dr, (5.478) 
0 


4 
or 
ig me Pe ee 2 
and the directivity is 
stan sean be (Bf 
| a a cn a (5.480) 
W 4.841 — IT’) 
For a large waveguide 
B 
— wl, 5.481la 
i ( ) 
I ~ 0, a large (5.481b) 
so that 
= 10.5 ay 5.482 
D= 1057). (5.482) 
For TM waves in circular waveguide 
HH, =0, (5.483a) 
E, = E,J,(k,r’) cos n¢’e”*, (5.483b) 
and Eqs. 5.453 and 5.454 give the fields as 
E, = are J, (k,r’) cos nd'e”, (5.484a) 
Pee Pi Ter ysinede (5.484b) 
B c 
and 
‘sgl cath SOULE oe) Vane e) (5.485a) 
B rk,” 
bes = pe aS te roam a (5.485b) 
The boundary condition for these TM waves is 
E, |poa = E,J,(k,a) cos nde” = 0, (5.486) 


so that 


eee (5.487) 
a 
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where p,,; is the /th root of the equation 
JA(k a) = 0. ( (5.488) 


Comparing the electric fields for the TE and TM circular waveguide modes 
of Eqs. 5.462 and 5.483 shows that 


E,(TE) _ Ey(TM) 


(5.489a) 
ou B 
HUN) ey SEY (5.489b) 
com p 
Combining Eqs. 5.463 and 5.489 gives 
E,(T™M) = ae [E,(TE) cos ¢’ + E,(TE) sin $'] = aa! E,TE) (5.490a) 
wu Oy] 


E,(T™) = =e [E,(TE) sin ¢’ — E,(TE) cos $’] = is E,(TE) (5.490b) 
(60) (60) 
so that = is 


G,(TM) = aan G,(TE), (5.491a) 


G,(TM) = FG (TB). (5.491b) 
Cou 


Combining Eqs. 5.468 through 5.471 and 5.491 gives the far fields for the 
TM waves 
E, = 9, (5.492a) 


pene —dkr 
nae <The cos nde E ips r(2 ae 0) 
2r sin 6 k k 


x Dis SEY eh . (5.492b) 


(ee _—— 
ka sin 6 
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PROBLEM. 
5.10.1 Plot the E- and H-plane patterns of the radiation from the open end of 


a waveguide with internal cross section of 0.4 in. by 0.9 in. at the frequencies of 
9 and 12 ge. 
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5.11 Rectangular Waveguide Horns 


From the equations for the pattern of an open waveguide given in Section 
5.10 it can be seen that it is necessary to use a waveguide with a large cross 
section to obtain a narrow beam. However, if the waveguide cross section 
is made too large, the waveguide can support higher modes which may 
substantially change the patterns calculated for the dominant mode. One 
technique for avoiding the propagation of higher modes is by using a wave- 
guide horn. The waves are launched in the horn by a relatively small wave- 
guide which only propagates the dominant mode. Since the throat of the 
horn is small, higher order modes generated at the transition between the 
waveguide and the horn are attenuated in the horn before arriving at a 
position where the horn has become large enough to propagate these modes. 
It is therefore necessary to select the proper ratio of horn flare angle to 
horn length. Four common rectangular waveguide horn types are the E- 
and H-plane sectoral horns and the rectangular and diagonal pyramidal 
horns shown in Fig. 5.24. 

As a first example, consider the £-plane sectoral horn which is an en- 
largement of the aperture in the direction of the electric field as shown in 
Fig. 5.25. This antenna can be analyzed by using the cylindrical coordinates 
(p, , z). In these coordinates, Maxwell’s equations are 


je Leet ene 5.493a 
jock, 5 ad z ( ) 
jocE, = Chie eee (5.493b) 
Oz Op 
1a 10H 
jock, = —— (pH,) — -—*, (5.493c) 
p Op p od 
and 
—jopH, = ae gis (5.494a) 
p 0d Oz 
zaj[nyiiih, aes Ay (5.494b) 
dz ap 
Ve) 10E 
—jouH, =-— (pE;) —-—. (5.494c) 
pa p Op 
Thus 
1a 10H, dH 
-— (pH,) +-—2 2 — 0, 5.495 
aah de kore 5, (5.495) 
1a 10E, dE 
—~—(pE =——— + — = .0, 5.496 
oan sere = (5.496) 
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‘uroy jeroyoes oueld-g z's ‘SI 


-Zeip (p) {usoy yeprureshd (9) ‘usoy ye10}00s ouvyd-y (9) ‘u0y 
je10}00s oueld-q (v) ‘suJoy opmndoaem Iepnsue}yoy p7"S “BLY 


(P) (2) 


(9) (D) 
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If the waveguide is operated in the dominant mode, this TE,, mode 


propagating through the horn has 
E, = E, = Hyg = 0. 


(5.497) 


Also, for this mode, there are no variations in the ¢ direction within the 


horn, so that Eqs. 5.493 through 5.496 become 


CH, me Ol. 
(OER = 
0z Op 
OE 
epee y dz” 
1 od 
LO ee (pE4), 
p Op 
ipa 0H 
See ae toes ni) 
BOD (pH) Ae 


Combining Eqs. 5.498 and 5.499 gives 
O'Ey , 10Ey | OEy A 
Op inp Op. Oz p 
This equation has a solution 
Es = Z(2)R(p) 


so that 
LS oy da wpe re oyna ase 
R dp" Rp dp) » Zz 2 
and 
OZ 
—4k/Z =0, 
02” ats 
10°R OR 1 
ini Basia dee (#4) == (0, 
R Op’ Rp Op p 
where 


B=ome —k2ZA=k—k? 
Equation 5.505 can be rewritten as 
2 
PR AR ()_ 1 ane 
(Bp) — Bp H(Bp) (Bp) 
The solutions of Eqs. 5.504 and 5.507 are 


Z=Acosk,z + Bsink,z, 
R = CHy"(Bp) + DHy(6p), 


1 
+ (o's + a = 0. 


(5.498) 


(5.499a) 


(5.499b) 


(5.500) 


(5.501) 


(5.502) 


(5.503) 


(5.504) 


(5.505) 


(5.506) 


(5.507) 


(5.508) 
(5.509) 
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where H‘”(Bp) denotes the Hankel function. Applying the boundary 
condition, 
E, = 9, z=+-, (5.510) 
gives 
Z=Acos—, (5.511) 


a 
so that the electric field is 


Bg = A cos (7) Hip) + «i128 (5.512) 


where « is a constant, and the magnetic field components are 


= Ix in (=) [H!?'(Bp) + aH (Bp), (5.513) 
wma a | 
11, = 1AB cos (2) LHP bp) + ato") (5.514) 
COM a 
where 
a [u"H (a) | =e, AG): (5.515) 
Ou 


The far field of the sectoral horn can be found from the fields in the horn 
aperture using the electric and magnetic vector potentials as outlined in 
Section 4.1. The electrical surface current density of Eq. 4.3 is 


J=nx H=a, x a,H, = —a,H,, (5.516) 
and the magnetic surface current density of Eq. 4.4 is 


The magnetic radiation vector of Eq. 4.8 is 


L.=| M,e 2’ ©8 ¥ ds. (5.518) 
Ss 
The unit vector in the direction of the point where the far field is evaluated 
is given by Eq. 4.10 as 
a, = a, sin 9 cos ¢ + a, sin 6 sin ¢@ + a, cos 6. (5.519) 
The vector from the origin to the point in the aperture of the horn is given 
by 
r’ = a,p.cos ¢’ + a,p, sin ¢’ + a,z’. (5.520) 
Combining Eqs. 5.519 and 5.520 gives 
r' cosy = a,-r’ = p,sin 0 cos ¢ cos ¢’ 
+ p, sin 6 sin ¢ sin ¢’ + 2’ cos 6, (5.521) 
or 
r' cos p = p, sin 9 cos (¢ — ¢’) + 2’ cos 6. (5.522) 
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Combining Eqs. 5.518 and 5.522 gives 


Lo -|fe, exp {jk[p. sin 6 cos (b — ¢') + 2’ cos O]}p2 dd’ dz. (5.523) 


The spherical components of this magnetic radiation vector are given in 
Eq. 4.37 as 


Ll, = —L, sin 0, (5.524) 
Ly = 0. (9529) 
The electric radiation vector is given by Eq. 4.7 as 


Ng =| Ue 8S ds ee —|[n, cos (¢ — ¢’) 
Ss 


x exp {jk[p, sin 6 cos (? — 4’) + 2’ cos O]}p, dd’ dz’. (5.526) 


The far field components can be found from Eqs. 4.26 and 4.27. For the 
E-plane sectoral horn these are 


jkr 


ep Let Z5N, = 0) (5.527) 
2Ar 
and 
jen 
2Ar 


which can be rewritten as 


jer ps ! ° 
ISS sere [ZoH, cos (¢ — ¢’) — Ey sin 6] 
x exp {jk[p, sin 6 cos (¢ — ¢’) + z’ cos 6]} dd’ dz’. (5.529) 


The patterns of the E-plane sectoral horn can be found more simply by 
considering the aperture to have a uniform amplitude distribution in the 
E-plane, a sinusoidal distribution in the H-plane, and a parabolic phase 
error across the E-plane which is due to the fact that the plane of the aperture 
does not correspond to the cylindrical surface of radius ps. The maximum 
electrical phase error is shown in Fig. 5.26 and is given in electrical length 
as 


2 
ii = ut , (5.530) 
A, 8 po, 
or 
Oo Sy sin $y (5.531) 
A 4) 


In general, it is desirable to keep this phase difference less than one-eighth 
wavelength. For this case the minimum horn length is 


Pini, Seo 
A, 


(5.532) 
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or else the maximum horn flare angle is 


= si * his : Bek : (5.533) 
2b, Ay tan 
The field at the aperture of the E-plane sectoral horn may therefore be 
written as 
E,(z) == E, cos (en. (5.534) 
a 


View of horn inz=0 plane 


Fig. 5.26 £-plane sectoral horn dimensions. 


The far field patterns for this aperture illumination for various values of 
phase error can be calculated by using the methods of Section 4.2. The 
results are plotted in Fig. 5.27. The magnetic field in the aperture is 


E 


be 5.339 
Zz, (5.535) 
The magnetic and electric current densities of Eqs. 4.4 and 4.3, respectively, 
are 
M = —(mx E) = —a, x a,£, =.—a,E,, (5.536) 
E E 
J=nxH=a,xa,— = —a;—, (5.537) 
Zo Zo 


so that the magnetic radiation vector of Eq. 4.8 is 


jh: = | me cos” ds = | E@e™" cosY dy. (5.538) 
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Fig. 5.27 £-plane sectoral horn patterns. 


The vector to a point in the aperture is 


r=a, +ay’ +a,’ (5.539) 
so that 
r' cosy = 2’ sin6cos¢ + y’ sin 6 sin d + z’ cos 0. (5.540) 


The gain of the sectoral horn can be determined by determining the radiation 
intensity at the peak of the main beam. The peak of the main beam occurs 
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on the x axis with the aperture centered in the x = 0 plane so that for this 
case 


(5.541) 


and 
r' cosy = 0. (5.542) 


For this case Eq. 5.538 becomes 


| Gee =|[e, cos (= ye Re dy! dz’, (5.543) 
a 
~£,| [cos (= e MONG) ade (5.544) 


Also, the electric radiation vector is 


or 


0 


i 
N,,=—. (5.545) 
7. 


The spherical components of the magnetic and electric radiation vectors 
are, respectively, 


L,= —L,sin0 = —L,, (5.546a) 
LI, = 9, (5.546b) 
and 
Ng = N, sin ¢cos 6 = 0, (5.547a) 
L 
N, = N,cos¢? = N,, = —. (5.547b) 
0 
From Eqs. 4.26 and 4.27 the far fields on the x axis are 
E, = 0, (5.548) 
ik —5kr as Ik y 
E,, =" ne ee (5.549) 
4ur : Ar 
so that the maximum value of the Poynting Vector is 
sae 11Eol fu | {fe cos (= ‘e ghd’ (y') dy’ al (5.550) 
Doz, =e 


The phase error at the point y’ is given approximately by 


U b b 2 12 
é'(y') = (cos # — COS on) — ee met L= Pos (S558) 
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so that Eq. 5.550 becomes 


E 2 a/2 2! ; 2 b1/2 See ; 2 
ae 2RZ, ie ete (=) os es lee iy| erie 
Performing the first integration gives 
2E,2a? ls i ( 72 Z 2 
Pmax = —2— | 2 ne ee diy 5.553 
yi wAZo 0 2 ( ) 
or 
SE gts ie (FE) i 2 
Pmax = —~ ——]} — j sin | ——] dy’| , 5.554 
eo ais) alive ome oom 
which can be rewritten as 
4E,2a2L { o/V ee a 4] : 
Pmax = — cos { —] — j sin |——] | dT|, (5.555 
ee eZ, de 2 d 2 Oe 
where 
(eS (2.)"y (5.556) 
"i ; ; 


The integrals in Eq. 5.555 are the Fresnel integrals of Eq. 4.49, and the 
maximum value of the Poynting vector can be written as 


22 
Pape nee Ho] | a [| (5.557) 
mAZ, | LOQAL)Y (AL) 


The power radiated through E-plane sectoral horn aperture is given by 


af de | |E, |? ds, (5.558) 
Zo 
or 
61/2 
i. cos (= -) ay dz’, (5.559) 
=3 —b1/2 J—a/2 a 
which gives 
E,’b,a 
SSS 5.560 
LaoW re (5.560) 


The directivity of the E-plane sectoral horn can be found from Eqs. 
5.557 and 5.560. This directivity is 


De ee 477 Panax ca Sel ce] bi Z| a, |]. (5.561) 
Wr mAb; (2AL)” (2AL)” 
The maximum directivity occurs when 


= (2AL)%, (5.562) 
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Fig. 5.28 £-plane sectoral horn directivity. 


so that the optimum horn length for a given aperture dimension is given by 


_ (hy, (5.563) 


6 2 
ee (5.564) 
A ROlaAee 
For this case the maximum directivity is 
20,0, 
Dr. = Saute (5.565) 
The directivity of E-plane sectoral horns is shown in Fig. 5.28. 
The admittance in the sectoral guide is 
H 
YL (5.566) 


i 
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The characteristic admittance of the TE,;) waveguide mode given by Eq. 
5.381a is 


Y= a (5.567) 


so that the admittance in the sectoral guide normalized to the waveguide is 


ees = Cb, ee Jon an postnelay Ie 0 (Bp) + %Hy(Bp)I 


eR em = (2) (1) me!) 
Y;, BE, BAwu cos (7z/a) [H;"(Bp) + «Hy '(Bp)] 
or 
(2) (1) 
Y(Bp) Efe eeuee) ata) ; (5.569) 
Hy (Bp) + «Hy (Bp) 
The admittance at the mouth of the waveguide is 
(2) (1) 


HY Bp.) + aH (Bps) 


Experimental measurements of the admittance of the £-plane sectoral horn 
are given in Fig. 5.29. Combining Eqs. 5.569 and 5.570 gives 


ah —jY2Hy(Bps) at Hy’(Bp») 


I¥oHq(Bps) + Hy(Bp2) eine 


0.020 
0.016 
0.012 
0.008 


0.004 


Magnitude of reflection coefficient of horn mouth, IT. 


0 0.5 1.0 1.5 2.0 
E-Plane aperture width 2h , in wavelengths 


Fig. 5.29 E-plane sectoral horn mouth reflection coefficient. From Microwave Antenna 


Theory and Design, edited by S. Silver. Copyright 1949 by the McGraw-Hill Book Company. 
Used by permission of McGraw-Hill Book Company. 
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so that 
A iY,A 
¥(Bp) = j=, 
Agy + J Y2Auy 
where 


A;; = Hy” (Bp2)H;?(BP) TE Hy” (Bps)H5 (Bp). 
Then, letting 


Hy’(6p) = Fe”, 
Hy"(Bp2) = Fre™, 
Hy" (Bp) = Ge’, 
Hy” (Bp2) = Ge", 
Equation 5.572 becomes 
Y(Bp) = — () sin (62 — 0) + j(%2Go/F,) sin (G — 0 
G/.j sin (C2 — $) = (%2G2/Fo) sin (2 — §) 
The reflection coefficient in the sectoral guide is 
E, Es, %Hy (6p) 
P(Bp) = = = SNE = ae 
E; Eg, A; (Bp) 
and the characteristic admittance of the £-plane sectoral guide is 
J 


_ Hy’ (Bp) 
4 = Y ss = 

(Bp) (Bp) j H(Bp) / G 
Combining Eqs. 5.569, 5.576, and 5.577 gives 


a=0 
1 SA YLY, 
1-CYX,) eM GPs 


GLE 


> 


fe ee 
— ils o) 


Ss 


or 
1 ae Ieee) 


aoe 
Pie fe Clie 


(5.572) 


(5.573) 


(5.574a) 
(5.574b) 
(5.574c) 
(5.574d) 


(5.575) 


(5.576) 


(5.577) 


(5.578) 


(5.579) 


The H-plane sectoral horn of Fig. 5.30 can be analyzed in a manner 


which closely parallels the analysis of the E-plane sectoral horn. 


H-plane sectoral horn E,= E,= H, = 0, 


For the 
(5.580) 


so that the Maxwell’s equations of Eqs. 5.493 through 5.495 become 


10 10H 
: 6 ses Gace ce mah ers op 
JweL, aon $) ad 
10E 
° H ee ts zy 
OE, 
JONH pas ? 
Pp 


(5.581) 


(5.582) 


(5.583) 


(5.584) 
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z 


Fig. 5.30 H-plane sectoral horn. 


Combining these equations gives the wave equation 


OVE, , 10E, , 1 OE, 
Op p Op _p* a¢” 


By using the method of separation of variables, the electric field is 


+ k°E, = 0. (5.585) 


E, = O($)R(p), (5.586) 
and Eq. 5.585 becomes 


2 2 
SR ee ee ei, (5.587) 
Rdp* Rpdp_ p'® dd? 
Or 
2 72 2 
CUS OCLs yh? Se (5.588) 
Re dp ae Redp ® dd* 
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Therefore the ® function is given by 


ao 
—+nO=0, 5.589 
which has the solution 
® = Acosnd + Bsin nd. (5.590) 


By applying the boundary condition that the field must vanish on the wave-_ 
guide wall, 


® = Acosnd, + Bsinnd, = 0, (5.591) 
so that 
B= 0, (5.592a) 
T 
i= Momeni (5.592b) 
21 
and 
® = Acos skis (5.593) 
Miers. Be 
Also, the R function is given by 
2 72 
p aR p dR ope 2 
-—— + -— — + (k’p' — n*) = 0, 5.594 
Pr ee (k'p ) (5.594) 
or 
d°’R food | n® | 
a aR NE peRE ES) Bl Sac R=0, (5.595) 
d(p) kp d(kp) (kp)° 


which is the same as Eq. 5.507 and which has the solution 


R = H® (kp) + oH\)(kp). (5.596) 
Combining Eqs. 5.593 and 5.596 gives, for the electric field, 
E, = Acosn¢[H®(kp) + «H(kp)]. (5.597) 
The magnetic field can be found from Eqs. 5.582 and 5.583 as 
A 
H, = TAS ME 1H (kp) + oH Ckp)] (5.598) 
joup 
Hy, = ASME 1 (kp) + oH” (kp) (5.599) 
jou 
The electric and magnetic current densities are 
J=nx H=a, x a,H, = a,Hy, (5.600) 
M = —(n x E) = —a, x a,E, = a,E,,. (5.601) 


Again, the magnetic radiation vector is 


L = | Me™ cost ds. (5.602) 
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From Eq. 5.522 


r’ cos p = p, sin 6 cos (¢ — ¢’) + 2’ cos 8, (5.603) 
so that Eq. 5.602 gives 
i =z, cos (fd — d’)e™r 8” ds, (5.604a) 
and | 
L, = 0. (5.604b) 
Similarly, the electric radiation vector is 
N, =| Hye tus: (5.605) 
and the spherical components are 
No = —N, sin@ = - |x, sin Oe" °°?” ds, (5.606a) 
N,=0. (5.606b) 
Then, from Eqs. 4.26 and 4.27 the far field components are 
E, = 0, (5.607) 


ae Ha he 
Ey = os {ue cos (¢ — $’) — ZH, sin BJe”” °°*” ds. (5.608) 
r 
Again, as in the case of the E-plane sectoral horn the patterns of the 
H-plane horn can be more easily determined by assuming that the horn 
has an aperture illumination given by 


E,{y') = E, cos (2) en, (5.609) 
ay 
The patterns due to this illumination can again be calculated by using the 
methods of Section 4.2. Patterns for this aperture illumination for various 
phase errors are given in Fig. 5.31. 

The magnetic field in the H-plane sectoral horn is 


—E 
H, = ay: 5.610 
ie (5.610) 
so that the magnetic and electric current densities are, respectively, 
M = —(n x E) = —a, x a,£, = a,E,, (5.611) 
J = (n x H) = a, x a,H, = —a, ae (5.612) 


Zee 
The magnetic radiation vector is 


iby, = | Me pre al § = | Ey) Soe ds: (5.613) 
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Fig. 5.31 H-plane sectoral horn patterns. 


For the aperture centered in the « = 0 plane the main beam lies along the 
x axis and the magnetic radiation vector on the x axis is 


Lj) = le Cos (24) gr): day ae wai 2 = (5.614) 
a 
The electric radiation vector on the x axis is 
—L 


N, =—, =z=0. 5.615 
ys, y (5.615) 
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The spherical components of the electric and magnetic radiation vectors, 
respectively, are 


L,, 
N, = —N,sin@ =—, (5.616a) 
Zo 
N, = 9, (5.616b) 
and 
Ly =L,cos¢ = L,, (5.617a) 
LT, = 0. (5.617b) 
From Eqs. 4.26 and 4.27 the far field components on the x axis are 
Jere 
[oo ere a (5.619) 
Ar 


Since the peak of the main beam occurs on the a axis, the maximum 
value of the Poynting vector occurs on the x axis and is given e 


ihe ee cos e'W dy’ de|, (5.620 
max IZ, i Y ( ) 
which can be rewritten as 
E od le ~ , . , . 72 2 
P ote eel) eilty /a1) 4. e ity /a1) e iru /4L) d | : 5.621 
err [ ] y (5.621) 
This can be written in terms of Fresnel integrals as 
DEES 
mex = G7 (IC) — CH + [Su) — SP}, (6.622) 
where 
ye 
is -|{ sane a |, (5.623a) 
PR GE: CALS 
p= ae - a1. (5.623b) 
PROT, (AL)” 


The directivity of the H-plane sectoral horn is therefore found from Eqs. 
5.560 and 5.622 as 


ANd Boe ae ad — 
Wr 


Curves of the directivity of an on sectoral horn are shown in Fig. 5.32. 
The maximum directivity occurs at 


= (3AL)%, (5.625) 


Dy = — C(v)} + [S(u) — S(v)P}. (5.624) 
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Fig. 5.32 H-plane sectoral horn directivity. 


so that the electrical length of the sectoral horn for maximum directivity 


is given by 
2 
- = (22) (5.626) 


BLED a (5.627) 


The directivity of the pyramidal horn of Fig. 5.33 can be determined 
from the directivities of the E- and H-plane sectoral horns. For the pyram- 
idal horn the aperture distribution is 


E, = E, cos (z4) pee (5.628) 
ay 
where the phase error is 


5 a a + by? a y" + 2! 


5.629 
8L 2L ( 
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a 


Fig. 5.33 Pyramidal horn. 


For the pyramidal horn the maximum value of the Poynting vector of Eq. 


5.620 is 
Joos (2) ewan dy' piece ae : 
ay 
or 


Poo = Sec aS ail |{£cw) — CW? + tS) — SWF. 
(5.631) 


aS 


17 


(5.630) 


Pmax = 


Combining Eqs. 5.560 and 5.631 gives a directivity of a pyramidal horn as 


lc: baz ‘: | re ||ttow ~ CWE + [Su) — SOP}. 
(5.632) 


2 

Die 8arL 

a,b, 

The directivity of the pyramidal horn can also be expressed in terms of the 

directivities of the E- and H-plane sectoral horns. Combining Eqs. 5.561, 
5.624, and 5.632 gives 

— DgDyh? 


5.633 
"32a, b; ( 
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Therefore for the pyramidal horn the Z- and H-plane patterns can be found 
from Figs. 5.27 and 5.31 respectively, and the directivity can be found 
using Figs. 5.28 and 5.32 and Eq. 5.633. These results are summarized in 
Fig. 5.34. 

Another horn antenna which has found some use is the diagonal horn 
antenna shown in Fig. 5.35. The excitation of this diagonal horn by a 
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Fig. 5.34 Optimum pyramid horn dimensions. 


rectangular waveguide operating in TE,) mode produces fields in the aperture 
in both the y and z directions given by 


a2’ 


E,, = cos Pe (5.634) 
E,, = cos a , (5.635) 
The resultant field at a point in the aperture is 
E(y’, 2') = Ee’®, (5.636) 
where 
Ei cos? (=) + cos® (=)] (5.637) 
d d 
and 
y = tan os (ay 2) : (5.638) 
cos (72z'/d) 


For the component in the y direction given by Eq. 5.634, the magnetic 


field is 
HH, = — 5.639 
La ( ) 
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Fig. 5.35 Diagonal horn antenna. 


and the magnetic and electric surface current densities are 
M = —(n x E) = —a,E,, (5.640a) 


E,, 
J=nxH= ae (5.640b) 


0 


The magnetic radiation vector is therefore 


L,= [[cos (=) exp [jk(y’ sin 6 sin ¢ + 2’ cos 6)] dy’ dz’, (5.641) 


or 


ibs = | om sin 6 sin ¢ dy’ | cos (=) eikz’ cos 8 dz’, (5.642) 


From Eggs. 4.88 and 4.139 this radiation vector is 


ra? sin (74 sin 6 sin 4) cos (74 Cos 6) 
peace 2 eee are ener | rede Ee SER! = 5 643) 
7 wd . : AS 
=p Slain? 1—4( 
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Also, from Eq. 5.639, the electric radiation vector is 


N, = Z, (5.644) 
From Eq. 4.37 the spherical components of these radiation vectors are 
L, = —L, sin 6, (5.645a) 
Ly = 9, (5.645b) 
N, = N, sin dcos 0 = on sin ¢ cos 6, (5.645c) 
Ny = 2 cos ¢, (5.645d) 


0 


Then, from Eqs. 4.26 and 4.27, the far field components are 


ths : 
Eo, = Le L, sin ¢ cos 6, (5.646a) 
4nr 
A ear 
Ey, = See L,(sin 6 + cos ¢). (5.646b) 
4aur 


Similarly, for the electric field component in the z direction given by 
Eq. 5.635, the magnetic field is 


Sey of 
a 5.647 
serie (5.647) 
and the magnetic and electric current densities are 
M = —-nx E=a4,E,, (5.648a) 
E, 
J=nxH=-—a,—. (5.648b) 
Zo 


Therefore, for this case, the magnetic radiation vector is 


L, = [feos (7 5 Z exp [jk(y’ sin 6 sin 6 + z’ cos 6)] dy’ dz’, (5.649) 
or 
1b =| ee. az {cos (24) om Be aye (5.650) 
which gives 
Lard md . : 
sin |~ cos 0 COs Nee ap 6 sin 


7d 45 6 1 — 4(4sn sing) 
A A 


L, = 


2d? 
= (5.651) 
7 


Rectangular Waveguide Horns 231 
Similarly, from Eq. 5.647 
pee (5.652) 


The spherical components of these radiation vectors are 


De aol. Sil, 2 COs @, (5.653a) 
Ly =L,cos¢, — (5.653b) 
N, = —N,sin$ = sin 6, (5.653c) 
Ng = 0. (5.653d) 


Then, from Eqs. 4.26 and 4.27 the electric field components due to the z 
component of the electric field in the aperture are 


—ikr 


eet Liat 


Eo, L,(cos ¢ + sin 6), (5.654a) 
4ur 
ik —ikr 
E,, =_-—— L, sin ¢ cos 6. (5.654b) 
4aur 


Combining Eqs. 5.646 and 5.654 gives the total far field due to the two 
components in the aperture as 


ein 
Lo [L, sin ¢ cos 6 — L,(sin 6 + cos )], f= 0, (5,655) 
ur 
ike = ; ; 
E,= [L, sin ¢ cos 6 — L,(sin 6 + cos )]. (5.656) 
ur 


In the y = 0 plane the far fields of the diagonal horn are 


; sin (74 cos 6) 
—je (1 + sin 222) A 


E, = 
4 2Ar 


: (5.657a) 


& a6 
A 


nd 
—je*"(1 + sin 6)(2d2\| Be cs 6) 
E,= sie 0/24) —+——|. (5.657) 


2Ar 


us Weed Sa 
A 
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In the z = 0 plane the far fields are 


__ + dkr 2 
i= aie coe) 2 | a 
2ar T (¢ sin S) 
pe 
A 
wat oy | sin (= sin é) 

ae Tie 00s #)(24) = (5.658b) 

r 7 md/A) sin 

The total far field is 

E, = E, + Ey. (5.659) 


From Eqs. 5.657 through 5.659 it can be seen that the power pattern is 
identical in the two principal planes of the diagonal horn since 6 is measured 
from the aperture plane and ¢ is measured from the normal to the aperture 
plane. 
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PROBLEMS 
5.11.1 Design an optimum E-plane sectoral horn using 0.4in. by 0.9in. ID 
waveguide to provide 10 db directivity at 10 gc. Plot the curve of directivity versus 
frequency over the range 9 to 12 gc. Plot the half-power beamwidth over this same 
frequency band, 
5.11.2 Repeat Problem 5.11.1 for an H-plane sectoral horn. 
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5.11.3 Determine the optimum pyramidal horn for 10 db directivity at 10 gc. 
Compare this with a pyramidal horn having the same flare in the Z- and A-planes 
as the sectoral horns of Problems 5.11.1 and 5.11.2. 


5.12 Circular Waveguide Horns 


The conical horn antenna is formed by flaring the walls of a circular 
waveguide as shown in Fig. 5.36. The radiation characteristics of the 
conical horn can be analyzed in the same manner as that for the rectangular 
waveguide horns in Section 5.11. The directivity of the conical horn is 
plotted in Fig. 5.37. 


Fig. 5.36 Circular waveguide horn antenna. 


For an optimum horn the electrical length is given by 


2 
if 03(P), (5.660) 
A A 

where L is the slant length and D is the aperture diameter of the horn. 
For these optimum horns the half-power beamwidths in the electric and 


magnetic planes are, respectively, 


60A 


O7= (5.662) 
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Fig. 5.37 Directivity of conical horn. 


The optimum horn has an effective area which is 52 percent of the geometrical 
area. That is, 


att 0.527 D? 


As = 0.408 D?. (5.663) 


For a given aperture diameter the effective area of the horn increases with 
increasing horn length to a maximum value of 84 percent of the geometrical 
area for an infinitely long horn. This is illustrated in Fig. 5.38. 
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Fig. 5.38 Effective area of conical horn. 
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PROBLEM 


5.12.1 Determine the optimum dimensions of a conical horn to provide 15 db 
directivity at 10 gc. Compare these dimensions to the E- and H-plane sectoral 
horns and the pyramidal horn of Problems 5.11.1, 5.11.2, and 5.11.3. 


5.13. Biconical Horn 


The biconical horn antenna can be considered to be a long biconical 
antenna which has a large half-angle or a relatively small flare angle 9) as 
shown in Fig. 5.39. The biconical horn can support TE, TM, and TEM 
waves within the horn’s structure. For TE waves, the radial component of 
the electric field is zero and the electromagnetic fields can be determined 
from the magnetic Hertz vector, using the expression 


E = —jopV x II”, (5.664) 

H = well” + V(V - TI”). (5.665) 

Since E, = 0, Eq. 5.664 implies that there is only one component of II”, 
ee TI” =a,Il,: (5.666) 


the Hertz vector must satisfy the wave equation. This is given in spherical 

coordinates in Eq. 5.92 as 

orl, Ice ( : a) iD ongeed Ab 
sin 6 


oy + KIL, = 0. (5.667) 
or? r* sin 8 00 00 r’ sin? 6 od” 
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Fig. 5.39 Biconical horn antenna. 


The solution given in Section 5.4 can be rewritten as 


IL, = r*H®(kr)L2"(cos 6) cos m4, (5.668) 
where 
Li(cos 6) = AP(cos 8) + BQ?(cos 9), (5.669) 
QO” is the Legendre function of the second kind, and 
P= [qq + 1) + 4)*. (5.670) 


Combining Eqs. 5.664, 5.665, and 5.668 gives the field components within 
the horn as 


H, = cos m$L™(cos 6)(p? — dr“ H(kr), (5.671a) 


H, = —cosm¢ = L™(cos 6)[(p — Dr “HO (kr) — kr4H® (kr), (5.6716) 


Hy = oe Li (cos 8)[(p — $y“ HS (kr) — kr“ H,(kr)], (5.671) 
sin 
E, = 0, (5.672a) 
Ey = een ine I"(cos 6)r-4 (ker), (5.672b) 
sin 


E, = jap cos mba L™(cos 0)r~#H(kr). (5.672c) 
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For the biconical horn of Fig. 5.39, 


(5.673) 


Therefore 


0 w+ 
— L™(cos 0) = 0, 6 = 2. 5.674 
pea 5 (5.674) 
The number of maxima in the z = 0 and y = 0 planes is denoted by m and 
n, respectively. The lowest order TE wave is then the TE), wave. For this 
mode the fields in the horn are 


H, = L,(cos 0)(p? — 2)r-*H® (kr), (5.675a) 
H, = L,‘(cos 0)[(p? — 4)r- 7H (kr) — kr-*H®),(kr)], (5.6756) 
Ey = —joL,'(cos 6)r-*H® (kr). (5.675c) 


For TM waves the radial component of the magnetic field is zero and the 
electric Hertz vector is used. The electromagnetic fields in the horn for this 
case are given by 


H = —jowV x I’, (5.676) 
E = oucll’ + VV - II), (5.677) 

where 
iia =a Il, (5.678) 


and II, satisfies the wave equation of Eq. 5.669 as given by Eq. 5.668. Com- 
bining Eqs. 5.668, 5.676, and 5.677 gives 


He: (5.679a) 

4), = Sua ass L™(cos 6)r~“H (kr), (5.679b) 
sin 6 

H, = —jwe cos m¢ 2 L™(cos 6)r-*H? (kr), (5.679c) 

E, = cos m¢L™cos 6)(p? — )r-*H® (kr), (5.680a) 


E, = —cosm¢ < L™(cos 6)[(p — Dr 7H kr) — kr? H® (kr)], (5.680b) 


= MSDE L(cos Ip — Ayr FHM (kr) — kr MH (kr)]. (5.6806) 


sin 0 
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For the biconical horn the restriction of Eq. 5.673 again applies, so that 


Upeeoney 0, = (5.681) 
sin 0 2 


The lowest order TM wave is the TEM wave. For this wave Eqs. 5.679 
and 5.680 give 


46 —ikr 
i -|#| <_, (5.682) 
7 sin 6 
eens (5.683) 
Zo 
90 
g 60 
me 
» 
S 30 
0 
0 2 4 6 8 10 
q 


Fig. 5.40 Order of Legendre function. 


For the next lowest wave, the TM, wave, the fields in the horn are 


E, = L,(cos 0)(p* — br 7H (kr), (5.684a) 
Ey = L,(cos 0)[(p — #)r-*# HH (kr) — kr-7H®,(kr)],  (5.684b) 
Hy = joeL,'(cos 0)r-7*#H (kr). (5.684c) 


The value of g may be determined by solving the boundary conditions. 
The values of g required for given flare angles to support the lower modes 
are given in Fig. 5.40. 

Evaluating the fields in the z = 0 plane, and determining the radiation 
intensity in that plane, provides a calculation of the gain of the antenna 
with respect to a short dipole. The results for the TE), wave are plotted in 
Fig. 5.41 as a function of horn length and flare angle. The results for the 
TEM wave are plotted in Fig. 5.42. 
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PROBLEM 
5.13.1 Determine the optimum dimensions of a biconical horn to provide 
15 db directivity at 10 gc for a biconical horn operating in the TE), mode and for 
a biconical horn operating in the TEM mode. 


CHAPTER 6 


Arrays 


The wire and slot antennas are all radiating elements whose dimensions 
are comparable to a wavelength. These antennas have relatively low gain 
and, consequently, relatively omnidirectional radiation patterns. 

For applications where higher gain or more directive radiation patterns 
are required, it is necessary to increase the size of the antenna. The antenna 
size can be increased by using an array of radiating elements. The radiated 
field from the array at a given point in space is the vector sum of the radiated 
~ fields from the individual elements. In other words, the far field of the array 
is determined by superposition. 

This chapter analyzes the radiation from linear equally and unequally 
spaced arrays, circular, planar, spherical, and cubic arrays. 


6.1 Linear Array 


A linear array is a set of radiating elements arranged on a line as illustrated 
in Fig. 6.1. For this initial analysis it is assumed that the array elements 
are equally spaced. 

From the previous analysis of wires and slots the electric field in the far 
field due to the nth radiating element as given in Eqs. 3.25 and 5.13 can be 
written as 


—jk 
e IKTn 


E,(0, ¢) = £,(9, $) (6.1) 


ye 
where r,, is the distance from the nth element to the point P in the far field 
and f,(0, 6) represents the angular distribution of the radiation intensity 
of the nth radiating element. Since r, is large, the far field approximation 


of Eq. 3.110 can be used. This gives 
r, = 1 — ns cos 8, (6.2) 


where r is the distance from the origin to the far field point, s is the spacing 
between successive array elements, and @ is the angle from the array line 


241 


242 Arrays 


Fig. 6.1 Linear array of N equally spaced elements. 


to the radial vector to the far field point. Combining Eqs. 6.1 and 6.2 
gives the far field due to the nth radiating element as 


—Jskr 
E,(, 4) = £,(6, 6) — enor? (6.3) 


The phase difference in the far field due to radiation from successive elements 
can be denoted by 
y =kscos 6. (6.4) 


Then, by the superposition principle, the far field of the array of NV elements 
is 


—jkr N—1 : 
E,(0; 6) =< : > £06, beim, (6.5) 


If the shape of the radiation pattern is identical for each element of the array, 


f,(0, ?) = 4,E(, 4), (6.6) 
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where a, is the complex current in the mth element. (This current is some- 
times called the feeding coefficient of the element.) E(6, ¢) is the element 
pattern. Equation 6.6 implies that the array elements are identically polar- 
ized. For identical elements the far field of the array becomes 


eth N-1 f 
Ex(0, 4) = —— B(6, $) 3 ane, (6.7) 
which can be rewritten without the multiplying factor as 
Ey(0, $) = EQ, of), (6.8) 
where 
iN ee 
f(y) = 3 ane" (6.9) 


is defined as the array polynomial. Equation 6.8 is an expression of the 
pattern multiplication rule. That is, the pattern of an array is the product 
of the pattern of the element and the array polynomial. 

The pattern multiplication rule must be used with caution in practice. 
The fact that all elements are physically identical does not insure that all 
elements of the array have the same pattern. The pattern of an individual 
element can change when it is placed in the presence of other elements. 
Pattern multiplication is usually valid for half-wavelength elements but may 
give appreciable error in the calculation of the sidelobes. Although pattern 
multiplication is a good first approximation for sidelobes, it is necessary 
to take mutual effects into account for precision. 

The array polynomial of Eq. 6.9 gives the far field of an array of isotropic 
elements. Note from Eq. 6.4 that the array polynomial is a function of only 
the angle 0, and that the pattern of the array polynomial is a figure of revolu- 
tion about the ¢ axis of Fig. 6.1. 

Another quantity often used in array analysis is the array factor. The 
array factor is the power pattern of an array of isotropic elements and is 


oie Sy) = fr. (6.10) 
By letting 

z= e’”, (6.11) 
it is seen that Eq. 6.9 represents a complex polynomial in the complex 
variable z. That is, 


N-1 
f(y) = fley)] = 2 a52- (6.12) 


This array polynomial is sometimes called the associated polynomial. 
It is sometimes convenient to take the geometrical center of the array 
as the phase reference. In this case Eq. 6.12 becomes 
(N=1)/2 


fG) = ae: (6.13) 


n=—(N—1)/2 


244 Arrays 


z-plane 


Unit circle 
Note: Numbers 
around unit 

circle show 
corresponding 
values of space 
angle, @, in degrees 


s=)/4 180 


z-plane 


Unit circle 


s=)/2 120 
(6) 


z-plane 


Unit circle 
90 


s = 3h/4 


(c) 


Fig. 6.2 Portions of unit circle included for different element spacings. 
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and the feeding coefficients (the element currents) comprise the set 


Ape ae ani cme Onlin o Nil), (6.14) 


For an array with an odd number of elements, the subscripts are integers, 
and for an array with an even number of elements they are odd multiples 
of one-half. | 

The variable z of this polynomial should not be confused with the spatial 
coordinate. From Eq. 6.1 it can be seen that a point in the far field at an 
angle 6 maps to a point on the unit circle in the z plane. 

The array polynomial of Eq. 6.12 can also be expressed as the product 
of its roots 


N-1 
F(@) = ay Ul (2 — 2,). (6.15) 


The roots of this polynomial which occur on the unit circle, correspond 
to nulls in the array pattern. 

The polynomial of Eq. 6.15 has N — 1 zeros. If all these zeros occur on 
the unit circle |z| = 1, there are N — 1 angles in the range —7 <p <7, 
where the pattern is zero, and there are N — | angles between these zeros 
where the pattern has peaks. The largest maximum is normally designated 
the main lobe, and the remaining N — 2 maxima are called secondary 
lobes. 

If there is progressive phase delay along the array, the feeding coefficients 
of Eq. 6.12 can be written as 


a, = b,e i", (6.16) 


where y, is the difference in phase between successive elements and 5, is the 
feeding coefficient with the progressive phase removed. The array polynomial 
of Eq. 6.12 then becomes 


N-1 
f(w) = > b,w", (6.17) 
n=0 
where 
Wo ei(v—vo) — eilks cos 9) (6.18) 


Both the variables z and w are confined to the unit circle when calculating 
patterns, so that the addition of progressive phase corresponds to a clockwise 
rotation of the complex plane through an angle yp) when mapping from the 
z plane to the w plane. 

The portion of real space which is mapped onto the unit circle depends 
on the element spacing. Figure 6.2 illustrates the portion of the unit circle 
in the complex plane which corresponds to real space angles for different 
element spacings. The effect of progressive phase delay is illustrated in 
Fig. 6.3. 
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Fig. 6.3 Rotation of visible range due to progressive phase shift. 


The transformation from the space angle @ to the array angle y of Eq. 
6.4 is shown graphically in Fig. 6.4 for a broadside antenna pattern. The 
origin of the semicircle of radius ks is located on a line perpendicular to 
the y axis through the point —wp», where y, is the progressive phase delay 
along the antenna. Figure 6.4 thus illustrates the manner in which the 
progressive phase delay tilts an antenna beam. It also illustrates the effect 
of increasing antenna element spacing. An increase in the spacing cor- 
responds to an increase of the radius of the semicircle. 

As the antenna element spacing increases, the visible range increases as 
illustrated in Fig. 6.4. This increases the number of zeros and lobes appearing 
in the antenna pattern. The manner in which a second large interference 
lobe is produced along the axis of a broadside array, when ihe spacing 
between elements is a wavelength, is also illustrated. 
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One common form of linear array is the broadside array. This array has 
the main beam of its radiation pattern pointed in a direction normal to the 
array axis. That is, the main beam lies in a plane normal to the € axis of 
Fig. 6.1. 

A special case of the broadside array is the uniform array. A uniform 
array is one whose feeding coefficients have equal amplitude and constant 


s(W) 


—27 [—7 | | 7 21 

| : Array angle, y 
| | 
| 


| ae 
as Visible range of ia 
| | | 
| | | | 
| | | 
| | 
| 
| 
| 


—ks 0 ks 


Fig. 6.4 Transformation from space angle to array angle. 


phase difference. By normalizing the coefficient amplitudes to unity, the 
coefficients of Eq. 6.16 for a uniform array become 


Dy SB OOD (6.19) 
and the array factor of Eq. 6.17 for a uniform array is 
N-1 
AO RS 4 (6.20) 
n=0 


Equation 6.20 is a geometric series whose sum can be written in closed 


form as 
N 


ff) = ae ik 1 — ioral 
WwW 


w/2 _ eal 
ember ee 6.21 
—1 (ER res en) 


W 
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The array factor of Eq. 6.10 is 


2h Mee vate athe 6.22 
S(w) = [fl = eh Deen (6.22) 
If the array angle is redefined as 
wy = ks cos 0 — po, (6.23) 
then Eq. 6.22 becomes 
sin? (Nyp/2 
s(y) = (6.24) 
N* sin® (p/2) 


for the uniform array. The uniform array has nulls at the points where the 
numerator of Eq. 6.21 vanishes. That is, nulls occur at 


“Ps = pn, Bisd, eles (6.25) 
or 
2pm 
KS 08 Oe a =e p=0,41..8 (6.26) 
Therefore, the angles in space at which the nulls occur are given by 
6,, = arc cos 2 (2 + vo) | p = 0, £1, (6.27) 
27s\ N 


The uniform array has maxima close to the points where the numerator 
is a maximum, since the denominator varies slowly with respect to the 
numerator. Therefore maxima occur at values of the array angle given by 


Nw 2prr ik 
ia ee 


; EOS tel Bey 6.28 
; P (6.28) 
so that the angles in space at which maxima occur are given by 
G, == are cos [4 [Cet ve + vo] | p= 0) £10 cee (6.29) 
2aS N 


The main beam must occur at the angle where all elements add in phase. 
From Eq. 6.9 it can be seen that the main beam must occur at the angle 


Y = Pmo = 9. (6.30) 
This is an angle in space given by 
G7 = are COS fo. (6.31) 
ks 


A special case of the uniform array is the uniformly illuminated array 
for which there is no progressive phase delay. For the uniformly illuminated 
half-wavelength spaced array, Eq. 6.24 becomes 


sin? (Na cos 0) 


N? sin? [(z7/2) cos 6] 


(6) = (6.32) 


Linear Array 249 


For large arrays the main beam occupies a small solid angle at broadside. 
For this case the sine in the denominator of Eq. 6.32 can be replaced by 
its argument so that the array factor for the large half-wavelength spaced, 
uniformly illuminated array is 


2 
sin ea cos 0) 


(Nz/2) cos 6 eS 


S(6) = 


Note that the pattern of Eq. 6.33 is the same as that of the uniformly illu- 
minated rectangular aperture given in Eq. 4.89 and plotted in Fig. 4.4. 
The half-power point for this pattern occurs at u = 1.39, so that the half- 
power beamwidth is 


Opens (228), (6.34) 
N. 
where the sine function is substituted for the cosine function to shift the 


reference angle from the line of the array to broadside. For large arrays 
the sine can be replaced by its argument, so that Eq. 6.34 becomes 


101.8 


= aif radians = degrees a0 : (6.35) 
N LfA 
where L is the length of the array. 

The half-power beamwidth of half-wavelength spaced, uniformly illu- 
minated linear arrays is shown in Fig. 6.5. From this figure it can be seen 
that the approximation of Eq. 6.35 is reasonably accurate for arrays contain- 
ing five or more elements. The directivity of the uniformly illuminated 
array given in Eq. 1.44 can be rewritten as 


ee (6.36) 
S()av 
From Eq. 6.32, the power density at the peak of the main beam is 
S(O) max = 1. (6.37) 


For a half-wavelength spaced array, the total radiated power is 
Qa (or 7 
yo { | S(0) sin 0 d6 dé = 2n| S(0) sin 6 dé. (6.38) 
0 0 0 


For a large array most of the energy is radiated at angles near the normal 
to the array axis so that the average radiated power is 


Sete | 5(0) sin 0 dO. (6.39) 
4n 20 
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Combining Eqs. 6.33 and 6.39 gives 


Ni/2 S 2 
Sue | (me) an (6.40) 
Na J—Nz/2 u 
Extending the limits of integration to infinity as is done in Eq. 4.105 gives 
Say = —- (6.41) 
av N 
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» 50 
2 
00 
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Bo) 
= 10 
E 
8 
eS 
3 
a 
S 
12 
1 
1 2 5 10 20 50 =100 


Number of elements, V 


Fig. 6.5 Half-power beamwidth of uniform array. 


Combining Eqs. 6.36, 6.37, and 6.41 gives the directivity of a half-wavelength 
spaced, uniformly illuminated array as 
petiven 22 (6.42) 
A 
If it is desired to have antenna sidelobes which are lower than the 13 db 
sidelobes of the uniform array, it is necessary to taper the aperture distribu- 
tion across the array. The effect of this taper for an array is the same as 
the effect of a similar taper on the rectangular aperture discussed in Section 
4.2. One tapered aperture distribution is the gabled array which has the 
array polynomial ; 


N-1 2 
{@™= ( 57) = Lp 22 +++ NZNO +s + ANG) 
n=0 
This array has a half-power beamwidth which is approximately 


O= = degrees. (6.44) 
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Since this pattern is the square of the pattern of a uniform array, the first 
sidelobes are down 26 db. 

Both the uniform array and the gabled array are special cases of arrays 
with symmetrical feeding coefficients. For such arrays the coefficients of 
Eq. 6.14 are such that rn (6.45) 


Then the array polynomial of Eq. 6.13 becomes 


(N—1)/2 


42) = DG 2o + 4,2). (6.46) 
n=0 
Rewriting the coefficients in terms of the amplitude and the phase gives 
a, = A,e'* (6.47) 
Combining Eqs. 6.46 and 6.47 gives 


(N=1)/2 ; . 
f(y) = ale ee a e inet on)y (6.48) 
or ar 
(N—1)/2 
f(y) =2 ZX A,ncos (ny + $n). (6.49) 


From Eq. 6.49 it can be seen that symmetrical feeding coefficients give a 
real far field with no imaginary components and, hence, a spherical wave 
emanating from the center of the array. 

A symmetrical array with no sidelobes can be obtained using binomial 
coefficients in the array polynomial. The array polynomial for a two- 


element uniform array is f@) = lt x. (6.50) 


Then from Eq. 6.49, the array factor is 
S(y) = cos’ = (6.51) 
For half-wavelength spaced elements this array factor is 
S(0) = cos” (2 Cos 0), (6.52) 
which has nulls at 9 = 0 and 0 = a and one main beam with no sidelobes. 
Therefore an array polynomial of the form 
FG) = Ut 2) ep te Gok ch Cot ae Cae (6.53) 
also has nulls only at 6 =0 and 6 =7. This is a binomial series, with 


feeding coefficients equivalent to the binomial coefficients 


ee DLN 6.54 
~ glp—@! Aaa 


Cn,a 
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Fig. 6.6 Chebyshev polynomial, 7;(z). 
For this case the array factor for half-wavelength spaced elements is 
S(0) = cos?” (z cos i) (6.55) 


Another important broadside array is the Chebyshev array. This array 
has a far field pattern in which all sidelobes have the same amplitude. The 
effect of raising the sidelobes to a constant value is to narrow the main 
beam, so that the result is a pattern with minimum beamwidth for a given 
sidelobe level. The Chebyshev polynomial as used with arrays is defined 
by 

OiAj 


,i=jf=0 


* T(%)T,(2) j 
SE! Go ee j ; 
ih (=a) y (6.56) 
-~,i1=j0 

These polynomials have the form 


T(x) = "cos nt, (6.57) 
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where 
eo = COs 1; (6.58) 
A typical polynomial is plotted in Fig. 6.6, where the positive real axis 


from x = 0 to x = ay is mapped to the unit semicircle in the upper half of 
the z plane by using 


fas . ’ (6.59a) 
ie (6.59b) 
Xo 
The resulting pattern is shown in Fig. 6.7. The polynomial is 
T.(w) = cos = (6.60) 
where 
w = COs : : (6.61) 


The array polynomial is constructed to give a curve similar to that of Fig. 
6.7. For an array of N elements the polynomial is 


easly 
saan 


Ty_1(w) = cos (6.62) 


Array polynominal, f() 


0 1 
(= 7) (Y = 0) (= -7) 
cos + 


Fig. 6.7 Pattern of Chebyshev array. 
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The cosine function can be expanded using 


cos? = Re ef("¥/®) = Re (cos ® + jsin z) (6.63) 
2 2 2 
The expansion is 


0 il n—2 y) ; 
cos MY = cos" Y (n)(n = 1) cos” *(y/2) ov 


ate 6.64 
ye, es oa 


The even powers of the sine function can be eliminated, using 


# 


OS eos i (6.65) 


sin 


Using this procedure, the first five Chebyshev polynomials are then 


Tiw) =I, (6.66a) 
a(W) == cos 5 = Ww, (6.66b) 
T,(w) = cos p = 2 cos’ = ihe Oy Stas (6.66c) 
T3(w) = cos® f 4tos" 223 ths. Se 3M, (6.66d) 
2 2 Z 
A uy 


T,(w) = cos” y = 8 cos" — 8 Gos +1 = 8w*— 8w?4+1. (6.66e) 


The array polynomial of Eq. 6.49 can be rewritten as 
(N—1)/2 y 
IOye2 XS Aacos (2n 2), N odd, (6.67a) 
n=0 


(N—1)/2 y 
fy(y) =2 > A, cos [on +1) 2], N even. (6.67b) 
n=0 


The feeding coefficients A, of Eq. 6.67 are determined by equating the 
atray polynomial to the appropriate Chebyshev polynomial. That is, by 
letting 


funy) = Tyas). (6.68) 


The half-power beamwidth of the Chebyshev array depends on the sidelobe 
level. An approximate value is 
p09 GA 


0 6.69 
7, (6.69) 
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where L is the length of the array and C, is a beam broadening coefficient. 
This beam broadening coefficient is plotted in Fig. 6.8. C, equal to unity is 
the factor for the beamwidth of the uniform array given in Eq. 6.35. The 
directivity of the Chebyshev array can be represented as 


p = 2Ceb 
A 
where C, is the gain degradation coefficient. This coefficient is plotted in 
Fig. 6.9. C, equal to unity is the factor for the directivity of a uniform 
array given in Eq. 6.42. 


: (6.10) 
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Fig. 6.8 Beam broadening coefficient for Chebyshev array. 


An important linear array is the end-fire array whose main beam lies 
along the array axis. From the pattern multiplication rule of Eq. 6.8, the 
end-fire array requires an element pattern which also has a maximum along 
the array axis. From Fig. 6.4 it can be seen that the element spacing and 
the progressive phase across the aperture can be adjusted to give an end-fire 
beam. One possible arrangement is shown in Fig. 6.3b. This is a case 
where the progressive phase delay is equal to the electrical spacing of the 


elements. That is, yy) = ks. (6.71) 
The array angle of Eq. 6.23 is then 
wy = ks(cos 6 — 1), (6.72) 


and the array factor of Eq. 6.24 is 
sin® [Mis (cos 6 — | 


a Aaa T (6.73) 
N? sin? E (cos 6 — »| 


S(0) = 
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The power density at the peak of the main beam is 
SO) suse (6.74) 


The average radiated power of Eq. 6.39 is 


1% 1 isin ay 7 
S(O a4 "se ado=— | (4) a = or 
(Ma 2 Jo (ee Nks i S ( ) 
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Fig. 6.9 Gain degradation coefficient for Chebyshev array. 


so that the directivity of Eq. 6.36 is 


D aa S(0)max ue 2Nks a 4L ; (6.76) 


which is twice the directivity of the broadside array of equal length given 


in Eq. 6.42. For the special case of the quarter-wavelength spaced elements 
of Fig. 6.36, 


DiS iN, yee (6.77) 
4 
The relation of Eq. 6.71 does not necessarily give an end-fire array with 
maximum directivity. If the progressive phase is denoted by 


Yo = k's, (6.78) 
the array angle is 
y = s(k cos 0 — k’), (6.79) 
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and the array factor of Eq. 6.24 is 
sin” [(Ns/2)(k cos 6 — k’)] 


S(@) = 6.80 
©) [(Ns/2)(k cos 8 — k’)/? Med 
Denoting the half-length of the array by 
Ns 
=—, 6.81 
5 (6.81) 
and normalizing to unity at the array axis (0 = 0) gives 
= jE 2 Foe 4 2a WEP 
5(6) = atk k’)h] ee [(kcos8#—k ma (6.82) 
sin? [(k — k’)h] \ [(k cos 6 — k’)hP 


The average power of Eq. 6.39 is 
peg Bi 2 (7 . a ie 2 
Sav = eo | ee sin 6.d6. (6.83) 
2sin(k — k’)ht Jo L (k cos 6 — k’yh 


The maximum directivity occurs when Eq. 6.83 is a minimum. It has been 
shown graphically that this occurs when 


u=(k — k’)h = —1.47, (6.84) 
or 
sk — k’) = = : (6.85) 
Combining Eqs. 6.78 and 6.85 gives 
Tie te a (6.86) 


The graphical integration also gives the average power density as 


0.55a 7 
Sav = = ae 6.87 
OO ay a ens a 
so that the directivity is 
pe 3.64NKks _ 7.281 | (6.88) 
Ul A 
Again, for quarter-wavelength spaced elements 
D = 1.82N, s= ~ (6.89) 


For this case the half-power beamwidth is approximately 


125 A 
OQ mz degrees, — ae (6.90) 
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Another method of analyzing linear arrays is the sampled data method. 
This method is applicable to arrays with progressive phase shift and real 
coefficients. For this case the array polynomial can be written as 


N-1 WoL ak 
f@) = > Aer Spr Ages, (6.91) 
n=0 n=0 
where 
yw = ks cos 0 — yo. (6.92) 


For the sampled data analysis method the discrete currents can be considered 
to be described by a continuous function. That is, 


A, = g(ns), (6.93) 
and the array polynomial of Eq. 6.91 is 
N-1 
f@ =X a(nsjz, 7 (6.94) 
which can be rewritten as Z 
iC Distieat _ BUS ei (6.95) 


The first term of Eq. 6.95 is called the Z transform of the amplitude function. 
That is, 


2 g(ns)z™ = F@) = Z[g(«)] = Z[g*(@)]. (6.96) 
The last term of Eq. 6.95 can be written as 


> g(ns)e-" = g(ns)z% + g(ns + sje AY 4--- 
n=N 
= z[e(ns) + g(ns + s)e +--+ :] 


= 2 Z[e(ns 4a) =e, Ge). (6.97) 
Therefore Eq. 6.95 becomes 
f@ = F@ — -*G@). (6.98) 
If the end elements of the array are equal, 
(0) = g(N — 1). (6.99) 
Then, if the array amplitude function is assumed to be periodic in a, 
gl(N — ls +e] = £92). (6.100) 


This is permissible, since the last element in the actual array corresponds 
to x = N — 1. For this case Eq. 6.97 gives 


G(z) = Z[g(ns + x)] = > gs + ns)z~”, (6.101) 
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or 
G@) => sl(N — Ds + (2 + Ds 
= 43 sin t+ Ds" = t4F@ — 8} —((6.102) 
since 
Zig(@ + s)] = 2LF@ — g()]. (6.103) 
Combining Eqs. 6.98 and 6.102 gives 
f@) = [lee Fees (Oa. (6.104) 
The array factor is given by 
S@ =fOf*@® =fOLeE) =fOLE); (6.105) 
or 
N-1 N-1 
S@@) = ( Dae | 5 4.2"). (6.106) 


From Eq. 6.104, 


SQ) = [2 Fer) = a F@)FE”) — 8(0) 
x {ft F 2" PF 4+ [1 Fe VIF} + 270). (6.107) 
The array polynomial is thus given in closed form in terms of the Z transform 
of the amplitude distribution, the number of elements, and the current in 


the equal end elements. As an example, consider the uniform array g(x) = 1. 
The Z transform of Eq. 6.96 is 


1 


F(z) = Z[g(~)] = 2" = sons at (6.108) 
n=0 —- 
Combining Eqs. 6.104 and 6.108 gives the array polynomial 
= g(N-1) OER we ag N 
= + 2 = —__.,, 6.109 
(Oa aaa tT? ae (6.109) 


which is equivalent to Eq. 6.21. For this array the array factor of Eq. 6.105 is 


eee PAN Dan eeN 
l—z aE z | ee ee ) (6.110) 
1—z27tjilLi-z 2—(@+2") 


s@) = fF) = | 
and 
2 — (eINY 4 eN¥) 
which agrees with Eq. 6.24. With this method of analysis it is possible to 


find the positions of the nulls and the maxima. These calculations can be 
simplified by changing the variables and letting 


z+-2+=y =20Cos yp. (6.112a) 


Sy) = (6.111) 
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Then, 
2+e%= e+e}? 2=y? — 2, (6.112b) 
24+ 23 = y3 — 3y, (6.112c) 
ze+z24= yt — 4y? 4+ 2, (6.112d) 
2 +275 = yo — 5y3 + 5y, (6.112e) 
z& + 2-§ = y§ — 6y4 + Oy? — 2. (6.112f) 


Then, for a six-element array, Eq. 6.110 gives 


12 eae) 


S(2) = ——— = (y + 2V(/¥* — 1), 6.113 
Ole rename caret (6.113) 

which can be written as 
SY) = 9 ak 2y* 297i 4y7 ey 2, (6.114) 

The nulls occur at 

y = —2, y = cos! — 1 = 180°, (6.115a) 
y=1, y = +60°, (6.115b) 
y= —l, y = +120°. (6.115c) 


The maxima of the pattern occur at 
OS(y) dy _ OS(y) 
dy Ow oy 


The last factor of Eq. 6.116 gives the main lobe at y = 0. From Eq. 6.112a 
this occurs at y = 2. From Eq. 6.113 the amplitude of the main beam is 


(—2 sin yp) = 0. (6.116) 


S(2) = 36. (6.117) 
For this six-element array the sidelobes occur at 
SSW) — sy! + 8y° — by? — By +1 = (y— Sy + 8y—1)=0, 6.118) 
us 
or 
y = 0.116, y = £86.6°, S(0.116) = 2.06  (—12.4 db), 
(6.119a) 
y = —1.716, y = +149.2°, S(—1.716) = 1.074 (—15.3 db). 
(6.119b) 
The half-power beamwidth can be found by solving for y in 
Sg) = 252) = 18 ye 2)" — 1) (6.120) 


which gives 
y= 1.784, y= +27. (6.121) 
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For a broadside array, the half-power beamwidth is then 


@ =2cost, (6.122) 
ks 

A similar analysis can be performed for other amplitude distributions to 
obtain the characteristics of the patterns analytically. 

A parameter used in the analysis of linear arrays is spatial frequency. 
Spatial frequency is a measure of the variation of the far field pattern of 
each element with the far field angle. The array factor of Eq. 6.49 for 
symmetrically fed elements can be rewritten as 


(N-1)/2 
f(@)=2")> “Ay cos ;,; (6.123) 
n=0 
where 
On, = ny + ¢, = kns cos 6 — nyy + dn. (6.124) 


For antenna currents whose only phase variation corresponds to a progressive 
phase shift, 
O, = ny) = 10, ob, = 0, (6.125) 


and the pattern can be considered to be made up of harmonically related 
spatial frequency components. 

The computation of linear array patterns can be mechanized and adapted 
easily to digital computers. If it is desired to compute the far field pattern 
at the angles 0,,, then the associated polynomial must be evaluated at the 
array angles 


4), = KS COS.0,, = Wo; (6.126) 
or at the points 


aca (6.127) 
The array polynomial of Eq. 6.12 becomes 
N=1 
Ca Ces (6.128) 
n=0 


If there are M angles in space where the far field is desired, the matrix 
representation of these M calculations is 


hes (2) ei 1% ae ae eh ee ao 


Ff (22) 1 2, 2a py ee oN ay 
= 14 (Pag : : ° ° ra(62129) 


f(em)_] igiearure gy een eo ear | | | 
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Fig. 6.10 Two-element dipole array (side-by-side dipoles). 


One important example of a linear array is the two-element (side-by-side) 
dipole array shown in Fig. 6.10. From Eqs. 6.8 and 6.49, the far field of 
the two-element dipole array can be written as 


E(6, 6) = 2E,(0, 4) cos (Atco 2 — Wo), (6.130) 


where d is the spacing between the dipoles, and the element pattern for a 
half-wavelength dipole given in Eq. 3.135, is 


is cos 
cos 5 


sin 9 


E08, 4) = 1 (6.131) 


where J, is the dipole current. The voltages at each of the dipole terminals 
can be written in terms of the currents and impedances as 
V2 => IZes + I Zis (6.132b) 
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A convenient, practical case is the situation where the two dipoles have 
equal amplitude currents but some arbitrary phase difference wy) between 
the currents. For this case 


I, = Tne (6.133a) 
I, = Tem ©: (6.133b) 


The input impedances of the two antennas are then 


ie: ~ ade (6.134a) 
1 
Ve Gv 
Za = a = Loe +. Z42€ 82 (6.134b) 


2 


Then, if the antennas are identical 

Zas = Ls (6.135) 
The mutual impedance between the antennas can be found by using the 
results of Eq. 3.162 for the field on the antennas. That is, 


came brea Whee 
Z.= = = { E, sin k(h — ||) dz. (6.136) 


For the half-wavelength dipole the electric field is given in Eq. 3.171 as 


e jkra 


e ikre 
E, = j301 ( al ), (6.137) 


ry ip) 


where the distances r, and r, are shown in Fig. 6.10 and are given by 


ry = [d?#+(h+2)]*%, (6.138a) 
ro = [a2 + (h — 2)?]%. (6.138b) 
Combining Eqs. 6.136 and 6.137 gives 
h e kri ejkr2 ; 
Zs = j30 ( + sin k(h — |z|) dz. (6.139) 
—h ry lg 


This expression can be integrated to give 
Zyy = 30(2E,,(—jkd) — E,y{—jk(@? + L4)4 + 1} 
— E,,{—jk{(@? + L*)% — L}}), (6.140) 


where E,,, is the exponential integral given by 


Ein(+ju) = C,(u) + jS;(u). (6.141) 
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The mutual impedance given by Eq. 6.140 is plotted in Fig. 6.11. For a 
half-wavelength dipole, Eq. 6.140 gives 


Zn = —-13—j29, d=L= (6.142) 


2 


N |X» 


so that the terminal impedance of the dipole is 


Z, = Zy, + Ze"? = (73 + j43) + (—13 — j29) 
= 60 — j14 ohms, Wy =O. (6.143) 
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Fig. 6.11 Mutual impedance of two parallel half-wavelength dipoles. (Reprinted by 
permission of the publishers from Ronald W. P. King, The Theory of Linear Antennas, 
Cambridge, Mass.: Havard University Press, Copyright, 1956, by The President and 
Fellows of Harvard College.) 


The gain of the two-element array can be determined by considering the 
power in each dipole. If the mutual impedance is represented in the form 


Z12 = |Zi9| e”, (6.144) 

then the power in antennas | and 2 is 
W, = |L,/)? [Ru + |Zy2| cos (% + Yo)], (6.145a) 
W., = |I2|? [Ros + |Zy2| cos (% — Yo)], (6.145b) 


and the total power into the two antennas is 


W = W, + W, = 2 WA [Ria + Pan COS & COS Wol, (6.146a) 
or 
W = 2|L|? (Ruz + Rig Cos Yo), (6.146b) 
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and the current into each element is 


6 a3 
Bee ee aa (Mea a cgren 
Ry, + Ry COS Yo 2(Riz + Ryz COS Yo) 


Combining Eqs. 6.130, 6.131, and 6.147 gives 


tas 2 cos ) 
lg 
Ww | 2 Bx (4 cos ¢ — 2) 


E(0, ¢) = >} 
? 2(Riy + Rig COS Yo) Pi 


sin 0 
(6.148) 
This is an expression for the radiated field in terms of the total radiated 


power. The current in a single half-wave dipole radiating the same total 
power is 


VY 
(a= (“) (6.149) 
Ruy 
and the field of the dipole with that same total power is 
7 cos 8 
w\4- ( 2 
E,(6, ¢) = (~) SSE 6.150 
a9, ?) R, ar (6.150) 


The ratio of the maximum value of the power density for the array and the 
dipole with the same total (and, hence, the same average) power is therefore 
the ratio of their gains. That is, 
eelRia cos? (ey 
Gy 2 (=) cms ales cae 
Gy Ey Ry + Rig COs Yo ; 
where ¢y is selected to maximize the cosine term. Then, for the half-wavelength 
in-phase elements with half-wavelength spacing, 


(6.151) 


G3; = 1.64, (6.152a) 
Ry = 13 ohms, (6.152b) 
Ry + Ry = 60 ohms, (6.152c) 


and 
we A713) 64) o 
= seat = 


It is possible, theoretically, to increase the gain of an array to some 
arbitrarily large value by increasing the number of array elements and 
decreasing their spacing. Such an array is called a supergain array. Consider 
the half-wavelength spaced, uniformly illuminated broadside array whose 
mapping from the z plane to the space angle @ is illustrated in Fig. 6.2. 


G 4 (6 db). (6.153) 


a 
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For the uniform array the roots of the array polynomial are equally spaced 
around the unit circle of the z plane. The mapping from the array angle yp 
to the space angle @ is illustrated in Fig. 6.4, where the origin of the semi- 
circle coincides with the origin of the array angle axis for no progressive 
phase delay across the aperture. Then, suppose the z plane is transformed 
into the 2’ plane with the array angle y’ equal to y/2. For this case all the 
roots of the array polynomial are moved to the right half-plane of Fig. 6.2b. 
If the element spacing is reduced from one-half wavelength to one-fourth 
wavelength, the mapping of Fig. 6.4 remains unchanged, except that the 
array angle axis yw is scaled by a factor of two, so that the visible range 
extends from —7/2 to +7/2. For this case the angle 6 between the half- 
power points remains unchanged, although the array length has been 
reduced by a factor of two. Then, if additional elements are added to the 
array to increase its length to the original aperture dimension, and the 
additional roots of the array polynomial are placed in the right half-plane 
of Fig. 6.2, the main beam of the function S(y) of Fig. 6.4 is approximately 
one-half as wide, so that the half-power beamwidth of the new array is 
reduced by a factor of two and the gain is increased by the same factor. 
The same process can be repeated by adding more elements and spacing 
them more closely together. However, the resulting array polynomial 
requires relatively large currents in the antenna elements and large stored 
fields on the antenna. In practice, resistive losses encountered with these 
large currents reduce the maximum realizable gain by reducing the efficiency 
and thus make supergain antennas somewhat impractical. 
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PROBLEMS 

6.1.1 Locate the roots in the complex z plane of the array polynomial for 
uniformly illuminated arrays of nine elements and ten elements and find the cor- 
responding space angles for half-wavelength spaced arrays. 

6.1.2 Plot the pattern of an end-fire array of five quarter-wavelength spaced 
elements: 

(a) with a progressive phase delay of 90°. 

(b) with a progressive phase dealy which gives maximum antenna gain. 

6.1.3 Use the Z transform method to find the locations of the nulls, sidelobes, 
and half-power point of a five-element, half-wavelength spaced uniform array. 


6.2 Unequally Spaced Linear Arrays 


An array which has received some attention is the unequally spaced 
linear array shown in Fig. 6.12. For an unequally spaced array of N identical 
elements the far field of Eq. 6.1 becomes 


NEE oe dkrn 
E(6, ¢) = f(9, 6) > a, ; (6.154) 
n=0 ie, 
where the distance from the nth element to the far field point is 
r= f 2, cos 0, (6.155) 


and z,, is the z coordinate of the nth element as shown in the figure. Com- 
bining Eqs. 6.154 and 6.155 gives 


e ik {i ; ; 
E(6, ¢) = £(9, 4) Dc eu hare, (6.156) 
ii —0 
and the associated polynomial is 
N-1 
SOY ae (6.157) 


n=0 
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an-1 


Fig. 6.12 Unequally spaced linear array. 


In terms of the complementary angle 


a= 5 Os (6.158) 
the associated polynomial is . 
N-1 
fone Sra, nie (6.159) 
n=0 


The exponentials of Eqs. 6.157 and 6.159 have the series expansions 


ei" COS O __ > fred. (an), (6.160) 


m=— oO 


gO ae te A), (6.161) 


where 
Uke. (6.162) 
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Combining Eqs. 6.159 and 6.161 gives 


Le Sut S ete (kes). 


Since f(«) is periodic in «, it can be expanded in the Fourier series 


if © = S ope a, 


where tera 
tn =5- | Seem de, 
275 
Then, from Eqs. 6.163 and 6.164, 
N-1 
= J I m( ken): 
n=0 
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(6.163) 


(6.164) 


(6.165) 


(6.166) 


Equation 6.166 gives the coefficients g,, of the Fourier series expansion of 
the far field pattern of Eq. 6.164 in terms of the element currents a, and the 
distribution of the elements along the z axis. By using the matrix notation, 


Eq. 6.166 is 
eal Rte) SAGE) PS iene Ie 
§1 Sy(kzo) Silky) +++ Sy(key_1) ay 
on J (k25) nd tice, eee ad (Ken) an-1 


Using Eqs. 6.157 aug 6.160 gives 


Oe She > mer J (kee), 


n=0 m==— 00 


Since f(9) is periodic in 6, 
f(9) eas » ee. 


where veer 
ae a coer = do: 
Qa —T 


From Eqs. 6.168 and 6.169, 
N-1 
n=0 


(6.167) 


(6.168) 


(6.169) 


(6.170) 


(6.171) 
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Another expansion for the exponential of Eq. 6.160 is 


ef% 088 — F (2m + 1)j"K m(u)P (cos 9), 
m=0 


where 
7 a 
K,(u) =a (=) Jit AW); 
2u 
is a spherical Bessel function. Combining Eqs. 6.157 and 6.172, 
oo) N-1 
f(9) = X 2m 4+ 1j"P (cos 9) > anK n(ken)- 
m=0 n=0 
Since f(@) has the cosine symmetry 
FAUD A eA edi)t 
fe= Vaya), 


it can be expanded in a series of Legendre polynomials as 


f(0) = ¥ 2m + 1) d,P,(cos 6), 


where 
aes : | £(6)P,,(cos 6) sin 6 d6. 
0 


Combining Eqs. 6.174 and 6.176 gives 


N-1 
dn =D AnK m( ken): 
n=0 


(6.172) 
(6.173) 
(6.174) 


(6.175a) 
(6.175b) 


(6.176) 


(6.177) 


(6.178) 


The array factor for the unequally spaced array of isotropic elements is 


5(0) = f(0) f*(0) = ¥. YS On + YOQm + 1) dy dn*P,(cOs 6)P,,(cos 6). 


The total radiated power is proportional to 


20 (ar 7 
W -| [ S(6) sin 6 d6 dé = 2n| S(@) sin 6 dé. 
0 0 0 
Since the Legendre functions have the orthogonality property, 


| P,,(cos 6)P,,(cos 6) sin 0 d@ = aaa Dear 
0 2m + 1 


where 


(6.179) 


(6.180) 


(6.181) 


(6.182) 
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Eq. 6.180 becomes 
W => (2m + 1) |d,,|°. 
m=0 


The array factor of Eq. 6.179 can also be found using Eq. 6.157 as 


N—1 N-1 
S(8) = f(0)f*(8) = >) > G ante = cos a 

where Sea sara 
z 


nm — &n — ®m: 


Combining Eqs. 6.180 and 6.184 gives 


N-1 N-1 
7) ad |e eeaee Sein) Ord O) 


n=0 m=0 


This integral can be written as 


Foy si 2 sin kz 
| eikenm cos 6 sin 6 do ao e tkenmy dy = , a pee ML ; 
0 al kz 


nm 


so that Eq. 6.186 is 
N-1 N-1 


W=47> 2 An4m Seruen 


n=0 m=0 aan 


sin k2,m 
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(6.183) 


(6.184) 


(6.185) 


(6.186) 


(6.187) 


(6.188) 


The directivity of the array can be found from Eq. 6.36. From Eq. 6.157 


2 N—1N—1 


N-1 
S(Omax = $0) =] Yan) = SE Anan 
and 
Ww N-1 N-1 in k 
S(@)av ee Te » > Cas SI Kam : 
4a n=0 m=0 kee 
and the directivity is 
N-1 N-1 
Souls Sgn SR Zahn 
S(Gyicm ban eae PSI? 
andy 
2, 2, Kee 


(6.189) 


(6.190) 


(6.191) 


Progressive phase delay can be used to move the beam of an unequally 
spaced array just as it is used for the equally spaced linear array. For the 
unequally spaced array the phase required at the nth element to tilt the beam 


to the angle 0, is 
On ke COs Uy. 


and the polynomial of Eq. 6.157 is 


Lup ee 3 a, exp [jkz,(cos 8 — cos 6,)]. 


(6.192) 


(6.193) 
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PROBLEMS 

6.2.1 Plot the far field pattern of a seven-element linear array of point sources 
with the following spacing between successive elements: three-quarter wavelength, 
one-half wavelength, one wavelength, one-quarter wavelength, one and one- 
quarter wavelengths, three-quarter wavelength. Plot the patterns of a ten-element 
half-wavelength uniformly spaced array and a seven-element, three-quarter wave- 
length uniformly spaced array and compare these with the nonuniformly spaced 
array. 

6.2.2 What is the gain of each of the antennas in Problem 6.2.1? 


6.3 Circular Array 


The circular array consists of elements arranged in a circle as shown in 
Fig. 6.13. The currents in these elements are given by 


a, = A,et*. (6.194) 


If these N elements are equally spaced around the circle as shown in the 
figure, the azimuth angle of the nth element is 
27 
a, 6.195 
b= (6.195) 
For isotropic elements the far field of this circular array is given from Eq. 
6.1 as the sum 


eikrn 


f(6, 6) = Sa, 


(6.196) 


rn 


where r, is the distance to the far field from the nth element. From the 
geometry of Fig. 6.13, 


r, ~r — Reos(¢ — ¢,) sin 8, (6.197) 
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where R is the radius of the array circle, so that the far field is 


JO, 4) =A, exp {jle, — kR sin 6 cos($ — ,))}, (6.198) 


where the factor depending on the distance to the far field point (e’*”)/r has 
been omitted. For a uniform array in which all elements have equal ampli- 
tude (unity) currents 


N 
f(6, 6) = > exp {ilx, — kR sin 6 cos (¢ — ¢,,)]}. (6.199) 


Zz 


Fig. 6.13 Circular array. 


For the peak of the main beam to occur at the angle in space (4, ¢y), the 
exponent of Eq. 6.199 must be zero at that angle. This is accomplished 
by choosing the phase of the antenna currents so that 


a, = kR sin 6) cos (45 — ¢,). (6.200) 
Combining Eqs. 6.199 and 6.200 gives 


N 
f(0, 6) = > exp {jkR[sin 0) cos (do — ¢,) — sin 6 cos (¢ — ¢,)]}. (6.201) 
n=1 
Then, defining the space angle py by 
sin 6 cos ¢ — sin 9, cos do 
V4? 


[(sin 6 cos d — sin 6) cos ¢o)* + (sin 6 sin ¢ — sin 6) sin do)"] 
(6.202) 


cos y = 
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and scaling the radius of the array gives 
p = R{(sin 8 cos ¢ — sin 4) cos $o)* 
+ (sin 6 sin ¢ — sin 0) sin ¢,)"]*. (6.203) 
The far field of Eq. 6.201 is 


N 
Viet ee (6.204) 
n=1 


where the factor 1/N is added to normalize the far field to unity at the peak 
of the main beam. 

There are some important special cases that can be analyzed. First, 
consider an array with a large number of elements. For this case 


N— © (6.205a) 
bn—> (6.205b) 
Ad, = a) (6.205c) 
By using the results of Eq. 3.338, the far field is 
2 
f= at { gee dd = tak p): (6.206) 
27 Jo 


For a finite number of elements the exponential of Eq. 6.204 can be written 
using the expression 


eiusin® — tu) + > [er + (—fymem™, (us). (6.207) 
Converting to the angle, bil 


v=Bpt 53 (6.208) 
gives 
er Fucosy — F.(y) + 3(- ymeim + e-™)T,,(u) (6.209) 
or 
ge Fe eOR Yee J p(t iti > (=" cos mvJ,,(u). (6.210) 


Using the results of Eq. 6.200 with Eq. 6.204, gives 


00 N 
Aly) = Jolkp) += (—H)"Inlkp) cos my — $9). (6.211) 


The first term is the field of an infinite number of elements, and the 
summation can be interpreted as a correction for the finite number of 
elements. From Eq. 6.135, 


2 2 Qnn cospNy, p=0,+1, F255, 
> cosm(y — ¢,) = > cosm| y _ zn) -| 
aoe ae N 0 for all other p, 
(6.212) 
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where 
Ae (6.213) 
fe ; 
Thus Eq. 6.211 becomes 
Fp) = Jo{kp) + 23-1)" pykp) cos pNy. (6.214) 
— 
For arrays with even and odd numbers of elements, respectively, 
f(y) = Jo(kp) + 2> J,y(Kp) cos (z ~ v)pn], N even, (6.215) 
p=1 


Fl) = Iulkp) + 23 Jagndkp) cos | (2 — vy) pw] — 32.3 Jeeninn(ke) 


x sin (2 is ») (2p + yy], N odd. (6.216) 


Consider next a special case of the circular broadside array designed to 
give a main beam along the z axis. For this case 


0 = 0; (6.217a) 
ic, (6.217b) 
p= "o, (6.217c) 
p = Rsin 0. (6.217d) 


Then, Eqs. 6.215 and 6.216 become 


£(9, 6) = JKR sin 0) + 2ST w(kR sin 0) cos [(Z — )pn], N even, 
(6.218) 
S(O, 6) = J(kR sin 0) + 23 Joyy(kR sin 0) cos (2 _ $)pN| 


— j2> Jiepsayn(KR sin 9) sin (2 — 4) (2p + py], N odd. (6.219) 
p=1 


Another special case is the array which points the main beam in the 
horizontal plane. For this case 


0) = (6.220) 
The pattern in the principal horizontal plane (z = 0) is found by letting 


: (6.221) 
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so that Eq. 6.202 gives 


siehihB ‘4 Po (6.222) 
Also, from Eq. 6.203, 
p = 2Rsin ¢ - bo (6.223) 


so that Eqs. 6.215 and 6.216 become 


f(P) = J4(24R a ee ts) qd 3 Jon (2kR sin ta) 


2 
X cos Aen Neven, (6.224) 


(4) = Jo(24R sin $= #0) 4. 25 Jay (24R sin $= 4) 


X Cos Pee) + j2 SJeonsvn( 2k sin 2 = fe) 


x sin [22+ Dna oy 


I. N odd. (6.225) 


Again, for a large number of elements, the far field is given approximately 
by 


f(g) = J(2kR sin b— 4) (6.226) 


oa 9 
OFS 


ip) 
(2) 
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0.5 


Beamwidth in plane of array, in degrees 


Ou Ok = Oy oy HO) 220) 2 SO) 100) 
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Fig. 6.14 Beamwidth of circular array. 
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The half-power beamwidth © is given by 


eo 1 
J,(2kR sin 2) i (6.227) 
and the beamwidth between nulls ©, is given by 
ay Gs 
J,(2kR sin on) ==): (6.228) 


The results of Eqs. 6.227 and 6.228 are plotted in Fig. 6.14 as a function 
of the array circle radius in wavelengths. Numerical calculations show that 
Eq. 6.226 is a good approximation when R = 4/2 and N > 9, which cor- 
responds to a spacing between elements of A/8 or less on the array circle. 
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PROBLEMS 
6.3.1 Plot the far field of a uniformly illuminated circular broadside array 
with ten half-wavelength spaced elements. 
6.3.2 Design a circular array of point sources with ten elements to give a beam 
in the plane of the array. 
6.3.3 Design a circular array to give a broadside beam with 15 db directivity. 
Compare this array with a linear array having the same directivity. 


6.4 Planar Array 


A planar array is a two-dimensional distribution of antennas located in a 
plane, as shown in Fig. 6.15. From Eq. 6.3, the contribution in the far 
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z 


Oay-1,m O4n-1, M-1 


Fig. 6.15 Planar array. 


field due to the array on the z axis is 


N-1 
FAS Dia wearer, (6.229) 
n=0 
where s, is the spacing between elements in the z direction, a, is the current 
in the mth element along the z axis, and 6 is the angle from the z axis to the 
far field point. Equations of this form can be used as element patterns of 
an array of elements along the y axis if the antenna elements are distributed 
along lines parallel to the y and z axes as shown in Fig. 6.15. For the array 
of elements along the y axis, 


M-1 
FO, B) = & fn(Oemn *?, (6.230) 


where s, is the spacing between elements in the y direction, 8 is the angle 
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from the y axis to the far field point, and the coefficients are given by Eq. 
6.229 as 


N-1 
Fim(9) es p> digo eA cos u (6.231) 
n=0 


so that the far field is proportional to 
N-1 M-1 


£6, B) = > > anm exp Lik(ns, cos 0 + ms, cos f)]. (6.232) 


For equal spacings in both directions 


Sime Ses (6.233) 
and the far field is 
N-1 M-1 
f(9,B) = > > anm exp [jks(n cos 6 + mcos f)]. (6.234) 
n=0 m=0 


If there is progressive phase delay across the array in both directions, 
ate a a ia Aa (6.235) 


where y, and y, represent the progressive phase delay in the y and z direc- 
tions, and 


N-1 M-1 
nas) = x x Anm exp {jk[n(s cos 6 — y,) + m(s cos B — y,)]}. 
(6.236) 


If the peak of the main beam is pointed in the direction (6o, By), then f(6) 
is a maximum at 
SCOS I) — y, = 0, (6.237a) 


S COS By — yp, = 0. (6.237b) 
Combining Eqs. 6.236 and 6.237 gives 


N-1 M- 
(8, B) = » <a Ax eiks(nuztmuy) (6.238) 
n=0 m=0 
where 
u, = cos 8 — cos 6p, (6.239a) 
u, = cos B — cos fp. (6.239b) 


From Fig. 6.15 it can be seen that the direction cosine f is related to the 
spherical coordinates (0, ) by 


cos 6 = sin 6 sin ¢. (6.240) 
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For a uniform array, A, = 1 in Eq. 6.238 and 
N-—1 M—-1 


[OB =D See; (6.241) 


n=0 m=0 
which can be rewritten as 


ron-[Snn] 
From Eq. 6.24 this is 
10, 6) =| 


M 


=I 
S aor (6.242) 


m=0 


vee [so ths?) (6.243) 


N sin (ksu,/2)1LM sin (ksu,/2)1° 


As in the case of the linear array with many elements, the planar array can 
be approximated by 


sin v, \ (sin v, 
f(0, By = (22%) (2%), (6.244) 
Vy v, 
where 
vy, = ae (6.245a) 
2 
eee a (6.245b) 


Amplitude curves for the uniform array in v-space are given in Fig. 6.16. 
Since the contour for the half-power level is approximately a circle, it occurs 
at 


Lyk 
i, = 139 = sae (6.246) 
or 
i Bybee (6.247) 
ci Bs 
and the half-power beamwidth is 
ge eee radians, (6.248) 
L,|A 


where L, is the aperture length in the y direction. 

It is convenient to use a graphical model of the planar array in a manner 
similar to the model of Fig. 6.4 to show the relationships between array 
spacing, beam position, and the occurrence of multiple main beams. For 
the planar array the graph i is the T-plane which is a complex representation 
of the direction cosines given by 


T = cos 8 + jcos 0 = sin 6 sin ¢ + jcos 0. (6.249) 
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This plane is shown in Fig. 6.17. From Eq. 6.232, the main beam, with no 
phase shift across the aperture, occurs at 


Ks, cos B = 2pr, p= Onl, £2,2.., (6.250a) 
ks, cos 0 = 2qz, g = 0, +1, +2,.:., (6.250b) 
or 
Pp 
COStG =a, ip 0 eee (6.251a) 
s,[A 
Goo eat ro lipase (6.251b) 


Contours at 1/10 intervals as indicated 


Fig. 6.16 Equal amplitude contours of planar array. 


The visible region in space corresponds to the interior of the unit circle in 
the T-plane. Then, scanning the beam off broadside, away from the = axis, 
corresponds to shifting the center of the visible circle in the T-plane to the 
point 

Ty) = cos By + j cos 9p. (6.252) 
Figure 6.17a shows the case of one wavelength spacing in both directions. 


Note that there are four end-fire beams for this case at 


cos 6 = +1, (6.253a) 
and 
cos 0 = +1, (6.253b) 
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T-plane 


cos B 


T-plane 


cos 6 


Fig. 6.17 Graphical representation of planar array coverage (elements spaced one wave- 
length apart in both directions). (a) Main beam normal to array. (6) Main beam moved 
60 degrees in both directions. 
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which gives main beams at (6, f) = (0,0) and at (7/2, 7/2), (7/2, —7/2), 
(0, ¢) and (7, ¢). Figure 6.17b shows the position of the same lobes when 
the beam is shifted to (fo, 69) = (7/3, 77/3). 
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PROBLEMS 
6.4.1 Design a square planar array of dipole antennas to give 33 db directivity. 
Plot the principal plane far field patterns. 
6.4.2 Construct the T-plane representation of a half-wavelength spaced array 
and a three-quarter wavelength spaced array and indicate the region in which the 
beam can be steered without introducing additional main beams. 


6.5 Spherical Array 


A spherical array is an array of antenna elements distributed on the 
surface of a sphere. Using the superposition principle, as was used in 
Section 6.1, the far field of the spherical array is 


N 
EO, $) => dnfa(Os #) 


where a,, is the current in the nth element, r, is the distance from the nth 
element to the far field point, and f,(6, 4) describes the variation of the 
element pattern in space. If the angle in space between the radius vector 
to the far field and the radius vector to the nth element is denoted by the 
¢,, aS Shown in Fig. 6.18, 


(6.254) 


efktn 
Ly 
rn 


r, =r — Roos £,,. (6.255) 
Combining Eqs. 6.254 and 6.255 gives 
eikr N ; 
Onde ant (On pene ors. (6.256) 
r n=1 
The unit vector in the direction of the far field point is 
a, = a,sin#cos¢ + a, sin 6 sin ¢ + a, cos 0. (6.257) 


The unit vector in the direction of the nth element is 


ar, = a, sin 0, cos d, + a, sin 0, sin d, + a, cos 0,, (6.258) 
so that 


cos , = a,‘ ap, = Sin 6 sin 6,, cos ¢ cos ¢, 
+ sin 0 sin 0, sin ¢ sind, + cos6cos6,, (6.259) 
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nth antenna element 


Direction of 
main beam 


Fig. 6.18 Spherical array geometry. 


or 
cos ¢,, = sin 6 sin 0, cos (¢ — ,) + cos 6 cos 6, (6.260) 


In terms of the direction cosines «, 6, and 6 from the z, y, and z axes re- 
spectively, 


a, = a,cos« + a,cos fp + a, cos 8, (6.261) 
Arn = a, Cosa, +a, cos B, +a, cos 6,, (6.262) 

and 
cos ¢,, = cos «cos «, + cos 6 cos B,, + cos 6 cos 6,,. (6.263) 


If the feeding coefficients are complex, they can be represented as 
Ga Age (6.264) 
The element factor can also be represented in complex form as 


InO, $) = FA, pen O*™ (6.265) 
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From Eqs. 6.256, 6.264, and 6.265, the far field is proportional to 


N 
n=1 
where 
Yn = Vn + Yn’ (6.267) 


The contribution of the element pattern at the angle (9, ¢,) can be written 
as 


Tek Corpo) Solin Cts (6.268) 
so that the far field at (6, 49) is 
400s $s) = 3 AnFan xP [JER 6054 — Yuadh —_(6:269) 
where 
Yno = Yn + Pro (6.270) 
For the peak of the main beam to occur at (9p, 9) 
Yno = KR os C,(, Po); (6.271) 


and the far field is then 


N 
f(O, $) = > AnF nO, p) exp {—j[KR(cos C9 — cos.) — ¥,]}, (6.272) 
where im 


C20 = Sn(9o, bo), (6.273) 
Pn = Pn — Pro (6.274) 
For the special case of isotropic elements f,,(0, ¢) = 1 and 
N 
f(, d) aa: > eles exp [—jkR(cos (4 — COs oye (6.275) 
n=1 


and the phase of the nth element is selected so that 
Di == KR COS Cy a: (6.276) 


Because of the large number and complexity of calculations required to 
obtain patterns for spherical arrays, digital computers are often used for 
this purpose. 

REFERENCE 
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6.6 Cubic Array 


A cubic array is a three-dimensional array of antennas located at the 
intersections of planes perpendicular to the x, y, and z axes as shown in 
Fig. 6.19. If these planes are spaced so that their separation is constant 
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Fig. 6.19 Cubic array. 


along each principal axis, then each planar array which is perpendicular to 
the x axis has a far field given by Eq. 6.232 as 


N-1 M-1 
f(, B) = > Dd anno exp Lik(ns, cos 6 + ms, cos B)], (6.277) 
n=0 m=0 
Where dno is the current in the mnO0 element, s, and s, are the spacings 
between the elements in the y and z directions, respectively, and B is the 
angle from the y axis to the ray to the far field point. For an array of antennas 
along the x axis the far field is 


P-1 
F(a, 0) = 2, TCO. Byer an. (6.278) 


where s, is the spacing between elements in the x direction and « is the 
angle from the x axis to the ray to the far field point. For the cubic array 
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the element pattern is the pattern of the planar array, and Eqs. 6.277 and 
6.278 can be combined to give 


M-—1 N-—1 P-1 


f(a, B, 0) = > > > Imnp 


m=0 n=0 p=0 
x exp [jk(ps, cos « + ms, cos B + ns, cos @)]. (6.279) 
If there is progressive phase delay across the aperture to point the beam, 
the feeding coefficient can be written as 
Amnp = Amn EXP [—JK(pPs + mp, + ny,)], (6.280) 
where ,, y,, and y, are the progressive phase shifts in the x, y, and z direc- 
tions respectively. Substituting Eq. 6.280 into Eq. 6.279 gives 


M—1 N—1 P— 


f (8,0) = 2, >, > Amny &XP {Jk[ p(s, Cos % — pz) + m(s, cos B — y,) 
Eats + n(s,cos6 — y,)]}}. (6.281) 


If the peak of the main beam points in the direction (a, Bo, 0), f(«, B, 9) is 
a maximum at 


S, COSa — y, = 0, (6.282a) 

s,cos B — y, = 0, (6.282b) 
and 

s,cos?—y, = 0. (6.282c) 


Combining Eqs. 6.281 and 6.282 gives 


M—1 N—1 P-1 


f(%,B,9)= Y DY DY Anny &xP [ik(Ps_U_ + msyuy + ns,u,)], (6.283) 


m=1 n=1 p=1 


where 
U, = COS & — COS %&, (6.284a) 
u, = cos 8B — cos fo, (6.284b) 
u, = cos 0 — cos 6). (6.284c) 
For an equally spaced uniform array, | 
fe Al ha bE. (6.285a) 
and 
Avni =o (6.285b) 
so that the far field of Eq. 6.283 is 
M-1 N-1 P-1 


f(%bB, => DY DYexp[jks(pu, + mu, + nu,)], (6.286) 


m=1 n=1 p=1 


which can be written as 


10.0) = (‘Semmes ("Semon (Semon). (e287 


m n=1 
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This has the same form as the far field of the planar array of Eq. 6.242. 
By methods similar to those of Section 6.4, the far field can be simplified 
to the expression 


Hee = iy = 4 fe 4 . (6.288) 
i. v v, 
where : 
Pk 
v, = a (6.289a) 
Mksu 
= 5 z (6.289b) 
Nk 
pte a (6.289¢) 
REFERENCES 


Schelkunoff, S. A., ““A Mathematical Theory of Linear Arrays,” Bell System 
Technical Journal, January 1943, pages 88-107. 

Thompson, W. T., “Development of the General Antenna Array Equation,” 
Journal of Applied Physics, May 1944, pages 420-422. 


PROBLEM 


6.6.1 Design a half-wavelength spaced cubic array to give 33 db directivity 
and plot the principal plane patterns. 


CHAPTER / 


Reflector Antennas 


Higher gain can be achieved by a reflector-type antenna than with a 
simple wire or slot antenna. With this type of antenna, the radiation from 
a relatively low gain dipole, slot, or horn is directed at a relatively large 
conducting surface. The low gain source is called the primary aperture 
and the larger reflector is called the secondary aperture. Reflector antennas 
can be analyzed by analyzing the radiation from currents in the secondary 
aperture without regard to the manner in which these currents are produced. 

This chapter analyzes the radiation from plane, corner, paraboloidal, 
Cassegrainian, cylindrical, doubly curved, spherical, toroidal, passive 
reflectors, and from reflector-type array antennas. 


7.1 Plane Reflector 


A plane reflector which is extremely large in terms of wavelengths can be 
analyzed as an infinite conducting plane. For this case assume that a plane 
wave is incident on an infinite conducting plane placed in the x = 0 plane. 
The coordinate system can be rotated so that the direction of the plane 
wave ¢ is in the z = 0 plane as shown in Fig. 7.1. The electric field of this 
incident wave can be written as 


E, = Ege, (7.1) 
where y, is the propagation constant of the plane wave traveling in the ¢ 


direction. Ignoring the harmonic time dependence, and writing the propaga- 
tion constant in terms of its and y components, gives 


E, = Eye Fat vi", (7.2) 


Similarly, the electric fields of the waves reflected from and transmitted 
through the reflector are 


Ey = Lor exp iO os Vur¥ a Vor) (3) 
Ey = Eo: XP [JV net + yey + ¥22)), (7.4) 


where the z component of the propagation constant, y, accounts for propaga- 
tion in the z direction. 


289 


290 Reflector Antennas 


As a first example, consider the horizontally polarized wave illustrated 
in Fig. 7.1. For this case the electric field vector is parallel to the plane of 
the reflector. Then, since the tangential components of the electric field 
must be continuous, Eqs. 7.2, 7.3, and 7.4 can be combined at the x = 0 
plane to give 

E,+ £,=£, «= 0, (7.5) 
or 


| ae | NE = Ee (7.6) 


2 


Fig. 7.1 Reflection of plane wave, parallel polarization. 


Since Eq. 7.6 must be valid for all values of z, 

Ver = Vet = 0. (7.7) 
Similarly, since Eq. 7.6 must be valid for all values of y, 

Yui = Yur = Yate (7.8) 


If the propagation constants in the x > 0 hemisphere and « < 0 hemisphere 
are denoted by 7, and y,, respectively, then Eq. 7.8 can be rewritten as 


y, sin $; = 7; Sin ¢, = ye sin dy, (7.9) 
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where the negative x axis is used as the reference for measuring the angle 
of the transmitted wave ¢,, as shown in Fig. 7.1. This equation is a statement 
of Snell’s law, and the first two terms imply 


In other words, the angle of incidence equals the angle of reflection. The 
angle of the transmitted wave ¢, is also given by Eq. 7.9 as 


sa a es (7.11) 
sing; Ye 
The reflection coefficient at the « = 0 plane can be determined from the 
boundary conditions. At this boundary the tangential components of 
the electric and magnetic fields must be continuous. The equation for 
the electric field is Eq. 7.5, and for the magnetic field 


Hig + yy = Heyy. (7.12) 


These two equations can be divided to give 


E+E,  E& (7.13) 
Ay, ata Hy Hs, 
Or 
14+ E,/E, Dae (7.14) 


(ere) geal 


Then, defining the impedances in the x > 0 and x < 0 hemispheres as the 
ratios of the respective tangential components of electric and magnetic 
fields gives 


E, —E 

Z=—= ‘, (7.15a) 
Hy hes 
E! 

Z, = = (7.15b) 


Also, the reflection coefficient is the ratio of the reflected to incident electric 
fields. That is, 


E 
r=—., 7.16 
E, (7.16) 
Combining Eqs. 7.14, 7.15, and 7.16 gives 
14+T7 
—— = 7, dpe 
1 OF 2 (7.17) 
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which can be rewritten as 


ro Zy — Z, 
Ak ay oa 
These impedances can be found from Maxwell’s equations. That is, 
Apoicay Ica? 
GeO mh 
Vx E= —jopH=|— — =|’ 
ea Ox dy dz 
0. 0 E, 
where, from Eq. 7.2, 
Es pu Ee ett yyy), 
so that 
1 .0F, 52 — 
pure LEa we Bie E,. 


—j@ 

Tae di es 
Vel 

pe —jOps 
V x2 


Then from Fig. 7.1 
Yui = 71 COS $,, 
Ya = 71 Sin ¢;. 
Also, 
VP = Yon + Vya = Vag + Vy 
or 


Yas = (Yo? — Yiu)* = (y2? — yy? sin? 4,)%. 


Then Eq. 7.22 becomes 


Z.= bat od 
71 Cos ¢; 
—jio 
vag JO[s 


Gah Aap eS Fe a wna 
(ye" er yy" sin” $,)* 


y= Joy (Oy + jwe,), 
yo = JOU Og + Je). 


where 


(7.18) 


(7.19) 


(7.20) 


(7.21) 


(7.224) 
(7,220) 


(7.23a) 
(7.23b) 


(7.24) 
(Te 
(7.26a) 


(7.26b) 


(7.27a) 
(7.27b) 


If the 2 > 0 hemisphere is free space with zero conductivity, and the x <0 


hemisphere is perfectly conducting with infinite conductivity, then 


V4 
pee fish o, = 0, 
e,/ Cos ¢, 


Z, = 0, Og = ©, 


(7.28a) 


(7.28b) 
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so that the reflection coefficient of Eq. 7.18 is 
T= —1,. (7.29) 


The minus sign, according to the definition of Eq. 7.16, indicates a reversal 
in phase of the electric vector upon reflection. 


z 


Fig. 7.2 Reflection of plane wave, perpendicular polarization. 


Next, consider the case of the vertically polarized wave illustrated in 
Fig. 7.2, where the electric vector is in a plane perpendicular to the z axis. 
For this case the impedances can be found by using 


Vx H= (0+ jwe)E = AD) x , (7.30) 
Ox Oy dz 
Oee.05 4H: 
where 
H, = Hye Met", (7.31) 
so that 
—1 OH 
Ee EE eat (7.32) 
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For vertical polarization the ratios of the tangential components of the 
fields are 


to —E 

Ze ee ee ey (7.33a) 
A, A, 01 + Joey 
E 

Tp! ee (7.33b) 
AH, 62+ jwe, 


Combining Eqs. 7.23, 7.25, and 7.33 gives 


7 ee (7.34a) 
0, + Jwe, 
2 ops Os \4 
De a= (V2 Vil 2 ) ’ (7.34b) 
Og + JWEs 


Again, for the case in which the positive 2 hemisphere is free space and the 
negative x hemisphere is a perfect conductor with infinite conductivity, the 


Conducting screen in x = 0 plane 


Wave normals in 
z=0 plane 


Fig. 7.3 Image created by conducting screen. 


~ 
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impedances become 
73 
Z.= () Cos ¢,, o, =, (7.35a) 


boss ahi A aera (7.35b) 


and the reflection coefficient is 
I= —-1. (7.36) 


For both polarizations, the effect of the perfectly conducting screen is 
to create an image as shown in Fig. 7.3. An observer in the far field, looking 


Fig. 7.4 Dipole-reflector. 


at the reflected ray, is led to believe that the source is located along the 
reflected ray at a point Q, which is the image of the actual source located 
at the point P in the figure. 

One of the most common plane reflector antennas is the antenna consisting 
of a dipole mounted in front of a flat reflector shown in Fig. 7.4. 

If the plane reflector is a perfect conductor, then the electric field along 
the plane must be zero. This condition exists in the x = 0 plane of Fig. 
7.4 for the dipole mounted a distance s in front of the screen if an image 
dipole is located at a distance s behind the screen. In other words, the image 
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dipole is used to replace the screen and achieve a zero potential surface in 
the « = 0 plane. The electric field of the image dipole is out of phase with 
the electric field of the driven dipole as shown by Eq. 7.29. 

This antenna can be analyzed as a two-element dipole array, with the 
exception that the presence of the screen behind the dipole prevents radiation 
in the x <0 hemisphere. In actual practice, however, the screen is limited 
to finite dimensions, and some radiation exists behind the screen. The 
electric field of this equivalent two-element array is given in Eq. 6.148 as 


2Ww y 


eee 
Hn Ry + Ry: COS Yo 


cos (xs cos ¢ — Ye), 
(7.37) 


where W is the total radiated power, 6 and ¢ are the spherical coordinates 
of the far field point, R,, is the self-resistance of the dipole antenna, R,. is 
the mutual resistance between the two antennas; and yp, the phase lag 
between the two antennas, is 180 degrees. Since this antenna radiates into 
only one hemisphere, the current on the equivalent dipole required to 
radiate the same total power is 


V4 
I, = (| : (7.38) 
and the field of the dipole is 


(z cos *) 
wr 2 
E60) = (| ——————— |. 7.39 
() 2h sin 0 io) 


Since the expressions for the fields for the two antennas, in Eqs. 7.37 and 
7.39, have been adjusted to give the same total radiated power, the ratio 
of the gains of the two antennas is 


Ge Pee J * _ 4Ry sin? ks 


ee (7.40) 
Gy E,(7/2) Ry — Rie 


Then, because the gain of the half-wavelength dipole is 1.64, the gain of the 
half-wavelength dipole over a ground plane is 


_ 6.56R,; sin” ks 


G y 
Ry; — Ry2(s) 


(7.41) 


where the mutual resistance is a function of the element-reflector spacing as 
given in Eq. 6.140. A curve of gain as a function of spacing is given in 
Fig. 7.5. The self-resistance is the sum of the radiation resistance and the 
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loss resistance, as shown in Eq. 1.24. That is, 
R, = Ry are Rio => R,. oe Ry. (7.42) 


The effect of the loss resistance on the gain is also shown in Fig. 7.5. 
A plane reflector antenna can also be constructed by using wire grids as 
shown in Fig. 7.6. If the axes of the wires are perpendicular to the direction 
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Fig. 7.7 Transmission of plane wave through grid of parallel wires. 


of the electric vector of the incident wave as shown in Fig. 7.6a, the wire 
grid has relatively little effect on the wave, and most of the energy is trans- 
mitted through the grid. However, if the axes of the wires are parallel to 
the direction of the electric vector as shown in Fig. 7.6, the wires act as a 
reflector. For this case, the amount of energy transmitted through the wire 
grid depends on the diameters and spacings of the wires in wavelengths. 
The theory and calculations for wire gratings are somewhat involved and 
can be found in the referenced publications. The results for the parallel 
polarization of Fig. 7.6b are shown in Fig. 7.7. 


Corner Reflector 299 


REFERENCES 
Kraus, J. D., Antennas, McGraw-Hill Book Company, New York, 1950, pages 
324-238. 
Ramo, S., and J. R. Whinnery, Fields and Waves in Modern Radio, John Wiley 
and Sons, New York (Second Edition), 1953, Chapter 7. 
Skwirzynski, J. K., and J. C. Thackray, “Transmission of Electromagnetic Waves 
through Wire Gratings,” Marconi Review, Second Quarter, 1959, pages 77-90. 


PROBLEMS 
7.1.1 Derive the general expression for the reflection coefficient for horizontal 
polarization. 
7.1.2 Derive the general expression for the reflection coefficient for vertical 
polarization. 
7.1.3. Plot the far field pattern of a dipole in front of a lossy reflecting screen 
with a reflection coefficient ! = 0.5. What is the gain of this antenna? 


7.2 Corner Reflector 


The corner reflector antenna is formed by two planes meeting at an angle. 
A radiating element is placed near the intersection of these two planes in 
the corner as shown in Fig. 7.8. 


Fig. 7.8 Corner reflector antenna. 
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The corner reflector antenna can be analyzed, using the method of images 
as was done for the plane reflector, if the included angle of the corner is an 
integral submultiple of 7, that is, if the included angle is 


b=" n= 1,2,.... (7.43) 


The case n = | is the plane reflector discussed in Section 7.1. Cross sections 
of corners in the z = 0 plane for n = 2 and n = 3 are shown in Fig. 7:9. 
Positive and negative signs are included to indicate the relative phases of 
the currents in the elements and their images. 

For the 90 degree corner, the pattern due to the element and its image 
on the & axis is given by Eq. 6.130 as 


E,(6, ¢) = 2E,, cos (ks cos $); (7.44) 


(0) 


Fig. 7.9 Corner reflector cross sections. (a) 90 degree corner (n = 2). (6) 60 degree 
corner (n = 3). 
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Where is 0. Similarly, the far field due to the two images from the y axis 
is 

E,(6, @) = 2E,, cos (ks sin ¢). (7.45) 


Then, since the currents on the images on the y axis are out of phase with 
those on the x axis, the total far field is 


E(6, ¢) = Ey — E, = 2E, [cos (ks cos ¢) — cos (ks sin )], (7.46) 
where the field due to the dipole element, as given in Eq. 6.131, is 


ae (2 cos ,) 
2 (7.47) 


ari? sin 0 


If the mutual impedance between the dipole and the images on the x and y 
axes are denoted by Z,, and Z,,, then the voltage on the dipole is 


Vy, = 4 + Z1, — 2Z1,) = LZy. (7.48) 
The power into the ee is 
= ||? ReZ, = [)? (Ru + Rig — 2R1,), (7.49) 
and the FB ck current is 
W, 4% W V4 
ee a eae) ee C750) 
Ripka, 2Riy A(Ryy + IS 2Rj,) 


where W is the total radiated power. The far field can be written as 


ane (7 cos ") 
a 2 


W 
pre (ee 
?) Ry 1 Ri, pas 2Ry, 


sin 6 
x [cos (ks cos #) — cos (ks sin ¢)]. (7.51) 
Since this antenna radiates into only one quadrant, the current on the 


equivalent dipole required to radiate the same total power is 


W 
= : 19) 
cad Feat (7-52) 
and the field of this dipole is 
ae (? cos ‘) 
w \2 2 (7.53) 
E,(0) = |—— —___———_ | . 
4R,, sin 0 


Again, as with the plane reflector, the fields of the corner reflector and 
equivalent dipole have been adjusted to give the same total radiated power, 
and the ratio of the gains of the two antennas is then 


cn Ee oI = 4R,, cos” ks 


(7.54) 
Gy E,(7/2) Ry + IR ees Bae aR 
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and the gain of the dipole in the corner reflector is 


6.56R,, cos” ks 


che Faecal Loma asco (7.55) 
Ry + Ri, Pr 2Ryy 


The gain of the 90 degree corner reflector of Eq. 7.55 is plotted in Fig. 7.10 


together with the gain of the plane reflector and the gain of a 60 degree 
corner. 
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Fig. 7.10 Corner reflector gain. 


For the 60 degree corner the same procedures can be used to give the far 
field as 


EO, db) = 2E. sin (ks cos ¢) — sin ks cos (2 — 6) ] 


— sin ks cos (2 _ s)]}, (7.56) 


6.56R sin ks — 2 sin (2) 
; a D (7.57) 


Ryu = 2Ri,g + 2K Ry 


and the gain is 


G= 
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where the elements are numbered counterclockwise starting with the driven 
element as shown in Fig. 7.95 to obtain the appropriate subscripts. 

If the driven antenna has no loss, its radiation resistance is the real part 
of the terminal impedance, such as that given in Eq. 7.49 for the 90 degree 
corner. This radiation resistance is plotted in Fig. 7.11 for corner angles 
of 180 degrees, 90 degrees, and 60 degrees. 


160 


140 


pe) 
oO 


100 


D 
oO 


Radiation resistance, in ohms 
(oe) 
co) 


+> 
jo) 


ibe) 
(aa) 


°9 0.1 0.2 03 04 0.5 0.6 0.7 


Antenna-corner spacing, in wavelengths, s/A 


Fig. 7.11 Radiation resistance of corner reflector antennas. 


An analysis has also been developed for a corner reflector of arbitrary 
apex angle containing an infinitesimal dipole with arbitrary orientation and 
arbitrary location as illustrated in Fig. 7.12. By using the cylindrical co- 
ordinates (p,¢,z), the electric field components for the longitudinally 
polarized component Ej, are 


_ TOMS 
E cos (nu sin (nu 
x ae Jnu(kys)H yp) dh, (7.58) 
ib ky, 
Ey, =— 5; ae cos (nu¢’) cos (nu¢) i Fnalkys)H® (k,p)e™ dh, (7.59) 
1 n= 0 —o 


E 


a am > eqn cos (nug’) sin (nud) | “Takk HR kp e™ dh, (7.60) 
AY 1 1 0 
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z 


Fig. 7.12 Corner reflector with arbitrary apex and dipole angles. 


where 
295 
= ere (7.61) 
k, = (k? — h®)%, (7.62) 
T 
u=—, (7.63) 
1 


5 is the dipole-corner spacing and ¢, is the apex angle. These can be simplified 
to 


Ey, = ee cos” 0G,, (7.64) 
1 
wpe jkr 
bn oo $ z G,, (7.65) 
1 
— ope jkr 


sin 0 cos 0Gz, (7.66) 
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where 
G, = > «,e°7"*"!”) cos (nud’)Ji,,(ks sin 6), (7.67) 
n=0 
Gs NU — e-in74l) cog (nud’) sin (nud)Jn,(ks sin 0). (7.68) 
n=1 ks sin 0 


In spherical coordinates (r, 6, ¢), the fields are 


Eo res Gr (7.69) 
1 
— jkr ff) 
(Spy (yeti VE (7.70) 
dir 
A similar analysis for a vertically oriented infinitesimal dipole gives 
. —jkr —: 6 
Ey,= Rs ey (7.71) 
dyr 
where 
G=)> e’”" sin (nud’) sin (nu¢)J,,,(ks sin 8). (7.72) 
n=1 


If the peak of the main beam occurs at the angle (4, ¢o), the directivity 
can be written as 


4a |E(8o, Po)” 


D = a ad oo a a . (7.73) 
{ | |E(6, ¢)|? sin 6 dO dd 
—$1/2 J0 
For the vertical element this is 
OF? A) 2 
je ee 0 |G(Io, $o)| (7.74) 
| } |G(6, 4)|? sin? 0 d0 dd 
—91/2/0 
or 
Sop ) 2 
De san ~ 4u sin ar |G(8o, do) (7.75) 
> sin? (nud’)| Jny(ks sin 0) sin’ 6 d6 
n=1 0 
For small dipole-corner spacings, ks is much less than one and 
Sa “T(t 5) es Lee 
Dee cin Gr Git O)) eae 7.76 
Vo T(u ce 2) ( Po) o) ( ) 


This directivity is plotted in Fig. 7.13 for ¢’ = 4¢,. This directivity has a 
maximum at (05, 49) = (47, $¢,). For small apex angles, this reduces to 


De S(u ne ay, (7.77) 
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Fig. 7.13. Directivity of corner reflector with vertical dipole. 


For the horizontal element, the directivity is 
8u[lGi(o, do)|" + cos® A |Ga(p, o)"] 


Dy = 7/2 z > (7.78) 
J,(ks sin 6) sin 6 d0 + 4 > cos?(nud’) 
0 n=1 
7/2 
~ ( [(A — B)? + (A + B)* cos? 6] sin 6 dé 

where ‘ 
A = J,,,-1(ks sin 6), (7.79a) 
B= J,,41(ks sin 6). (7.79b) 

For ks « 1 and ¢, < 7/2, 
Dy © 3u sin? 65, (7.80) 

which has a maximum at 6) = 7/2 of 

Dy = 3u. (7.81) 


This is equivalent to the directivity of the loop of Eq. 3.353. The gain of 
the loop or the equivalent horizontal dipole in a corner is plotted in Fig. 
7.14. 
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Fig. 7.14 Gain of corner reflector with horizontal dipole. 


The radiation resistance can be found from the field and the directivity, 
in terms of the radiation resistance of a short dipole Ry. That is, for equal 
currents in the two antennas, 

R, — Well’ _ Wr _ DolEl 


(7.82) 
Ro Wrglo ® Wa WDE, 


where the subscript 0 refers to the dipole having an electric field given by 
Eq. 3.25b as 

aE me a 

join aay. Wal ha eae ea (7.83) 


4nur 


and a directivity given by Eq. 3.30 as 
Dy = 1.5. (7.84) 
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Combining Eqs. 7.71, 7.72, 7.74, 7.83, and 7.84 gives 


= = = 6u >) sin? (nud’ JA Se gee sin 0) sin? 6 dé. (7.85) 
0 n=1 


For small element-corner spacings this ye to 


Pe (Ks) Get) 
yh, ea sealed ea ae : 
R, TUDE 4+ 25)” ks < 3(u + 1). (7.86) 


Similarly, from Eq. 7.68, 7.70, 7.78, 7.79, 7.83, and 7.84, 
tg aul [dks sin 0) sin 6 dO + LY cos" (nu¢’) 

x [ "(A — BY’ + (A + B)*cos? 6] sin 6 as} (7.87) 
For a small dipole-corner spacing this reduces to 


ks¥ d 
Rt ~ ou(#) k 2(u — 1.5); (¢ =” 7.88 
R, Uu 5 << (u ) di <7, ¢ 5 ( ) 


If the dipole is oriented at some arbitrary angle « to the z = 0 plane, 
the components of the current are 


In = I cos «, 


(7.89) 
Ip = Isin o, 
the power for each component is 
Py = I’Ry cos? «, (7.90a) 
Py = PR, sin? «, (7.90b) 
and the total power is, by superposition, 
P=Py+ Py = J/*(Ry cos? « + Ry sin? «), (7.91) 
so that the radiation resistance is 
R, = Ry cos* « + Ry sin? «. (7.92) 
Similarly, the directivity can be written as 
Dypele te (7.93) 
Py + Py 
or 
nee Dy,Ry cos’ « + DyRy sin” « (7.94) 


Ry cos’ « + Ry sin? « 
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If the apex angle #, can be adjusted so that the horizontal and vertical 
components are in phase quadrature, then the angle « can be adjusted for 
equal amplitudes to give circular polarization. For equal amplitudes the 


two terms in the numerator of Eq. 7.93 must be equal and 


PyDx = PyDy, 
or, from Eq. 7.90, 
RyDyr cos” a Ry Dy sin2 Qa, 


so that the element inclination angle is 


a = tan’ ee 
RyDy 
y 
@- aN ——@) Sag 


om 


AS 
a 


ra 


(6) 


(7.95) 


(7.96) 


(7.97) 


Fig. 7.15 Dipole images for 90° reflector. (a) Vertical components. (6) Horizontal 


components, 
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Fig. 7.16 Directivity and radiation resistance of circularly polarized corner reflector. 
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the directivity for circular polarization is 


2 


oi Soregeeres sperms (7.98) 
1/Dz + 1/Dy 
and the radiation resistance for circular polarization becomes 
rt 1[D 
= sine a ar (7.99) 


ATR Dae 1/Ry Dy 


The quadrature relationship required between horizontal and vertical 
components, which is necessary to achieve circular polarization, exists for 
corner reflectors with apex angles of 90 degrees or submultiples thereof. 
This quadrature relationship can be demonstrated by using the method of 
images. These images are illustrated in the z = 0 plane in Pigsyelo or Lie 
field due to the vertical components along the « axis is given in Eq. 7.46 as 


Ey = 2E cos ks — 1). (7.100) 
Combining Eqs. 7.90 and 7.100 gives 
Ey = 21 sin a(cos ks — 1). (7.101) 


From Eq. 6.130, the two out-of-phase horizontal elements on the x axis 
have a far field given by 
Ey = j2E, sinks, (7.102) 


where the j factor is necessary to give the horizontal component the same 
phase reference as the vertical component, based on the analysis of Eq. 
6.48. Combining Eqs. 7.90 and 7.102 gives 


Ey = j2I cos «sin ks, (7.103) 
and the ratio of the horizontal to vertical components is 
Ey _ —ftan « eo oe ) (7.104) 
Ey sin ks 


Thus circular polarization is possible as long as the spacing is not such 
that either of the components vanishes. The gain and radiation resistance 
for circular polarization given in Eqs. 7.98 and 7.99 are plotted in Fig. 7.16. 
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PROBLEMS 

7.2.1 Plot the principal plane far field patterns of a 90 degree corner reflector 
antenna fed by a dipole. 

7.2.2 Plot the principal plane far field patterns of a 60 degree corner reflector 
antenna fed by a dipole. 

7.2.3 What is the power received from each of the above corner reflector 
antennas at a distance of 1 km, if the dipole radiates 1 watt at a wavelength of 3 
meters ? 

7.2.4 Derive the expression for the far field of a 45 degree corner reflector. 
Plot the far field pattern of this antenna and determine the gain. 

7.2.5 Repeat Problem 7.2.4 for a corner reflector antenna with a 30 degree 
corner angle. 


7.3  Paraboloidal Reflector 


A paraboloidal reflector is a surface of revolution formed by rotating a 
parabola about an axis perpendicular to the parabola at its vertex. A 
paraboloid, symmetrical with respect to the x axis, with its vertex at the 
origin, is shown in Fig. 7.17. The equation of this paraboloid is 


r? = y2 + 22 = 4Fr, (7.105) 


where F is the focal length of the paraboloid. In terms of the spherical 
coordinates (p, y, ¢) from the focal point shown in Fig. 7.17, the equation 
of the paraboloid is 

2F 


St ei sec (7.106) 
1+ cosy 2 


p 
A section of the paraboloid in the « = 0 plane is shown in Fig. 7.18. 
Consider a ray from the focus which strikes the parabola at the point (a, ;). 
The slope of the reflector can be found by differentiating Eq. 7.105 for z = 0. 
This is 
Sad oat ema! Gee (7.107) 
dx y 
The tangent to the point of reflection intersects the x axis a distance a behind 
the vertex, which can be found from 


CP = SS SS So (7.108) 


Paraboloidal Reflector 313 


Fig. 7.17 Paraboloidal reflector. 


or 
a = %y. (7.109) 


Also, the length of the ray from the focus to the parabola is 
pi = [((F — 1)? + y2]4 = (F? — 2Fe, + 22 + 4Fx)4% = F+a,. (7.110) 


Since the length of this ray is the same as the distance along the 2 axis from 
the focus to the intersection with the parabola tangent, triangle A,B,F is 
an isosceles triangle and the angle between the tangent and the ray from the 
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Fig. 7.18 Paraboloid geometry. 


focus is equal to the angle between the tangent and the x axis. Therefore 
the angle of incidence at the reflector is given by 


p= 54s Mo — 20) =. (7.111) 


Since, by Snell’s law, the angle of incidence equals the angle of reflection, 
the angle between the incident and reflected rays at the reflector is equal to 
the angle between the incident ray and the x axis, so that the outgoing ray 
is parallel to the x axis. The length of this ray from the focal point to the 
reflector and back to the line x = F is 


h=pit(F—2,) =2F. (13142) 
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Since this length is independent of the point of reflection, and since the 
directions of the outgoing rays are also independent of the point of reflection, 
all rays from the focus that are reflected by the paraboloid travel out to the 
far field in the same direction (parallel to the x axis) and the path lengths 
of all rays are the same. 

Another angle which is used in the design of paraboloids is the angle 
between the x axis and the ray to the reflector. This angle is given by 


Y4 


tan y, = : 7.113 
va pane ( ) 
The total angle subtended by a paraboloid of diameter d is therefore 
al 
Dn = 20, = 2 tan> (fe) = 2 tan ee), (7.114) 
F — d°/16F (F/D) — 2 


The geometrical relationships obtained above are useful for describing 
the performance of a parabolic reflector illuminated by a point source at the 
focus. However, if the antenna primary feed has some arbitrary distribution, 
so that the source is not isotropic, it is necessary to know the current dis- 
tribution on the reflector or the fields in the secondary aperture to determine 
the antenna performance. The angular distribution of the power density 
radiated by the primary feed can be written as 


W. 
px(é, y) = 7 GE, ¥), (7.115) 


where Wr is the total power radiated by the feed and G, is the gain function 
of the primary feed. The electric field incident on the reflector at a distance 
p from the focus is 


Ey) =| 


2Z, WG 2 o—ikp 
Lo WnG ns, ) 2 ser (7.116) 


An p 

where @€) is a vector which defines the polarization of the incident wave and 

Z, is the impedance of the medium. The reflected wave at the reflector 

traveling in the opposite direction with polarization e, is 

2ZWrG AE, ul ee 
4a p 


Since the tangential components are zero on a perfect reflector, the polariza- 
tion of the reflected wave can be found from 


n x (ey + e;) = 0. (7.118) 


E,(g, y) = | e;. (adi) 


The surface current density of Eq. 4.3 is 
J=nx H=n x (H, + H,), (7.119) 
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since the magnetic field on the reflector is the sum of the magnetic field 
components of the incident and reflected waves. If the directions of the 
incident and reflected waves are denoted by sp and s, respectively, the mag- 
netic fields are 


tips See (7.120a) 
Zo 

Fae (7.120b) 
Zo 


Then, since by continuity H) = H,, 


2WrG,(E, =| BoE 


J= =. x (s, x E,) = Z, me [mn x (Sp X €o)], (7.121) 


which can be written as 


Ye —ikp 
Ji= [PMeGAs Wy rel E cos © + (e- ns. (7.122) 
Zo p 2 


The current density can also be expressed in terms of the reflected ray 
traveling parallel to the x axis. That is, 


2WrG 74 gil 
jez [nGae. W) = (nx a, xe), (7.123) 
m7ZLo 


p 
or 


J= E WrG AE, ZI fee 
mZo Pp 


The electric field across the aperture is given by the reflected field evaluated 
along the plane x = 2. That is, 


|e cos - + a,(n- e). (7.124) 


E, = Eye), (CAP) 
or 
ZoWaG ie: YT ik p+a0—a1) 
E, = [Ate EW) "| e.. (7.126) 
2a p 


Combining Eqs. 7.110 and 7.126 gives 
iw | Zaltnet »| e kU F+a0) 
‘ 20% p 


The electric field can be found from the current distribution using Eqs. 
4.7, 4.9, and 4.15b. That is, 
—Jjkr 


E= —jope 
4ar 


e. (7.10 


N, (7.128) 


where the radiation vector is 


N= i Jeike cosy’ ge. (7.129) 
S 
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For the geometry of this problem the unit vector in the p direction can be 
written in terms of rectangular coordinates at the focus as 


a, = —a,cosy + a, sin y sin € + a, sin y cos €. (7.130) 
From Eq. 4.10, the radial unit vector in spherical coordinates is 
a, = a,sin 0 cos ¢ + a, sin # sin ¢ 4+ a, cos 9, Cif) 
so that 
cosy =a,-a, = —sin Ocos ¢cos p + sin 6 sin ¢ sin y sin & 


+ cos @sin pcos € (7.132) 


The elemental area on the paraboloid surface is then 


= (p sin y a8)(p sec 5 ay). (7.133) 


Combining Eqs. 7.124 and 7.128 through 7.133 gives 


ea bees go 


x |e cos ‘ + a,(n- «| ea Pe EROS eh sina sect dy dé. (7.134) 


The ¢ component of the far field receives no contribution from the longi- 
tudinal component of the current density. Also, there is no electric field 
along the axis of this longitudinal current as was shown in Section 3.1. 
Therefore, if the paraboloid diameter is large, so that the majority of the 
radiation is confined to a small angular region about the x axis, the longi- 
tudinal component of the current density can be ignored. The exponent 
in the integrand can be simplified, using the angle « from the x axis to the 
radial vector, and the angle ¢ from the z axis to the projection of the radial 
vector in the x = 0 plane, as shown in Fig. 7.17. Using these angles and 
the relations, 


p(1 + sin 6 cos d cos p) » p(l + cos y) = 2F, aN . oe O(7-135) 
sin 0 sin @ = sin « sin €, (7.136a) 
cos 6 = sin «cos @, (7.136b) 
sin 6 sin ¢ sin py sin € + cos 0 sin pcos € = sin a sin pcos (€ — Q), (7.136c) 
and 
psiny=r’ (73137) 
gives 


ee UE Wr ree [G,(é, y)|? i 
Dorr: 27Z,/ Jo Jo p : 


x exp [jkr’ sina cos (€ — Q]r’ dé dr’. (7.138) 
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If the primary feed illuminating the parabola is linearly polarized in the 
z direction, the resultant far field patterns are also linearly polarized but 
only in the principal planes. At other angles the two components vary in 
amplitude and phase to produce an elliptically polarized wave. For the case 
of the incident wave that is linearly polarized in the z direction, the E- and 
H-plane patterns are, respectively, 


ee ey a) Qa 

E Rs fee EY (ey sin af |e. ee yl" 
2ar 27Zo 

x exp (jkr’ cos 6 cos €)r’ dé dr’, (7.139) 


hepa jou Wr ihe ie [G,(é, y)|4 
: 27r 27Zy/ 0 Jo . p 


x exp (jkr’ sin ¢ sin é)r’ dé dr’. (7.140) 


The directivity can be found by evaluating the field of Eq. 7.138 on the 
« axis and integrating the gain of the feed over the surface of the parabola. 
The field at the peak of the main beam is 


el Wr ig 
27Lo 


27 Cw 3 
x i ealG,(é, p)]*p sin p dy dé. (7.141) 
0 0 


It can often be assumed that the gain of the feed has circular symmetry and 
is independent of the angle ¢. In practice, it is satisfactory to use the arith- 
metic mean of the principal E- and H-plane patterns. Equation 7.141 can 
be simplified, using Eq. 7.106. That is, 


K(r, 0, )max a (72 > 0] = a, 


2715 


2F si 
psin yp = oe eee ta ; (7.142) 
1 + cos p 2 
and Eq. 7.141 becomes 


F —jk(r5+2F) 2W, Vey 5 
(ro, z .0) = = uke (ee) i [G(p)]* tan* dy. (7.143) 
ve Vo m1Zy 0 Z 

The power density an the peak of the main beam is 


E Gy 0 Pye a4 
(0, 0) = ERO ro (7.144) 
0 


and the directivity is 


_ Amp(0, 0) 4a%u2F? Kc v ay. 
dee er Zz. [G,(y)]* tan = dy (7.145) 
or 
272 yp 
Dee Moo tan = d iy. (7.146) 
0 
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From Eq. 7.142 
p Sin Yo = s = 2F tan a (7.147) 


or 


Tee Reva (7.148) 
Tee 


Combining Eqs. 7.146 and 7.148 gives 


D= 3) cot? +2 Po 
A Us 


The first term in Eq. 7.149 represents the directivity of a uniformly illuminated 
circular aperture. The remaining portion of the equation can be identified 
as a gain factor describing the efficiency with which the primary feed illu- 
minates the parabola. This gain factor is 


(7.149) 


iMG G,(y)]* tan = d a 


yp 
g = cot? % i [G,(p)]* tan + ay). (7.150) 
0 
Many feeds can be approximated by a pattern of the form 
7 
G,cos*y, OS ps5 
Gy) = a (7.151) 
0 Sas 
x 2 
The constant G,, can be evaluated, using the relation 
Qa (1/2 
i} | G,(y) sin py dy dé = 47, (7.152) 
0 0 
or 
7/2 
c.| cos” y sin pdy = 2, i153) 
0 
which gives 
G, = (n+ 1). (7.154) 
Combining Eqs. 7.150, 7.151, and 7.154 gives 
ey Ne 1)(cot an cos”? wy tan + Say). (Ghstoo) 


Curves of this gain function for various values of n are plotted in Fig. 7.19. 
In practice, the actual gain is somewhat less than the gain of Eq. 7.155, 
because of the fact that some energy from the primary feed radiates past 
the reflector in the negative x direction. It has been found in practice that 
an optimum compromise between increasing the feed gain to concentrate 
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Fig. 7.19 Gain factor for feeds with (cos)” tapers. 


the energy on the paraboloid and decreasing the gain to illuminate the 
larger paraboloid is achieved by adjusting the illumination of the paraboloid 
so that the energy at the edge of the dish is approximately 10 db below the 
energy at the vertex. 

If the actual measured gain of the feed is G,, then the gain function is 


SG Yo cogtt!2 ia 1 
g = G,,| cot 5 cos”’” wy tan . dy }. (7.156) 
0 


The curves of Fig. 7.19 can be used with a feed whose gain is known by 
using the relationship 


Cr E182) 


Fn 
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Fig. 7.20 Paraboloid fed with horn. 


A popular reflector antenna is the paraboloid illuminated by a rectangular 
horn. Such a configuration is illustrated in Fig. 7.20 where, for convenience, 
the paraboloid is cut to occupy a rectangular aperture with sides A and B 
in the y and z directions, respectively. From Eq. 4.95, the E-plane pattern 
of the horn feed is 


goa Mesunal(k/ ahsinvivs] wisneire (7.158) 
(kb/2) sin y, UR 
where 
Dee, 
Dog ba sin y,. (7.159) 


From Eq. 4.139, the cosine illumination of the horn in the H-plane gives 
an H-plane illumination of 


yp gama ae (7.160) 


9? 
t= a(#2) 
7 
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where 
Gc 
uy = es SIN Wy. (7.161) 


These E- and H-plane patterns are calculated in Section 5.11 and replotted 
in Fig. 7.21 using different scales. 
If the half-angle included by the reflector is relatively small, 


sin y, © tan yp, = = : (7.162a) 
sin py © = (7.162b) 
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Fig. 7.21 Horn patterns. 
so that the E-plane illumination at the edge of the dish is 


fe(2) _ sin (7bB/2AF) __ sin [u(B/2)] (7.163) 
2 abB/2AF U_(B/2) 
If illumination factors are defined in the E- and H-planes as 
2) 7bB 
os ee (ecclapeersst 7.164 
se ual 2) he Sh 
4) maA 
= uy|—) = —, 7.164b 
ie af oA amy Ce 
then the illumination of the dish given in Eqs. 7.158 and 7.160 becomes 
sin (20 72/B) 
z) = ————- 7.165 
fr 2a,2]B (7.165) 
cos (2« A 
Say) eee (7.166) 


1 — (4a,,y/7A)* 
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The fields from the dish are then integrals of this illumination over the 
aperture. That is, from Eq. 7.138, 


B/2 : . 

E;= frg(Zer** 88 dz, (7.167) 
—B/2 
A/2 oe 

Ex -| rege ay. (7.168) 
—A/2 


These far fields can be written in terms of sine and cosine integrals as 
B 
F,(«) = Be [Sup + ap) — Sug — aq)], (7.169) 


Beye a 7A legs Ms Mut) 6S. Coa Se SORA) 
San 204 


+ sin a [C(v,w2) — C,(v2W2) — C,(vyw,) + Co] (7.170) 
Oe 


where 
ry, ae a *, (7.171a) 
ee x =, (7.171b) 
and 
v= 4 fea (7.172a) 
Vp = = — ay, (7.172b) 
2 
Wi eed (7.172c) 
XH 
ee ee | (7.172d) 
AH 


The far fields of Eqs. 7.169 and 7.170 are approximately equal over the region 
in space corresponding to the main lobe. The shape of the main lobe is 
plotted in Fig. 7.22, using Eq. 7.169. The half-power beamwidth as a 
function of edge taper is plotted in Fig. 7.23. An approximate value for 
the gain of the paraboloid can be determined from the fractional part of the 
feed horn power which is intercepted by the dish. This is 


Wea fu (2) ac fu (y) dy 
Se cect meat a meso (7.173) 


Te fu) az |” Far'(y) dy 
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Fig. 7.22 £-plane pattern. 


From Eq. 4.126a the directivity of the dish can be written as 


B/2 A/2 2 
tn| |, $0 42|” Salo) dy 
D,= Ge apee : A/2 (7.174) 
fn dz [ fay) dy 
Then the overall directivity is 
W. 8AB 
D =—* D, = ——, Si (am)[S,(01) — S,(v2)}*, (7.175) 
Wr LX 7 A 
35 
r 2 30 
2s 
B05 
ey 
- 
© S20 
= 
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Fig. 7.23. Half-power beamwidth. 
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which can be rewritten as 


AB 
D= Dy + Dy + Wlog> db, (7.176) 
where 
4S; 
Dy = 10 log ae) db, (7.177a) 
QQ RTT 

2[S,(v,) — S,(v)P° 

Dy = 10g I= SM Gary 


Ky 


These individual directivities for the E- and H-plane are plotted in Fig. 
7.24. For parabolas which are two wavelengths wide or more, the error 
in the gain is less than } db. 

A version of the horn-paraboloid antenna, in which the horn sides are 
extended to meet the paraboloid, is shown in Fig. 7.25. With this arrange- 
ment, an offset paraboloid is used. That is, the section of the paraboloid 
which is used is not centered at the vertex. The patterns and gain of this 
antenna are similar to those of the horn-paraboloid discussed previously, 
although the extension of the horn sides to the reflector results in a lower 
backlobe and less energy in the far sidelobes. 
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PROBLEMS 


7.3.1 Plot the far field principal plane pattern of a paraboloidal antenna 3 
meters in diameter operating at a wavelength of 10cm and fed with a pyramidal 
horn having a 10 db amplitude taper at the edges of the dish. 

7.3.2 Repeat this calculation for a feed with a 20 db taper at the edges of the 
dish and for a feed with a 5 db taper at the edges of the dish. 
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7.3.3 Compare the gains of the paraboloidal antennas of Problems 7.3.1 and 
{pi WA 

7.3.4 Design a paraboloidal antenna fed with a pyramidal horn, operating at 
a wavelength of 10cm and having 30 db gain and first sidelobes 20 db below the 
peak of the main beam. Plot the far field pattern of this antenna and determine 
its directivity. Assume an efficiency of 50 percent. 


7.4 Cassegrain Reflector System 


A paraboloidal primary reflector can be used with a hyperboloidal sub- 
reflector to form a Cassegrain reflector system as shown in Fig. 7.26. A 


Primary reflector 


Fig. 7.26 Cassegrain reflector antenna. 
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Fig. 7.27 Cassegrain geometry. 


cross section of this system in the z = 0 plane is shown in Fig. 7.27. The 
equation of the paraboloid is given in Eq. 7.105 as 
pr? == y* + 2* = 4Fx, (7.178) 


The equation of the hyperboloid is 


12 

[S 3 1)" ga (y” ae 2/*) —_ F” Hix ga (7.179) 
Xo 

where F’ is the hyperboloid focal length and the point O’ in Fig. 7.27 is used 
as the origin of the hyperboloid coordinates. The hyperboloid eccentricity 
is given by 

F’ _ sin Mo + a) 


/ 


=— ; 
XH sin 3(Yo =~ 5) 


(7.180) 


e = 
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where % and yp, are the maximum angles from the x axis to the rays from 
the feed and paraboloid focus, respectively. The characteristics of the 
hyperbola are such that the path length from the two foci p’ and p, are 
related by 

Pp — p,'= 2% « (7.181) 


From Eq. 7.112, the path length from the paraboloid focus to the paraboloid 
and out to the plane x = Fis 
dy + p = 2F. (7.182) 


Combining Eqs. 7.181 and 7.182 gives the path length of the Cassegrainian 
system as 
r=p t+ p— ppt dh = UF + 2’). (7.183) 


Note that this path length is independent of the coordinates of the reflection 
point. Additional relationships are 


d 
ta eee (7.184) 
De aly 


where d, is the diameter of the paraboloid, and 


1 Tre ele 
tan y, ~ ‘tatiiag ~ "dd; 


(7.185) 


where d, is the useful diameter of the hyperboloidal subreflector. 
The polar equation of the hyperboloid is 
Wp Nemes (7.186) 
where 


p=F(1 -+) (7.187) 


and the eccentricity e is given by Eq. 7.180. The angle « is measured from 
the x axis, as shown in Fig. 7.27. 
The far field radiated by the primary feed can be written as 


—ijkr 
E, = EG) a e(a, 0), (7.188) 


where G;, is the gain function of the feed which is assumed to be independent 
of ¢, and e,(«, ¢) describes the polarization of the feed. The far field due 
to the feed-hyperboloid combination can be found from geometrical ray 
considerations. By using this approximate method, the far field is the sum 
of the direct and reflected rays. That is, 


E=E,+E,. (7.189) 
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Since the system is symmetrical about the x axis, let the field be polarized 


in the € direction. For this component the direct ray is 


— jkr 


E, = E,G,(a4) sin — , (7.190) 
r 


where «, is the angle from the 2 axis to the direct ray. The field incident 
on the hyperboloid is 


j . 


e ike’ 
E, = E,G,a) sin £ (7.191) 
Pp 


The total field on the perfectly conducting hyperboloid is zero, so the sum 
of the incident and reflected fields is zero. That is, 

E, + £, = 0, (7.192) 
and at the hyperboloid, 


e ike’ 
E,( pp) = 


, 9 


E,e **? x 


= —E,G,(«) sin ¢ (7.193) 
Ph 
where p,, is the radial vector from the paraboloid focus to the hyperboloid 


surface. Rearranging Eq. 7.193 gives 


—jk(p’—p,) 
E, = —E,G,(a) sin ¢ (7.194) 
P 
Then, the reflected field at a distance p from the hyperboloid focus is 
—ikp 
Epes (7.195) 
P 
or 
—ik(p+p’—p,) ; 
E, = —E,G,(a) sin ¢ PX —__— (7.196) 
From Fig. 7.27 it can be seen that 
A = sos (7.197) 
In the far field 
; P — Pp rt p' cos(a« — 8), (7.198) 
an 
‘ lel ~ In|, (7.199) 
so that 
E, ie — E,G,(a) sin fe ae eke cos Pp (7.200) 
r sin 


and the total ¢ component of the far field is 


aie o 
Ey= By+ Ep = =e Gea Se Ti % gikp'LI- cos ant (7.201) 
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Note that if the virtual focus at which the primary feed is located is behind 
the paraboloid, the direct ray from the primary feed can be neglected. The 
field of Eq. 7.201 can be used as the illuminating function to find the far 
field of the paraboloid using the methods of Section 7.3. A more exact 
method of analysis of the effect of the hyperboloidal subreflector involves 
the integration of the fields over the reflector, as illustrated in Section 7.3 
for the paraboloid. The result is an involved set of equations which have 
been integrated numerically for specific cases and noted in the references. 
The gain of the Cassegrain system can be calculated by using geometrical 
methods. The power density radiated by the feed can be written as 


GAa, CW, 

Ss | (7.202) 
An 

where Wp is the total power radiated by the feed and G,(«, ) is the feed 


gain function. If the power interrupted by the subreflector is W,, the sub- 
reflector radiated power density is 


Pa, 9) = 


Gy, OW, 

P.(y, 6) = Si) ; (7.203) 
4a 

where G,(y, ¢) is the hyperboloid gain function. If the incremental solid 

angles from the feed and subreflector are denoted by AQ, and AQ, and the 

total power in a given reflected ray bundle is unchanged at reflection, then 


P, AQ, = P, AQ, (7.204) 
and 
G,Wr AQ, = G,W, AQ, (7.205) 
so that the gain of the subreflector is 
AQ 
(me ai (7.206) 
W, A, 


The power ratio of Eq. 7.206 can be written in the manner similar to Eq. 
173 a8 


s { [ GAa, C) sina da dl 


The ratio of the solid angles in Eq. 7.206 is 


NG ar ()'- (= a (7.208) 


AQ, p’ sin py 


so that 


_ Wr(sin x)’ 
G.(y, 6) = W, j= ‘) G,(y, ¢). (7.209) 
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(d) 


Fig. 7.28 Subreflector arrangements. (a) Cassegrain system—convex subreflector. (5) 
Cassegrain system—fiat subreflector. (c) Cassegrain system—concave subreflector. 
(d) Gregorian system—ellipsoidal subreflector. 
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The Cassegrain system of Fig. 7.27 is one utilizing a convex subreflector. 
However, the Cassegrain system can also be constructed by using a flat or a 
concave subreflector as shown in Fig. 7.285 and c. The convex subreflector 
of Fig. 7.28a is generally preferred because it permits the use of a subreflector 
with a smaller diameter and, hence, results in less aperture blocking. 


= 


- P - 


Fig. 7.29 Geometry of aperture blocking. 


Another possible subreflector shape is an elliptical subreflector wherein 
one focus of the ellipse corresponds to the paraboloid focus, and the feed 
is placed at the other focus as shown in Fig. 7.28d. This system is known 
in optics as the Gregorian system. 

The geometry of Fig. 7.29 can be used to determine the size and location 
of the subreflector which gives minimum blocking. Minimum blocking 
occurs when the diameter of the subreflector d,, which blocks the radiation 
from the paraboloid, is equal to the diameter of the shadow d,’ cast on the 
paraboloid by the feed. If the aperture of the feed d, is adjusted so that 
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the nulls of the main beam occur at the edges of the subreflector, then from 
Eq. 4.92, 


iq 2 = (7.210) 


f 
If the structure supporting the feed has significant dimensions, the blocking 
aperture may be different from the radiating aperture. If b is the ratio of 
the effective aperture to the blocking aperture, then Eq. 7.210 becomes 


pte (7.211) 
bd, 
Also, from the geometry of Fig. 7.29 
d 

2Y=—, 7.212 
Yo DF’ ( ) 

and the portion of the paraboloid which is shadowed is 

a,F 

d,’ = 2y,F =—. 7.213 
Yo DF ( ) 


Then, for minimum blocking, the ratio of the subreflector diameter to the 
feed diameter is 


d 
oe (7.214) 
Gy QE 
The subreflector diameter is also given in Fig. 7.29 as 
d, = 4a 9F’. (7.215) 
Combining Eqs. 7.211, 7.214, and 7.215 gives the subreflector diameter as 
Vy 
d, = (2) ; (7.216) 
b 
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PROBLEMS 


7.4.1 Design a Cassegrain antenna with a gain of 30 db at a wavelength of 
10cm. Use a pyramidal horn feed and assume a 50 percent efficiency. What are 
the dimensions of this antenna for minimum aperture blocking? Plot the principal 
plane far field patterns and determine the antenna beamwidth. 
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7.4.2 Repeat Problem 7.4.1 for a Gregorian antenna. 
7.4.3, Compare the antenna of Problem 7.3.4 with the Cassegrain and Gregorian 
antennas designed above. 


7.5 Cylindrical Reflector 


Another reflector antenna which has found considerable use is the parabolic 
cylinder reflector, sometimes called the pillbox or cheese antenna, shown 
in Fig. 7.30. 


Fig. 7.30 Cylindrical reflector antenna. 


Since the cross section of this cylinder is a parabola, all rays traveling in 
a plane perpendicular to the reflector and reflected by the reflector are 
focused at a point which is the intersection of this transverse plane with the 
focal line. If the cylinder is then fed by a line source feed, positioned to 
coincide with the focal line and arranged so that all elements of the line 
radiate energy in phase with each other, the resulting transmitted beam is a 
plane wave. When the cylinder is fed by a point source, the reflected wave 
is a cylindrical wave with the axis of the cylinder parallel to the apeiiure 
plane and perpendicular to the focal line. This is illustrated in Fig. 7.31. 

In the reflector fed by a line source feed, as illustrated in Fig. 7.30, the 
feed is a slotted cylinder with the slot located on the focal line of the parabolic 
cylinder. From Eq. 5.322, the field radiated from the slot can be written 
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Plane wave 


y 
(a) (b) 


Fig. 7.31 Cylindrical reflector fed by line and point sources. (a) Line force feed. (6) Point 
force feed. 


in cylindrical coordinates as 


—jn(o— : n 
e jh($—7/2) sin ( Po 


Vielen a 
E4(p, ¢, 2) = —— 2h 
lp, , 7) 27*ap m=—0 nd yH’(ka) ( ) 
If the slot width is small, 
sin (22) eas, (7.218) 
2 2 
Also, if the slot is shorted at each end, it has the voltage distribution 
Ve) =V cos'kz, (7.219) 
with 
v(£) is ( at t) aii (7.220) 
2 2 
which requires that 
k,L = mn, PE eee (7.221) 


Assuming only the first mode to exist in the slot gives 


V(z) = V cos (=). (7.222) 
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Combining Eqs. 7.217, 7.218, and 7.222 gives 
TZ 
V cos (2) cg in(d—m/2) 
E,(p, ¢, 2) = —————— — == 
olP , 2) Tap m=—0o Ho (ka) 


The cosine distribution in the z direction has a far field pattern given by 
Eq. 4.139 as 


(7.223) 


ib COs u 
ime 
7 
where, from Eq. 4.121, 
= os (7.225) 


Then, from Eqs. 5.322 and 7.225, the far field of the direct radiation from 
the slot in the z = 0 plane, in spherical coordinates, is 


( 7 VLe ors (* a "| 2 g-in(o—1/2) 

OA ae (a tia Fis ies ———— . (7,226 

AD ? mar is [4 cos “y jon HEY (Ra) ( ) 
vin 


With some manipulation it can be shown that the field reflected from the 
parabolic reflector in the reflector aperture is given approximately by 


ke e I! bees a) 2 3 Cae 


Ey, 2) = = ee (27 

AY 2) Ama akfl 2-0 H (ka) ( ) 

where f is the focal length of the paraboloid, d is the aperture width in the 
y direction, and CAINE Maa Gh (7.228a) 
Gee anil: (7.228b) 


From Eq. 4.86, the far field due to the radiation from the aperture is 


. —IKT (a? L/2 a/2 
E, an ize «(siti Gy \Cos | E(2)e™ COS 6 a{ E(y)e™™ sinésing dy, 

2Ar —L/2 —a/2 
(7.229) 

where 
En = J-( =| pena (7.230) 
Ama\rkf/ | n=0 H'(ka) 

E(2) = cos (=), (7.231) 


E(y) = 1 4+ cos (74). (7.232) 
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In the z = 0 plane, the integration of Eq. 7.229 gives 


: —jkr 7 
E, _JEmLd(l + cos p)e"™| m sin v ee 6= 7, (7.233) 
wAr 2v as (2) 2 
T 
where 
pees SY + eo (7.234) 


The pattern in the ¢ = 0 plane is that given in Eq. 7.224. The directivity 
of the cylindrical reflector is approximately that of the rectangular aperture 


a 


Fig. 7.32 Double layer pillbox antenna. 


with a cosine distribution in both directions. From Eqs. 4.107 and 4.145, 

the directivity of the rectangular aperture with a cosine distribution in one 

direction only is given by le 
z) 


7? 


D=0.81 ( (7-235) 
The term in parentheses in Eq. 7.235 is the directivity of a uniformly 
illuminated aperture. For a cosine distribution in both directions, the direc- 
tivity of the parabolic cylinder is 


Dies 066 (“=£4), (7.236) 
and the effective area is 
A, = 0.66A,, (7.237) 


where A, is the geometrical projected area. 

The presence of the cylindrical waveguide in front of the cylinder disturbs 
the antenna pattern. The effect of this disturbance, or aperture blocking, 
can be minimized by using a folded construction. Such a folded pillbox 
antenna is illustrated in Fig. 7.32. 

An arrangement of two parabolic cylinders used to create a plane wave 
from a point source is shown in Fig. 7.33. The first parabolic cylinder S, 


is given by 2 = Afy, (7.238) 
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where f is the focal length. The focal point F of this surface occurs on the 
y axis as shown in Fig. 7.33. For a point source located at the point F the 
radiation from Sy, is a cylindrical wave, from an imaginary line source, whose 
axis is parallel to the z axis of Fig. 7.33 as illustrated in Fig. 7.315. The 
origin of this cylindrical wave is a line through the image F’ of the focal 
point F in the surface S,, as shown in Fig. 7.33. This apparent line source 


Fig. 7.33 Double parabolic cylinder antenna. 


is denoted by the axis ¢. The point F’ therefore serves as the focal point 
of the surface S,. The equation of this surface is 


yt fy? =4f@+t/f). (7.239) 


Therefore a point source feed at the point F creates a plane wave traveling 
in the positive x direction. 
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PROBLEMS 
7.5.1 Plot the far field principal plane patterns of a cylindrical antenna ten 
wavelengths square, fed by a line source feed. Determine the directivity, half-power 
beamwidth, and the amplitude and position of the first sidelobes for this antenna. 
7.5.2 Design a cylindrical antenna with 30 db gain at a wavelength of 10cm 
and compare this antenna with the paraboloidal and Cassegrain antennas of 
Problems 7.3.4, 7.4.1, and 7.4.2. Assume an efficiency of 50 percent. 


7.6 Doubly Curved Reflector 


A doubly curved reflector is used when it is desired to have an antenna 
beam with some specific pattern shape in one or both of the principal planes. 
The configuration of the reflector depends on the antenna pattern required, 
as well as the type of feed used with the antenna. If the primary feed is a 
line source and it is desired to shape the beam in the plane perpendicular 
to this line source, the required reflector is a cylinder whose axis is parallel to 
the line source and whose cross section is adjusted to give the desired 
transverse plane pattern. 


Fig. 7.34 Doubly curved reflector antenna. 
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If the primary feed is a point source, then a doubly curved reflector is 
required to produce a shaped beam. Such a reflector is shown in Fig. 7.34. 
The y = 0 plane is taken as the plane in which it is desired to have a shaped 
pattern. The intersection of the reflector with the y = 0 plane defines the 
central section curve which is adjusted to give the desired shape of pattern 
in the y = 0 plane. Cross sections of the reflector surface which are trans- 
verse to this central section curve are parabolas. This can be illustrated by 
using the geometry of Fig. 7.34. 

Consider the wave arriving at the reflector at an angle « from the z = 0 
plane. In order for this wave to be focused at the feed, the path lengths 


APF and BOF must be equal. That is, 
AP + PF = BO + p. (7.240) 


If the point O is taken as the center of the (y’, ¢) coordinate system, then 
these distances are 


AP = pcosp—&, (7.241) 

PF = [p* sin® 6 + y* + (pcos f — £)]%, (7.242) 
and 

BO = pcos f, (7.243) 


where f is the angle between the incident and reflected rays at the point O 
on the central section curve. Combining Eqs. 7.240 through 7.243 gives 


(pcos B — £) + [p* sin? 8 + y + (pcos B — £)?]* = p(1 + cos B). (7.244) 


This reduces to 


y® = 2pC(1 + cos f) = 4p cost : (7.245) 
This is the equation of a parabola of the form 
y* = Aff, (7.246) 
where the focal length is 
fly) = ply) cost (7.247) 


Thus, the focal length is determined, once the central section curve p(y) 
and the angular function f(y) are determined. 

The central section curve can be found by using the geometry of Fig. 
7.35. From the figure, it can be seen that the differential equation of the 
central section curve is 


Fe a wiberanal (7.248) 
A 2 
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It can also be seen that the angles are related by 


a=B+y. (7.249) 
Combining and integrating Eqs. 7.248 and 7.249 gives 
2 Ss 
nis | tan (? 2) dy, (7.250) 
Po V1 2 


where py is an arbitrary constant determining the reflector size. The relation- 
ship between « and y can also be found from geometrical considerations, 


Fig. 7.35 Cross section of doubly curved reflector. 


using the energy in the incident and reflected waves. If P, is the power 
per unit angle radiated by the feed toward the reflector, the total energy 
in an incremental solid angle is 


Wr = Py) dpdd, w<v< yr. (7.251) 


After reflection, the energy is collimated in parallel rays in the transverse 
plane. If P(«) represents the power per unit area in the reflected wave, 
the total power in the reflected wave is 


W = P(a)p dd da. (7-252) 
If the total power is unchanged at reflection, Eqs. 7.251 and 7.252 can be 
ES P,(y) dp dp = P(a)p dé do, (7.253) 
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or 


Deny ee (7.254) 
dp pl) 
The relationship between « and y can then be found by taking a logarithmic 
derivative of Eq. 7.254 with respect to y and using Eq. 7.250. This gives 


iy + tan oa — ec we + ee Os (#259) 


Equation 7.255 must be integrated numerically to find « as a function of y. 
The relationship between the angles « and y can be found graphically by 
rewriting Eq. 7.254 and integrating to give 


ip P(x) da = =|" “ay y. (7.256) 


Normalizing this equation to the values at the end points gives 


F,(«) = 2. = 2 & _ yy). (7.257) 


| Pia) da l Sei dy 


Then, curves of F, and F, can be plotted to determine the values of the 
corresponding angles which make these functions equal, as shown in Fig. 
7.36. 


Fy (a) = Fo (W) 


Feed angle, y Pattern angle, a 
Fig. 7.36 Graphical determination of relationship between feed and pattern angles. 
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PROBLEM 
7.6.1 Design a doubly curved reflector antenna twenty wavelengths square to 
produce a narrow beam in the z = 0 plane of Fig. 7.34 and a pattern in the y = 0 
plane given by E(6) = sin 6. Assume a point source feed. 


7.7 Spherical Reflector 


Another antenna which has found some use is the spherical antenna 
illustrated in Fig. 7.37. If a point source is located at the focus of this 
sphere, the wave reflected to the aperture is not a perfect plane wave, since 
a paraboloidal surface is necessary to create a plane wave. The departure 
of the wavefront from a plane wave is known as spherical aberration. The 
amount of aberration depends on the diameter of the sphere and the focal 
length. 

The aberration can be determined by using geometrical optics techniques. 
The path length of the central ray, (So) which passes from the focus to the 
reflector at the point O and which is reflected back along the x axis to the 
point A is 

So=fta, (7.258) 


Fig. 7.37 Spherical reflector antenna. 
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where f is the focal length measured from the surface to the focal point 
along the x axis, and a is the radius of the sphere. The distance traversed 
by the ray from the focal point which intersects the sphere at point P and 
is reflected back to the aperture in the z = 0 plane to the point B is 


Sp = FP + PB. (7.259) 
From Fig. 7.37, it can be seen that these distances are 


PR (ai pt O06, | 0.45 J 050, (7.260) 
a a 
and 
FP = {p? + [(@ — p)* — (a -f) 2}, (7.261) 


where p is the radial distance from the x axis to the point P. Note that 
Eq. 7.260 implies that the wave reflected from the point P travels in a direction 
parallel to the x axis. This approximation is valid within the ranges specified 
in Eq. 7.260. 

The difference in path length is then 


A=S 9 —Sp=alJ—u-—v—( + — 2w)”], (7.262) 
where 


ee pe (7.263) 
a 


v= c = (2) Gs (7.264) 


Curves indicating this path length difference across the aperture for various 
focal lengths are shown in Fig. 7.38. 

The total phase error across the aperture is the sum of the absolute values 
of the positive and negative phase errors. Therefore the total path length 
error is 


AEIAS | EAST (7.265) 


From Fig. 7.38 it can be seen that the minimum total path length error 
occurs when the positive error is zero. That is, 


A, min = [AC]. (7.266) 


Therefore for a minimum total path length error, the aperture diameter 
should be selected so that there is zero path length difference at the edge 
of the aperture. The total phase error for different focal lengths and aperture 
sizes is shown in Fig. 7.39. The focal length which gives zero path length 
difference at the edge of the aperture can be found by setting Eq. 7.262 to 
zero and solving for f. This gives 


_ 2a + (4a* — aye 


7.267 
; (7.267) 


Jo 
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Fig. 7.38 Path length difference across reflector aperture. 


If the focal length is chosen for minimum total path length difference, the 
maximum aperture diameter which can be used to give zero phase difference 
at the aperture edge is given by 


A YY 
dmax = 3.91a( =) ; (7.268) 
a 


Once the phase error of Eq. 7.262 has been computed, and the amplitude 
distribution from the feed has been determined, the methods of Section 4.2 
can be used to determine the radiation patterns and the directivity. 
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Fig. 7.39 Total path length difference across reflector aperture. 
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The spherical aberration which occurs when the spherical reflector is fed 
by a point source can be eliminated by feeding the reflector with a line source. 
From Fig. 7.38 it can be seen that rays intersecting the spherical reflector 
at different radial distances from the axis focus on the spherical axis at 
different focal points. Therefore the use of a line source feed to illuminate 
different portions of the sphere from the different positions along the sphere 
axis eliminates spherical aberration. The geometry for this arrangement is 
shown in Fig. 7.40. A ray arriving parallel to the « axis which intersects 


Fig. 7.40 Cross section of spherical reflector. 


the sphere at the point P is reflected to the x axis at the point F’ at a distance 
a, from the paraxial focal point F. A feed at the point F” must direct its 
energy at an angle 2y from the x axis as shown in Fig. 7.40, where y is 
given by 
vig 
sec p = 1 + 7 (1.209) 


The path length of the ray from point B which intersects the sphere at point 
P (given in Eq. 7.259), can be rewritten as 


Sp = F'P + PB =~ sec y + a cos y. (7.270) 
Combining Eqs. 7.258 and 7.270 gives the path length difference as 


A = S9 — Sp=a(1 — cos y) + ; (1 — sec y), (7.271) 
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since 
fea (7.272) 
2 
Combining Eqs. 7.269 and 7.271 gives 


yee ee ea (7.273) 


If the line source feed extending from the point F toward the sphere is 
to operate properly, the energy arriving at the various points of the feed 
must be delivered to the end of the feed at the point F so that the total path 
lengths of all rays are equal. In other words, the electrical path length along 
the line source from F’ to F must be equal to the path length difference of 
Eq. 7.273. Therefore 


A=] —dz, (7.274) 
0 
where A is the free space wavelength and A, is the wavelength along the line 
source. Combining Eqs. 7.273 and 7.274 gives 
A of 


eet. oe (7.275) 
Ag (f+ %,)° 
Combining Eqs. 7.269 and 7.275 gives 
A 
7 = Cos 2y. (7.276) 


g 


If a waveguide is used as the transmission line for the feed, the relationship 
between the waveguide wavelength and cutoff wavelength given in Eq. 5.247 


1S 
27% 
f(y cam 
g c 


where A, is the cutoff wavelength. Combining Eqs. 7.276 and 7.277 gives 


A = sin 2y. (7.278) 
i 

Equations 7.269 and 7.278 can then be used to determine the angle at which 
the radiation must leave the transmission line and the physical dimension 
of the transmission line as a function of the distance x, from the paraxial 
focus. Again, as in the case of the spherical reflector fed by the point source, 
the patterns of the spherical reflector fed by a line source can be determined, 
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once the amplitude distribution of the feed is known, using the methods 
of Section 4.2. With the line source, the lack of spherical aberration makes 
the calculation of the far field patterns somewhat simpler. 

A more precise description of the fields along the spherical reflector axis 
and the far fields from the reflector can be obtained, based on the methods 
of Section 4.1. The current density J on the spherical reflector, due to an 
incident magnetic field H,, is 

J = 2(n x H,), (7.279) 


/ 


Fig. 7.41 Spherical reflector antenna. 
where n is the outward normal unit vector at the surface. For an incident 
magnetic field polarized in the negative y direction, 
H, = —a,Ap. (7.280) 
For the geometry illustrated in Fig. 7.41, the unit normal vector is 
n= —a,cosy + a,siny sin « + a, sin y cos a, (7.281) 


where « is measured from the z axis in the x = 0 plane. Combining Eqs. 
7.279 through 7.281 gives 


J = 2H,(a, cos « sin py + a, cos y). (7.282) 
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The x component of the current density does not produce a field on the « 
axis because of the reflector symmetry. The field at the point F on the x 
axis is given by the methods of Section 4.1 as 


27 Wo c 
EieasA ene FaOs®. cos ap 
0 0 


where r’ is the distance from F to the point B on the reflector and S(f, «) 
is the pattern factor of each current element in the direction r’. For this 
case 


—jkr’ 
<__ S(B, «)a*sin pdy da, (7.283) 
if 


, 


S(6, «) = 1 — sin? 8 cos? a, (7.284) 
and 
an sin” B 
iF S(6)a) da = 2n(1 =e ). (7.285) 


From Fig. 7.41 the distance to the reflector is 
r =a(l + c? — 2c cos yp)” = at. (7.286) 
Combining Eqs. 7.283 through 7.286 gives 


Vo eka 1 a) a 
eh 2nat| gooilcos veal nEes see cease pcos em 
0 (1 + c* + 2c cos y) 
(7.287) 
Changing the variable to 
ka\* 
u=(—]}] G—c)= ht —c) (7.288) 
™C 


gives the field on the spherical reflector axis as 


2 eae 2 Uy 2 2 
Ee maA exp | Aa + 209) | ei(ru m(1 E igikees “) du, (7.289) 
he? 2c h bh 


Ho 


where 
Fs way (7.290) 
and 
u, = h{(1 + c? — 2c cos y,)% — cl]. (7.291) 


Performing this integration gives 


E,= a() exp |e) a 22)]{(1 _ ie) 
i c®k 2c ka 
3 


c 2) 
x [C(uy) — C(uo) + fS(uy) — jS(uo)] + 2i( =) 


: 2 ao re 5 2 : 2 
x [erry [2 2 gi tu9/2)) +j Fi lave oe PAy es uyer7% 3) (7.292) 
a 
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The current density on the reflector due to a source of amplitude E,(x) dx 
at a point x, on the axis is 


J, = S(P, x)Eo(x) cos p 


e ta 


ike 
ta 


dz. (7.293) 
The far field due to a ring of radius (a sin y) and width (a cos p dy) is 


dE =a’sin pcos y dy| exp [—jka sin py sin € cos (€ — «)]S(6, «) da, 
0 


(7.294) 
where ¢ is the angle from the axis to the far field and € is the angle between 
the z axis and the projection of the ray to the far field on the x = 0 plane. 
The total far field is then 


—jk(ta + acos yp) 


|a* sin py cos p 
ta 


Bl é) = A | Es) exp [ 


x [ex [—jka sin p sin ¢ cos (€ — «)] S(B, «) da dy dz, (7.295) 


where A is an arbitrary constant. Evaluation of this integral leads to 


2a Yo 
EG, e) = | { exp [—jka sin py sin cos (¢ — «)] 
0 0 
x (1 — 4 sin? y cos” py cos’ «) cos ysin pdyda«. (7.296) 
The E-plane pattern is given by 
E(¢, 0) = Af{A,(kv) — 4 sin? yo[Ay(Av) — 2A.(kv)] — 4 sin* yo 
- [Ay(kv) — ZA,(kv) + ve As(kv)]}, (7.297) 
where 
v = asin yp sin ¢, (7.298) 
and 


p 
Ako) = pi(2) Tea. (7.299) 
Vv 
The H-plane pattern is given by 


B(¢, 2) 5 hs eyes than Manes See ae ne 
(7.300) 


Another form of the spherical antenna which eliminates spherical aberra- 
tion, but which has a more limited bandwidth, is the stepped spherical 
reflector. A cross section of this reflector is shown in Fig. 7.42. The reflector 
consists of a central circular disc and conical sections of varying inclination 
angle connected by cylindrical sections. Consider the ray parallel to the x 
axis impinging on the reflector at the point P,, located on an imaginary 
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circle of radius a with its center at F. If the reflecting line segment through 
the point P, intersects the x axis at the origin, the angle of inclination of this 
line segment is such that the ray from the point A is focused at the point F 
as shown in Fig. 7.42. The projection of the point P, on the x axis defines 
the point x. The next reflecting line segment intersects the sphere at the 
point P,, whose x axis projection x, is separated from the point z, by one 


z 


Fig. 7.42 Stepped spherical reflector antenna. 


wavelength. Therefore a ray parallel to the x axis from the point B inter- 
sects the reflector at the point P,, is reflected to the focal point, and traverses 
a path length one wavelength greater than the ray from point A. The end 
points of the line segments through the points P, and P, are defined by the 
horizontal line connecting these line segments. This horizontal line is posi- 
tioned so that its intersection with the sphere, when projected onto the x 
axis, intersects the x axis at the point 2,’, which is located midway between 
the points a, and 2p. 
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PROBLEMS 


7.7.1 Design a spherical reflector antenna fed by a point source which has a 
maximum path length error of 90 degrees. Determine the antenna size and plot 
the radiation pattern. 

7.7.2 Design a stepped spherical reflector antenna with 30 db gain and 50 
percent efficiency at a wavelength of 10cm and compare with the paraboloidal, 
Cassegrain, and cylindrical reflectors of Problems 7.3.4, 7.4.1, 7.4.2, and 7.5.2. 


7.8 Toroidal Reflector 


A useful antenna for applications where it is desirable to move the feed 
to scan the position of the antenna beam is the toroidal reflector shown in 
Fig. 7.43. The reflector surface of this antenna is formed by rotating an 
arc of.a parabola (with its focus on the x axis) about the z axis. Since the 
intersection of a plane containing the z axis with the reflector is a parabola, 


] 


Fig. 7.43. Toroidal reflector antenna. 
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rays from the feed which strike the reflector surface in one of these planes 
are all collimated along a line parallel to the z axis. However, rays which 
strike the reflector surface at other angles do not arrive in the same trans- 
verse plane in phase with the rays in the plane containing the z axis. 

The geometry of the toroidal reflector is somewhat more complicated 
than that of the spherical reflector and it is convenient to use a more general 
method for determining the path length difference across the aperture. The 
toroidal reflector has been analyzed by using vectors to denote the incident 


Fig. 7.44 Vector representation of surfaces and rays. 


and reflected wavefront surfaces and the reflector surface. A general point 
on the incident wavefront surface can be represented by a vector from the 
origin to that point. If (u,v) is the coordinate system of the wavefront 
surface, the incident wavefront surface can be denoted by the vector 


A(u, v) = a,A,(u, v) + a,A,(u, v) + a,A,(y, r), (7.301) 


where a,, a,, and a, are unit vectors in the x, y, and z directions. The reflected 
wavefront surface can be denoted by the vector 


Bu, v) = a,B,(u, v) + a,B,(u, v) + a,B,(u, v). (7.302) 


If (s, ¢) is the coordinate system for the reflector surface, this surface can be 
represented by the vector 


R(s, t) = a,R,(s, t) + a,R,(s, t) + a,Rs, t). (7.303) 
These vectors are shown graphically in Fig. 7.44. Since A(u, v) and B(x, v) 
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are both equiphase surfaces, all points on B are equidistant from the cor- 
responding points on A. Also, all rays are normal to the wavefront surfaces. 
The reflected ray is therefore given by 


b=B-R, (7.304) 
and 
b = (C — [R — Al)a,, (7.305) 
where C, the total path length of the ray, is 
C= |al + bl, (7.306) 


a and b are the incident and reflected rays, respectively, and a, is the unit 
vector in the b direction. Combining Eqs. 7.304 and 7.305 gives 
B — R= (C — |[R — A))a,. (7.307) 
Since the incident and reflected rays are coplanar, the angle of incidence 
equals the angle of reflection. That is, 
n-a, =N-a,, (7.308) 
and 
a, xX n=a, X 0, (7.309) 


where a, is a unit vector in the a direction and n is the unit vector normal 
to the reflector. The equality of Eq. 7.309 can be expanded as 


n x (a, x n) = n x (a, Xx n), (7.310) 
which can be rewritten as 
a,(m-n) — n(n-a,) = a,(n-n) — n(n-a,). (7.311) 
Combining Eqs. 7.308 and 7.311 gives 
a, = a, — 2n(n-a,), (7.312) 
where 
es - = = (7.313) 
Combining Eqs. 7.307, 7.312, and 7.313 gives 
B=a,C + A + 2n{n- (R — A)]. (7.314) 


For convenience, the reference length C can be set equal to zero. The 
fact that the rays are normal at the wavefront gives ' 


(R — A)-A, =0, (7.315a) 
(R — A)- A, = 0, (7.315b) 


where A, and A, are tangents to the wavefront surface in the u and v 
directions. 
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The deviation of the reflected wavefront surface from a plane is shown 
vectorially in Fig. 7.45. This deviation can be denoted by 


A(u, v) = |B — B,| cos 6 = (B — B,)-a,, (7.316) 


where a,, is the unit vector normal to the specified plane surface and By is 
the vector to the point where the wavefront surface and the plane wave are 
tangential. 
For the parabolic toroidal reflector of Fig. 7.43, the feed position is 
given by 
A = a,d, = a,(a — f), (7.317) 


x 


Fig. 7.45 Geometry for determining path length difference. 


where d, is the distance from the origin to the focal point and fis the focal 
length of the parabola formed by the intersection of a plane containing the 
z axis with the reflector surface. The reflector surface is given by 


z* = A4f(a — p), (7.318) 
where 
p= et Y?, (7.319) 


and a is the radius of the circle in the z = 0 plane formed by rotating the 
parabola about the z axis. If the coordinate system is normalized to make 
this radius unity, the equation of the surface is 


R(@, y, 2) = 2 — 4f(1 — p) = 0, a =4 (7.320) 
and the unit normal to this surface is 
x z 
Me: + a, fy =f a9 
n= iti acai valle dar ‘ (7.321) 


Lf? + (2/2)7}* 
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The vector representation of the reflector is 
R=a,7+ ay +a,z. (7.322) 
Therefore the incident ray is 
a=R-—-A=a,a—d,) +ay+a,z, (7323) 


[eral 2 ee 


PAE Pie « Pw 2k. sp 
Dink oe Mins (Se eae 


Then, the zero reflected wavefront (C = 0) of Eq. 7.314 is 


and 


(7.324) 


2f(a,2 +a,24 2.2) 
p p 


2 
B=ad 
aa P+ iD 


(of as . es ac) (7.325) 


Using the relation 
COS), (7.326) 
with Eq. 7.318 gives 
' Y & ' 
2 a, COS p aay a8 ay Cir sf p a? d,f cos $') 
Raa ee ee C=0. 
Jee leaep 
Co) 


The phase error for the parabolic torus can be determined by using Eq. 
7.316. The reference surface is 


B=ail+/f, a=1, (7.328) 
and the unit normal to the reflected plane wave is 
an a (72329) 


so that Eq. 7.316 gives the path length difference 


BONO G irae Pleo P 2) 


A=d,—-—1-— 
j i Paes 


(7.330) 
Using Eq. 7.317 gives 


nd ~ 21 bs S| (7.331) 
Nesta P 
which can be rewritten as 
A = —2f(1 — cos ¢’)} 1 — ean SO (7.332) 


re 
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Fig. 7.46 Parabolic torus path length difference. 


df = 0.56, do = 10°,a=1 
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Fig. 7.47 Elliptical torus path length difference. 
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since 


22 
Dae a tt (7.333) 
The path length error is therefore zero in the plane 6’ = 0. Curves of path 
length error for various values of ¢’ and z are shown in Fig. 7.46. 

Detailed numerical calculations have shown that it is possible to improve 
the performance of the toroidal reflector by changing the generating curve. 
This can be done by making the intersection of the plane ¢’ = 10° with the 
reflector a curve producing no phase error. This curve lies on a parabo- 
loid which is a surface of revolution about the x axis. The equation of the 
paraboloid is 


z* + p* sin? dy’ — 4f(1 — pcos dy), gia) (7.334) 


Rotation of the curve of Eq. 7.334 about the z axis produces a toroidal 
reflector with an elliptical cross section. Curves of path length error for this 
elliptical torus are shown in Fig. 7.47. 
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PROBLEM 
7.8.1 Design a toroidal reflector antenna with 30db gain and 50 percent 
efficiency at a wavelength of 10cm. Plot the far field principal plane patterns, and 
compare this antenna with the paraboloidal, Cassegrain, cylindrical and spherical 
antennas of Problems 7.3.4, 7.4.1, 7.4.2, 7.5.2, and 7.7.2. 


7.9 Passive Reflector 


Paraboloidal reflector antennas have been used in conjunction with flat 
or curved passive reflectors in a periscope arrangement as shown in Fig. 
7.48. These antenna arrangements have been analyzed by replacing the 
inclined passive reflector, having its projected area in the plane perpendicular 
to the line connecting the passive reflector, with the image of the excited 
antenna. This is illustrated in Fig. 7.49. With this arrangement it is possible 
to analyze the manner in which the passive reflector affects the antenna 
patterns and gain. 

If the incident field is Ey, the field diffracted by a flat reflector is given by 
Eq. 4.83 as 


. 27 Ca —iks 
yee iEs| | Boe Bee (7.335) 
AO cick) YES 
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Projection of passive 
reflector in x = 0 plane x 


Inclined passive reflector 


Fig. 7.48 Passive reflector antenna system. 


The distance s between the point on the reflector and the point on the antenna 
is given approximately by 


2 4 , sli 
See ete app ee! ; (7.336) 
so that Eq. 7.335 becomes 


E, __ JEo eA) Meat a dp| exp [ee cos (6’ — a ap. 
Ad 0 0 2 


(7.337) 
From Eq. 4.178, the last integral is 


[ex | ee cose dp = 2nJa( S22) (7.338) 


Normalizing the dimensions of the aperture by letting 


u=? (7.339a) 
a 
and 
= (7.339b) 
a 
gives 


A 1 Ss BE 
E, = jmb el By Jo(muv)e?™™ 124 du, (7.340) 
0 
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where 
m= “ ; (7.341) 
The scattered field thus has the form 
E, = Eye **g(v), (7.342) 
where 
e(v) = jmeim! | “o(mus)erime" *u du. (7.343) 


Fig. 7.49 Passive antenna equivalent arrangement. 


Differentiating g(v) with respect to v, and comparing this derivative to the 
integral by parts of g(v), gives the equation 


gue”? — mJ,(mv)ei""? = 0, (7.344) 

with the initial condition 
=(O}ul tens (7.345) 

The gain of the system due to the reflector can be defined as 
Fe, Sa ei al 8d Piles (7.346) 
AE es 3 
where 
R 

TT (7.347) 


and R and a are the radii of the active and passive reflectors, respectively. 
If the antenna has an amplitude taper, this must be considered in calculating 
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the reflector gain. If the amplitude function is denoted by f(v), then the 


gain becomes 
2 


[sore av 


[kc av) | 


One approximation to the amplitude taper across the aperture is a parabolic 
taper which is 10 db down at the aperture edge. This can be written as 


G= (7.348) 


f() = 1 — 0.684(2). (7.349) 


Vo 


Reflector gain G,, in db 


I 
co 


—16 
0.1 0.2 0.5 1 2 5 10 
Reflector size and spacing parameter, h = \d/4a? 


Fig. 7.50 Flat passive reflector gain. (From Antenna Engineering Handbook, edited by H. 
Jasik. Copyright 1961 by the McGraw-Hill Book Company. Used by permission of 
McGraw-Hill Book Company.) 


Curves of gain as a function of antenna diameter and reflector size and 
spacing are shown in Fig. 7.50 for the amplitude taper of Eq. 7.349. 

A second type of periscope antenna system uses a curved surface for the 
passive reflector. With this system, the curved reflector is a segment of a 
large paraboloid whose focus is the center of the active antenna and whose 
axis is parallel to the x axis as shown in Fig. 7.51. The performance of this 
antenna can also be found by analyzing the effect on the projected circular 
geometry as illustrated in Fig. 7.49. If the active antenna has a parabolic 
amplitude taper, Eq. 7.349 can be rewritten as 


E,(v) = 1 — pv, (7.350) 
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Section of paraboloid 


Fig. 7.51 Curved passive reflector antenna. 


where v is now the new variable ; 


2) 
Drees Fae 7.351 
; (7.351) 


and p is 0.684 for a 10 db amplitude taper. For widely spaced reflectors, 
the separation of Eq. 7.336 is approximated by 


2c ) ! re 

aie pa tee, (7.352) 

and the refracted field of Eq. 7.337 becomes 

q —ijkd [a A , 
es Hues [ E,(v)e#* ey, ( HEP") Pein! (7.353) 
Integrating Eq. 7.353 gives 
et E(t) jee?" F (a), (7.354) 
w=, (7.355) 
a 


F(u) = (U,; + jU,) — 2 3 (ee GU) a pare Us Uy 2 C7356) 


(7.357) 
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and U,, are Lommel’s functions defined by 


(ce) im n+2i 
U,(m, t) = >( -(2) J ns2ilt), (7.358) 
i=0 
where 
t = mqu. (7.359) 


The far field of this antenna can be found by evaluating the far field con- 
tributions from each point on the passive reflector aperture. The distance 
from a point on this aperture to the far field is 


r’=r— pcos(f’ — £) sing, (7.360) 


Reflector gain G,, in db 


0.1 0.2 0.5 1 2 5 
Reflector size and spacing parameter, h = \d/4a? 


Fig. 7.52 Parabolic passive reflector gain. (From Antenna Engineering Handbook, edited 
by H. Jasik. Copyright 1961 by the McGraw-Hill Book Company. Used by permission of 
McGraw-Hill Book Company.) 


where « is measured from the x axis as shown in Fig. 7.49. Using the methods 
of Section 4.3 gives the far field as 
— azo skldtr) ,—im/2 (1 
p= eens [ F(u)J(bu)u du, (7.361) 
r 0 
where 
= kasin a. (7.362). 


The far field due to the dish alone, without the reflector, is 


“1 R2o—skr (7 __ 
E,= kite (2=4) (7.363) 
r 4 
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The gain of the system, due to the reflector, is then 


2 2 iL 
we ci or du 
|Eal 2—kJo 


2 


; (7.364) 


G, 


The gain for a curved passive reflector system is given in Fig. 7.52 as a func- 
tion of the periscope geometry. 
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PROBLEMS 
7.9.1 Design a passive reflector antenna to give a 30 db gain at a wavelength 
of 10 cm using a flat reflector and a 100 meter antenna-to-reflector spacing. 
7.9.2 Repeat Problem 7.9.1 for a curved reflector. 


7.10 Reflector Array 


If the elements of an antenna array are properly terminated, it is possible 
to construct an array to serve as an antenna reflector which redirects most 
of the incident energy. 

One method of terminating the elements of a linear array is illustrated 
in Fig. 7.53. For an incident wave arriving from the direction 9), there is a 
phase lag in the positive z direction, which is 


27ns cos 8, 
Yr=- niece a? (7.365) 


where 6, is the angle from the z axis to the incident wavefront normal. The 
array elements are interconnected with equal path lengths. That is, 


dy =a Oh — ABS (7.366) 


After the incident energy passes through the equal line lengths, it is re- 
radiated with a progressive phase lag yp, in the negative 2 direction. This 
phase lag tilts the beam through the angle 65, so that the energy is reradiated 
in the same direction, and the array acts as a reflector. 

Performance of the reflector array can be analyzed using the notation for 
the radar problem in Section 1.1. If the power density incident on the 
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Incident wavefront 


Fig. 7.53 Linear reflector array. 


array is P,;, and the scattering cross sectional area is o, the power density 
at a receiver at a distance R from the reflector, is 


Pp 
PR=7 (7.367) 
so that the reflector cross section is 
o = An (7.368) 


For a reflector array with an effective area A,, the intercepted power is 

W, = P,A,. (7.369) 
For a reflector array with a gain G the power density received at the receiver 
is 
W,G _ P;A,G 
4nR® = 4nR? 


R= 


(7.370) 
However, from Eq. 1.16, 


A,=—., (7.371) 
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so that Eq. 7.370 gives 


M ?G? 4A,” 
aR 7 (7.372) 
fey 4m(47R°) 47R°A 
Combining Eqs. 7.368 and 7.372 gives 
272 
= IS: ; (SHER 
4a 
or 
(7.374) 


Fig. 7.54 Planar refiector array. 


Thus, once the gain of the array has been determined, its performance 
as a reflector can be ascertained. In general, the gain is a function of the 
angle of the beam tilt and the patterns of the individual elements, as 
described in Section 6.1. 

Another realization of the reflector array is the two-dimensional array 
shown in Fig. 7.54. Elements symmetrically placed with respect to the 
origin are interconnected. This is denoted by giving the interconnected 
elements the same numbers in the figure. 

The reflector array can also be mounted on an arc or on a curved surface, 
if line lengths are adjusted to compensate for the distance from the elements 
to the projected length, as shown in Fig. 7.55. 
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Another type of reflector array is an array of elements terminated in 
short circuits to act as a reflector for a primary feed. Such an arrangement, 
using a planar array in the x = 0 plane, is shown in Fig. 7.56. The electric 
field of a point source feed located at x = f can be written as 


—jkR 


E, = E,(é, y) — re (7.375) 


where (R, y, &) are the coordinates of a point on the reflector measured 
from the feed, as shown in the figure. The distance from the feed to a point 


Fig. 7.55 Circular reflector array. 


on the reflector is 


‘Kee bowie =f sec & sec y, (7.376) 
cos € cos p 


so that the incident field on the reflector array surface is 


B= E,(é, y) cos €cos p 
' f 


If I’ is the reflection coefficient of the surface, the reflected field is 


exp (—jkf sec & sec y). (7.377) 


E, = E,Y. (7.378) 
The reflection coefficient given in Eq. 5.384, in terms of impedances, is 


ye LpreeL 


ee 5) 
Let Z; 


(7.379) 
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¥4 


x 
Fig. 7.56 Reflector array antenna terminated in short circuits. 


where Z, is the normal impedance of the reflector array surface and Z, is 
the ratio of the tangential components of the incident wave. For an incident 
wave polarized in the y direction, 


ee (7.380a) 
Cet eee COSce cos & 


It 


where C is the ratio of the cosines and Z, is the impedance of the free-space 
medium. For an incident wave polarized in the é direction, 


ps eae (7.380b) 
cosy C 


Zi. = 
If the reflector array is lossless, the impedance Z, is a pure reactance /X,, 
and the reflected wave of Eq. 7.378 for p polarization becomes 


E,= g(a = 20 = ae) (7.381) 
Pella 
or 


E, = E,exp |= tan X:)). (7.382) 


0 
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Combining Eqs. 7.377 and 7.382 gives 


E,= ee [-i [2 tanr( + kf sec & sec v||. 


(7.383) 
The reflected wave can be written in terms of its amplitude and phase as 
E, = Ene”, (7.384) 
where the amplitude, 
E,(é, y) = Tee oa (7.385) 


depends upon the amplitude distribution of the feed, and the phase 


BCE, yp) = 2 tan-?( *) + kf sec € sec y, (7.386) 


0 


can be controlled by controlling the surface reactance. The phase distribution 
across the aperture is determined by determining the antenna beam position 
and the desired shape. For a given phase distribution, the required nor- 
malized surface reactance for y polarization is 


2: 
Ps = C tan 3[6(&, w) — kf sec & sec y], (7.387) 


0 


and, for & polarization, it is 


Xs 
MEL Opt py AIB(E, p) — kf sec E sec y]. (7.388) 

For example, if the desired reflected field is a plane wave, normal to the 
x axis, traveling in the x direction, then f(€, y) is a constant. If this constant 
is adjusted to be zero for the ray reflected from the reflector edge, 


B= KRy, (7.389) 
where 
Ry = f sec & sec po, (7.390) 


and (R, &o, Yo) are the coordinates of that point of the aperture edge which 
is farthest from the feed. For this case Eq. 7.387 gives 


xe 
fig! le tan a(% 4 ise Sse ¥) (7.391) 
Ze a A 


These reactances can be obtained by terminating the antenna array 
elements in short-circuited transmission lines. 
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PROBLEMS 

7.10.1 Determine the reflector cross-sectional area of a 20-element, half- 
wavelength spaced linear reflector array. 

7.10.2 Determine the reflector cross-sectional area of a 100-element square 
planar reflector array with half-wavelength spacing between rows and columns. 

7.10.3 Design a spherical reflector array with a 3 meter diameter, operating at 
a wavelength of 10cm, and determine the maximum practical operating distance 
for this array in a communication system with a 10 kc bandwidth. 


CHAPTER 8 


Traveling Wave Antennas 


The reflector antennas described in the preceding chapter achieve increased 
gain over the simple elements by occupying a relatively large aperture 
perpendicular to the direction of propagation. In contrast, traveling wave 
antennas achieve increased gain over a single simple element by providing a 
structure which has a significant dimension in the direction of propagation. 
This structure supports a traveling wave, and the distribution of current over 
the structure determines the antenna radiation characteristics. 

There are two types of traveling wave antennas: slow wave (surface wave) 
antennas and leaky wave antennas. For the surface wave antenna, the phase 
velocity of the traveling wave is equal to or less than the speed of light in 
the medium. With this antenna, the slow wave is bound rather tightly to 
the antenna structure. For the leaky wave antenna, the phase velocity is 
greater than the velocity of light. 

This section analyzes the radiation from the long wire, vee, rhombic, 
surface wave structure, dielectric rod, Yagi, linear transmission-line array, 
corrugated surface, leaky wave structure, leaky rectangular waveguide, 
leaky circular waveguide, and leaky trough waveguide antennas. 


8.1 Long Wire 


One example of a traveling wave antenna is a long wire excited by a 
traveling wave as shown in Fig. 8.1. If the traveling wave is unattenuated, 
the current along the wire is given by 


L=al,e™. (8.1) 
The radiation intensity of Eq. 4.7 is 


L 
Nee | Tei8# °8 8 qa! (8.2) 
0 
or 
L ar 
N, ze tol elke (cos @—1) dz’, (8.3) 
0 
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which gives a radiation intensity of 


_ p—ikL(1—Ccos @) 
ea ae I Rete A) (8.4) 
jk(1 — cos 6) 


The magnetic vector potential of Eq. 4.9 is 


T.e7 "71 — —jkL(1—cos 6) 
we phe? (se ] (8.5) 
jk4nr(1 — cos 6) 
z 
Fig. 8.1 Long wire antenna. 
From Eq. 3.17 the spherical components of the vector potential are 
A, = A,cos.8, (8.6a) 
A, = A, sin 0. (8.6b) 
From Eq. 3.10, the magnetic field due to the traveling wave is 
a, ra, rsin a, 
Ea a ge ese eff le (8.7) 
Ub ur’ sin 6| dr 00 
A, TAs 0) 
Thus the magnetic field has only a ¢ component, given by 


Ay = ste (rAg) — — Ar]. (8.8) 
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Performing this differentiation gives 


Boe —I, sin i ae 1 Ja _ grstiwy 4 Ecos 6 Lcos 6 eae, (8.9) 
4nru jkru r 
where 


u=1-—cos 8. (8.10) 


In the far field only those terms varying inversely with r are significant, so 
that the far field is 


—I, sin 0e "(1 — cna 


on 4nru (8.11) 
or 
—jIq sin Be~e~H#LUI2) gin (2) 
Hee SSS (8.12) 
The far electric field is then 
—jZol9 sin Oe eM E4)) sin (24) 
E, = ZoHy = Los. (8.13) 
The Poynting vector of Eq. 1.26 is 
P=}Re(Ex Hi), (8.14) 


which gives 


ZA gi sin 0 sin* [Ae (1 — cos 0) 
Pos Pee wee ee ; (8.15) 
2(2mr)*(1 — cos 6)? 
This can also be written as 


Lolo cot sin” Es (1 — cos 0) 
pr dg sk el (8.16) 


T 
8a?r? 


Thus the antenna pattern of the traveling wave is a multilobe pattern with 
the number of lobes depending on the length L, which contributes to the 
number of variations in the sine term in Eq. 8.16. For a long antenna the 
rapid variations of the sine term mean that the peaks of the lobes occur 
approximately where 


sin? E (1 — cos On) = |, (8.17) 
or where 


= (igeheosiy = ae moda: (8.18) 
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This occurs at the angle 


0 = 60s (1 — mt), (8.19) 


Since the term cot? (6/2) decreases as @ increases, the maximum lobe occurs 
at the smallest value of m. If the effect of the cot? (0/2) term on the position 
of the peak of the beam is included, the constant is 


m = 0.742, 2.93, 4.96, 6.97, 8.99, 11, 13,..., (8.20) 


and the peak of the main beam occurs at the angle 


b= cos | (1 = 072) (8.21) 
2 
The nulls in the pattern occur at 
sin E (1 — cos 0,)| ==), (8.22) 
or at 
=i — cos 0,,) = nz, et Ts, RB (8.23) 
This occurs at the angle 
(SEs © (1 _ m4), (8.24) 
iy 
so that the first null occurs at 
A 
6, = cos? (1 _ 4), 8.25 
: (8.25) 


Curves indicating the locations of the peaks and nulls of the antenna pattern 
as a function of the antenna length L are given in Fig. 8.2. The effect of 
the cot? (6/2) weighting function on the amplitude of the lobes of the far 
field pattern is illustrated in Fig. 8.3. 

The total radiated power is 


ZI if sin” E (1 — cos 0) sin® 0 
0*0 


Wr -| P-ds= 
Ss 4a Jo (1 — cos 6)? 


dO. (8.26) 


The evaluation of this integral gives 


Wr = 301,3| 1.415 + In (*4) — C,(2kL) + Ck) (8.27) 
7 2kL 
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Fig. 8.2 Location of antenna lobes and nulls. 
so that the radiation resistance of Eq. 1.33 is 
2W. kL sin (2kL 
R,=—7= 60] 1.415 + In (4) ACRE sin Ck) (8.28) 
I 7 2kL 


The directivity of the long wire can be found by using Eqs. 8.16 and 8.27. 


This gives 
; 260" E cos * (1 ~ etsy 
D= Bobs = MG CC MEMIr Na TE ic - . (8.29) 
Pegaso in (24) = COkL) pease 
+ 7 (2kL) + sas 
Also, the effective height of Eq. 1.68 is 
4R,A |” 
h= | u | = feet E cos* (22214) | (8.30) 
Li 7 L 


If the long wire is not properly terminated, so that the traveling wave is 
reflected from the end of the wire, a second traveling wave is produced 
which travels in the negative z direction. The sum of the incident and re- 
flected traveling waves is a standing wave. Such a standing wave produces 
a sinusoidal current distribution along the antenna, which is analyzed in 
Section 3.3. 


Sai 
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Fig. 8.3. Patterns of long wire antennas. 


A variation of the long wire antenna is the horizontal long wire mounted 
above a conducting ground, as shown in Fig. 8.4. Since the ground creates 
an image, this antenna can be analyzed as a two-element array, as in Section 
7.1. The element pattern is given by Eq. 8.13 in terms of the coordinates 


of Fig. 8.4 as 
: : —djkr ,—I(kL/2)(1—COS a) o: kL 
—j60I, sin de-”""e sin Si (1 — cos «) 
E, = (8.31) 
r(1 — cos a) 
The array factor of Eq. 6.49 used to describe the total far field due to the 
wire and its image in a perfectly conducting ground plane is 


E = 2E, cos e, (8.32) 


378 Traveling Wave Antennas 


2 


Ground plane in z=0 plane 


Ae of long wire 


Fig. 8.4 Horizontal wire above ground. 


where from Eq. 6.4, 
y = 2kH cos 0 — a, (8.33) 


and the term 7 accounts for the fact that the image current is the negative 
of the long wire current. Also, from the geometry of Fig. 8.4, 


cos « = sin 6 cos ¢. (8.34) 
If the coordinates are translated in the x direction, so that the z axis passes 
through the center of the wire, 

e (kL /2)(1—cos aes A. (8.35) 


Combining Eqs. 8.31 through 8.35 gives 


—j120I, sin ¢ sin ES (1 — sin 6 cos 6)| sin (kH cos 0)e~**" 


E(@, ¢) = r(1 — sin 6 cos 4) 


(8.36) 


The expressions for the patterns in the principal planes are somewhat 
simplified. In the horizontal (z = 0) plane, 


—j120Iy sin ¢ sin E (1 — cos 6)| on ake 
EE, $) a : 5 REET 
; r(1 — cos ¢) 
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in the vertical (7 = 0) plane, 


—j120I, sin =o sin (kH cos 0)e~*" 


F,(0, 7) =, (8.38) 
2 r 
and in the (y = 0) plane, 
EG, OVO. (8.39) 
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PROBLEMS 
8.1.1 Plot the far field pattern of a ten-wavelength long traveling wave antenna. 
8.1.2 Verify Eq. 8.20. 
8.1.3. Plot the principal plane patterns of a ten-wavelength horizontal traveling 
wave antenna one-half wavelength above a perfectly conducting ground. 
8.1.4 Repeat Problem 8.1.3 for an antenna one wavelength above ground. 


8.2 Vee 


A useful antenna, using long wires and traveling waves is the Vee antenna, 
as shown in Fig. 8.5. The angle ¢, between the x axis and the Vee elements 
is adjusted so that the main beam of each long wire element falls in the 
y =0 plane. This antenna can be analyzed by using superposition. The 
far field due to an incremental portion of the long wire element No. | in 
Fig. 8.5 can be found from Eq. 3.25. Using the coordinates of the figure, 
this far field is 


dE, = E, sin (¢ + ¢,) exp [ jkp sin 0 cos (6 + ¢o)] dp, (8.40) 
where 


a Zok lee 


E 
" 4ar 


(8.41) 


Similarly, the far field due to an incremental portion of element No. 2 is 
dE, = —E, sin (¢ — ¢o) exp [jkp sin 6 cos (¢ — $o)] dp. (8.42) 


The effect of the ground beneath the antenna can be analyzed in terms of 
waves which are reflected from the ground with the reflection coefficient 


I’ = ae™. (8.43) 
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Fig. 8.5 Vee antenna. 


The contribution to the far field from ground-reflected waves from each of 
the elements is 


dE,’ = qe~i(2kH 008 6+a) gp (8.44) 


The total far field is then found by superposition as 
Lk 
E=|-)> (dE, + dE,). (8.45) 
0 i=1 
Using the methods of Eq. 8.1 gives the far field as 
LE 
E =| (dE, + dE,’ + dE, + dE,’). (8.46) 
0 
Substituting Eqs. 8.40 through 8.44 into Eq. 8.46 gives 


E= Bal | “sin (@ + $){1 + a exp [—j(2kH cos 6 + a) ]} 
x exp {—jkp[1 — sin 6 cos (¢ + 4,)]} dp 
fe 
-| sin (¢ — $o){1 + a exp [—j(2kH cos 6 + «)]} 


x exp {—jkp[1 — sin 6 cos (¢ — 4y)]} dp). (8.47) 


This can be rewritten as 


E = E,{1 + aexp [—j(2kH cos 6 + «)]} 
i 
x (sin (¢ + do) | exp {—jkp[1 — sin 6 cos ($ + $0)]} dp 


L 
— sin(¢ — 0) exp {—jkp[1 — sin 6 cos (¢ — $0)]} dp). (8.48) 
Performing the integration gives 
_ E,{l + a exp [—j(2kH cos 6 + a) ]} 
k 


1 — sin 0 cos(¢ + ¢y) 


E 


1 — sin 6 cos(¢ — ¢o) 
The pattern in the vertical y = 0 plane is 
E(6, 0) = 2E,{1 + a exp ee cos 6 + «)]} 
J (= do{1 — exp Caiaee — sin 6 cos ou), (8.50) 
1 — sin 6 cos ¢y 


For a perfectly conducting ground, 
Lal (8.51) 
and the field in the vertical plane is 


SE, sin (kH cos 6) sin dp sin E (1 — sin 6 cos $.)| 


a ; 
ee) k(1 — sin 6 cos ¢o) 2) 


Combining Eqs. 8.41 and 8.52 gives, for = —1, 


240] ,e?*" sin (KH cos 6) sin ¢p sin E (1 — sin 6 cos $6)| 


E(0,0) = (8.53) 


r(1 — sin 6 cos ¢) 
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PROBLEMS 

8.2.1 Plot the vertical plane pattern of a Vee antenna with ten wavelength long 
Sides and a 90 degree included angle with the antenna one-half wavelength above a 
perfectly conducting ground. 

8.2.2 Repeat Problem 8.2.1 for a Vee antenna with a 60 degree included 
angle. 

8.2.3 Repeat Problem 8.2.1 for Vee antennas with 45 degree and 30 degree 
included angles. 


8.3. Rhombic 


Another useful antenna is the rhombic shown in Fig. 8.6. This antenna 
can be analyzed as the superposition of two Vee antennas or the super- 
position of four long wire antennas. 

The far field due to an incremental portion of long wire element No. 1 
of the figure can be found from Eq. 3.25. By using the coordinates of Fig. 
8.6, this far field is 


dE, = E, sin (¢ + ¢o) exp [jkp sin 6 cos (¢ + d5)] dp, (8.54) 
where 
_ ZokIge—™ 


E 
: 4ar 


(8.55) 


Fig. 8.6 Rhombic antenna. 
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Similarly, the far field due to an incremental portion of element No. 2 is 
dE, = —E, sin (¢ — $9) exp [jkp sin 6 cos (6 — ¢y)] dp. (8.56) 
The far field due to an incremental portion of element No. 3 is similar to 


that of a similar portion of element No. 2, provided the coordinates are 
translated in the direction of element No. 1. That is, 


dE, = —exp[jkL sin 6 cos (¢ + ¢y)] dEo. (8.57) 
The far field due to a portion of element. No. 4 is 
dE, = —exp [jkL sin 6 cos (¢ — ¢o)] dE. (8.58) 


The effect of the ground beneath the antenna can be analyzed in terms of 
waves which are reflected from the ground with the reflection coefficient 


le tae's (8.59) 
The contribution to the far field from ground-reflected waves from each of 
the elements is 


AE pa ai ea RE SOS EY es 1-3 12,3, 4, (8.60) 
The total far field is then found, by superposition, as 
La 


E=| > (dE, + dE,). (8.61) 


0 7=1 


Using the methods of Eq. 8.1 gives the far field as 
L 
E -| (dE, “be dE,’ + dE, a abe ye 
; 0 


ia 
+ (dE, + dE,’ + dE, + dE,/)e*™"t™), (8.62) 
1) 
Substituting Eqs. 8.54 through 8.60 into Eq. 8.62 gives 


ieee Fal [sin (d + do)[1 + ae FOR 008 O+a)) 
; x exp {—jkp[1 — sin 6 cos (¢ + ¢)]} dp 
=| sin (§ — foil + aorta 
x exp {—jkp[1 — sin 6 cos (¢ — ¢,)]} dp 
— | ‘sin (b + do)[1 + ae Int 008 040) 
‘ x exp {—jkL[1 — sin 6 cos (¢ — ¢y)]} 
x exp {—jkp[1 — sin 6 cos (¢ + d5)]} dp 
+] sin (fb — fo)[L + aon 124i 008 0+2)) 
: x exp {—jkL[1 — sin 6 cos (¢ + 45)]} 
x exp {—jkp[1 — sin 6 cos (¢ — y)]} ap, (8.63) 
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E = E,{1 + a exp [—j(2kH cos 6 + «)]} 
x sin (d + ¢o)(1 — exp {—jkL[1 — sin 6 cos (¢ — ¢5)]}) 


x | “exp {—ikpll — sin 000s (b + d)]} dp 

= (d — Po)(1 — exp {—jkL[1 — sin 6 cos (d + $)]}) 

x [exp {—jkp[1 — sin 6 cos (4 — 4y)]} a |, (8.64) 
Performing ite integration gives 


E,{1 + a exp [—j(2kH cos 6 + «)]} 


E= 
jk 
sin(¢ + dp )(1 — exp {—jkL[1 — sin 6 cos (d — ¢o)]}) 
ei " x (1 — exp {—jkL[1 — sin 0 cos (¢ + ¢,)]}) 
1 — sin 6 cos(¢ + ¢o) 
— sin(¢d — ¢o)(1 — exp {—jkL[1 — sin 6 cos(¢ + ¢o)]}) 
x (1 — exp {—jkL[1 — sin 6 cos (¢ — sa (8.65) 
1 — sin 6 cos (¢ — po) 
or 


E -" {1 + aexp [—j(2kH cos 6 + «)]} 


x (1 — exp {—jkL[l — sin 6 cos (¢ + ¢5)]}) 
x (1 — exp {—jkL[1 — sin 6 cos (¢ — ¢y)]}) 
x Par eaiaaarl his ee (8.66) 
1 —sin6@cos(6+¢) 1-—sin6cos(¢ — go) 
The pattern in the vertical y = 0 plane is 


= 


E(6, 0) = {1 + a exp [—j(2kH cos 6 + «)]} 


x {1 — exp [—jkL(1 — sin 6 cos so] ee (8.67) 


— sin 6 cos do 
For a perfectly conducting ground, 
TP =5—1 (8.68) 
and 
E(6, 0) = 16E, . sin (kH cos 6) sin |= (1 — sin @ cos $.)| (—- a do ) 
. — sin 6 cos do 


(8.69) 
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The optimum height above ground at which the far field is a maximum can 
be found from 


dE(9,0) _ 9. (8.70) 
dH 
This occurs where 
cos (kH,, cos 8) = 0, (8.71) 
or 
kH, cos 0 = po, Be Oe. (8.72) 
so that the optimum height is 
aap 2A (8.73) 
* | 4cos 6 
The minimum optimum height is therefore 
A 
= (8.74) 
"40s 0 


The optimum rhombic element length which gives the maximum far field 
can be found from 


dE(0, 0) _ 


0. (8.75) 
OL 
This occurs when 
kL, ; 
cos ; (1 — sin 6 cos ¢o)| = 0, (8.76) 
or 
aL, pr 

q URS SEES Di=7L83, aves (8.77) 


so that the optimum rhombic length is 
Figp tt Saree Seat cay (8.78) 
2(1 + sin 6 cos do) 
and the minimum optimum length is 
ais A 
os 2(1 + sin 6 cos do) 


The optimum angle between the rhombic elements to give the maximum 
far field can be found from 


(8.79) 


L, 


AE(0, 0) _ 


8.80 
Pict i) 


which occurs where 
kL sin? dy sin 6(1 — sin 6 cos ¢o) 


(8.81) 
COS dy — sin 8 


tan Za — sin 6 cos $6)| = 
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Combining Eqs. 8.79 and 8.81 gives 


cos $y = sin 8, (8.82) 

so that Eq. 8.79 becomes 

oe alate 

i Dion Oy 
The optimum values of height, element length, and element angle (H,, Ly, 
and ¢,) given above give the maximum far field. However, because the 
amplitude of the far field increases with increasing element length as shown 
in Fig. 8.3, the optimum values calculated above do not necessarily corre- 
spond to the values which place the peak of the main beam at the desired 


angle 6. The values of these parameters at the peak of the main beam can 
be found from 


(8.83) 


ee) = 0, (8.84) 
which gives 
H = cos ¢, cot 6 tan (kH cos 6) 

: Z (8.85) 


x 1k — sin Ocos ¢o) E (1 — sin 6 cos ¢ ) 
2 


Combining Eqs. 8.74 and 8.85 gives 
tan Exe — sin 6 cos $6)| = kL(1 — sin 6 cos 4y), (8.86) 
having the roots of Eq. 8.20 which are 
Si — sin 6 cos ¢ ) = 0.742, 2.93, 4.96, 6.87, 8.99, 11, 13,..., (8.87) 


and the optimum antenna length is then 


0.371A 


L, = ————. 8.88 
: 1 = -sin,0 cos oy oe 
Substituting Eq. 8.88 into Eq. 8.69 gives 
E(6, 0) = E,[sin (KH cos 6)] | St ¢e __). (8.89) 
1 — sin6cos ¢ 


The angle between the rhombic elements and the ~ axis is then given by 
on 
0g 


cos dy = sin 8, (8.91) 


(8.90) 


which gives 
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which is the same as Eq. 8.82. Combining Eqs. 8.88 and 8.91 gives 


_ 0.3714 


L ; 
* cos? 6 


(8.92) 


Note that this length which places the peak of the main beam at the angle 0 
is shorter than the length of Eq. 8.83, which gives the maximum far field at 
the angle 0 and a main beam at a lower elevation angle. 
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PROBLEMS 


8.3.1 Design a rhombic antenna to obtain maximum radiation 10 degrees 
above the horizon. 


8.3.2 Design a rhombic antenna whose main beam is 10 degrees above the 
horizon. 


8.4 Surface Wave Structures 


Several different structures have been built to serve as transmission lines 
for surface waves. These surface wave structures do not radiate by them- 
selves. Radiation is produced by placing discontinuities in the surface wave 
transmission line. Antennas produced in this manner are called surface 
wave antennas. 

The surface wave is bound to the surface between two materials. In a 
surface wave transmission line, the fields diminish rapidly in the direction 
normal to the surface. For a rectangular coordinate system, it is generally 
assumed that the field is separable into functions of the three coordinates, 
so that the field can be written as 


F= FEEL). (8.93) 

Using this field as a solution of the wave equation in rectangular coordinates 
gives 

OF, 

dw” 


+k Fy=0, w= 2,2 (8.94) 
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Thus the wave number can be expressed in terms of the wave number in 
the individual directions as 


RP=k2+k,? + k. (8.95) 
Equation 8.94 has the solution 
F,, = Ae™» 4+ Be-Hu, (8.96) 
In general, the wave numbers are complex and can be written as 
Ky = By — Ju (8.97) 


so that Eq. 8.96 becomes 


F,, —_ Ae aut iBw) ae BeW et 3Bw)_ (8.98) 


Thus «,, and f,, are the attenuation and phase constants, respectively, of the 
w component of the wave. The phase constant in the w direction is 


gt et 512 (8.99) 
As Vy 
where 4,, and v,, are the wavelength and phase velocity in the w direction, 
and w is the angular frequency. The phase constant in the medium is 


sem Ds (8.100) 
A c 

where c is the velocity of light in the medium. For a slow or surface wave 

traveling in the w direction, 


k 


—<i, (8.101) 
Cc 
or 
fe >... (8.102) 
and 
A 
a (8.103) 
A 


A wave guided by a plane surface is shown in Fig. 8.7. The plane surface 
to which the wave is confined is the « = 0 surface and the wave propagates 
in the z direction. For this case 


k, = B, = 9, (8.104) 
and 
k, = —jo,. (8.105) 
Combining Eqs. 8.95, 8.104, and 8.105 gives 
B,2 = k? + «,2, (8.106) 
and 
27% 
Bytes E mn ey (8.107) 
kw k 
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Ground plane 
in x =O plane 


Fig. 8.7 Geometry of plane surface wave transmission line. 


which agrees with the requirement of the inequality of Eq. 8.103. Equation 
8.107 illustrates the correspondence between the velocity of propagation of the 
wave and the closeness with which the fields are bound to the surface. 

Another form of surface wave line consists of a surface with two vertical 
walls as shown in Fig. 8.8. For this case a waveguide mode exists and the 
wave number in the y direction is 


k,eper, PY n=; 2,00, (8.108) 
a 
so that Eq. 8.106 becomes 
2 
p2= ka? — (2), (8.109) 
a 


x 


z 


Fig. 8.8 Cross section of surface wave transmission line with fins. 
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and Eq. 8.107 becomes 


2 274 
pie aa 1 + (=) (“)] (8.110) 
pe k 2a 
The effect of the boundary which guides the surface wave can be analyzed 
in terms of the transverse resonance condition and can be written as 
Z, + Z, = 0, (8.111) 


where Z,, is the impedance looking outward, normal to the surface, and Z, 
is the impedance looking downward, toward the surface. For the surface 
waves of Figs. 8.7 and 8.8, Eq. 8.111 is 


Z, + Z, = 0. (8.112) 
The impedance looking outward for TM and TE modes is 
ky | 
Z,= —, TM modes, (8.113a) 
WE 
Ply 2 = , TEmodes, (8.113b) 


where k, is given by Eq. 8.105. Since k, is imaginary, Z, and Z, must be 
reactive. From Eqs. 8.105 and 8.113, it can be seen that X, is inductive 
for a TM wave and is capacitive for a TE wave, and is given by 


Z 
x nat TM modes, (8.114a) 

Zok 
X,=—, TEmodes (8.114b) 

Xe 

where 
1g 

Vas e) (8.115) 

€o 


Combining Eqs. 8.109 and 8.114 gives 


2 27% 
ft c vi (*) a (“J Sint NGimodes (8.116a) 
0 a’ 
2 27% 
Be E 1 (2) a (“)] Cr tedes (8.116b) 
k XxX; 2a 


Another surface wave transmission line is the dielectric slab on a metal 
sheet shown in Fig. 8.9. The impedance looking down toward the surface 
from the free space region is 


X, = Z,, tan k,,d, (8.117) 
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x 


ee 


Metal 


ey 


Fig. 8.9 Dielectric slab on metal ground plane transmission line. 


where Z,, and k,, are the impedance and wave number, respectively, in the 
dielectric medium and d is the dielectric thickness. The impedance of the 
wave is given by Eq. 8.113. 

Still another surface wave transmission line is the corrugated metal sheet 
shown in Fig. 8.10. The surface reactance is given by 


0, over teeth 
— (8.118) 
Z, tan kd, over grooves. 


If there are at least five teeth per wavelength, the reactance is the average 
given by 


0 


Vind 
X,= tan kd (8.119) 
Te 


where J and G represent the tooth and groove thicknesses. 

Several different types of surface wave antennas, formed by placing 
radiation producing discontinuities on surface wave transmission lines, are 
analyzed in the following sections. The discontinuities may be discrete, 
such as the termination of a transmission line in an unmatched load, or the 
discontinuities may be distributed along the line and analyzed in terms of 
the variation of the amplitude and phase of the transmission line current. 


TheG 


= 


Fig. 8.10 Corrugated surface wave transmission line. 
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For a current traveling in the z direction, as illustrated in Fig. 8.11, the current 
of Eq. 8.1 can be written as 
LSiQe?”, (8.120) 


so that the radiation intensity of Eq. 8.2 becomes 
h 
Ny -| HC INGE (8.121) 
—h 


The spherical components of this radiation intensity are given in Eq. 4.32 
as 
No = N, sin 6, (8.122a) 
Ng = 9. (8.122b) 


Fig. 8.11 Single transmission line. 


The far electric field is given by Eqs. 4.26 and 4.27 as 
a. —jkZ Nye" 


E, = ————__ , (8.123) 
4aur 
—jkZ,N,e* 
jp ae nae oe Sy) (8.124) 
4nr 


Combining Eqs. 8.121 through 8.123 gives 


me —jke ™Z 


: h 
E, 9 SIN i I(z)etth cos 6—y(z)] dz. (8.125) 
—h 


4nr 


The phase along the surface wave can be represented as a traveling wave 
with a wave number k, plus some arbitrary phase variation ¢(z). That is, 


ive) — pilkez—l(a)]_ (8.126) 
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The ratio between the wave number along the transmission line and the 
wave number in free space can be denoted by 


peace (8.127) 
pa ika 21: § 


where A, is the wavelength along the transmission line, so that Eq. 8.125 
becomes 


EA) = whe ha" I(z) exp {j[kz(cos 6 — K) + {(z)]} dz. (8.128) 


For pure amplitude modulation along this transmission line, ¢(z) is zero 
and the far field is given by 


ei ees) h ; 
E(6) — aie |" 1@yese 6-K) dy. (8.129) 


If only the amplitude of the current along the transmission line varies, 
and if this amplitude can be represented by the Fourier series, 


I(2)- ee eC cl (8.130) 


then the far field is given by 


SE ee h 00 
E(6) = ee » Cexp [ike(c0s 6—K— m2) | dz. (8.131) 


Tr —h n=—o 


Performing the integration gives 


E( na 
in | —(cos 06 — K — — 
Wena foo) C, sin | 2) | 


BAS rL n=—0 cos 6 — K — (nd/L) aa) 


Thus amplitude modulation gives a sin u/u type pattern. 
For a simple unattenuated traveling wave, the current along the antenna 
is 
NN yeaah ce tie (8.133) 
so that the pattern of Eq. 8.132 becomes 


sin ES (cos 0 — w)| 
(kL/2)(cos 6 — K) 


The condition for the maximum gain of such an end-fire antenna can be 
found from the theory of linear arrays. The condition for maximum end-fire 
directivity was given in Eq. 6.84 as 


So a Ikr 
shea (8.134) 


2ur 


E(6) = | 


(k, — K)L = 2.94. (8.135) 
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Rewriting Eq. 8.135 gives the phase velocity along the line as 


k L/a 
Us Sea (8.136) 
ck, 0.486 + L/A 
For pure phase modulation the phase variation can be written as 
¢(z) = msin qk,z, (8.137) 


and Eq. 8.128 becomes 


eS ee h 
E(6) = ehh | exp {j[kz(cos 6 — K) + msinqk,z]} dz, (8.138) 
ur h 


which can be written as 


Aas — jkr (oe) h 
EOS ee >; 10m) | exp [jk,z(cos 6 — K +ngq)]dz. (8.139) 


7Yr n=— 00 


Performing the integration gives the far field as 


sin E (cos 6 — K — na)| 


> 7m) 


jon Zig 
L n= cos 6 — K — nq 


ele = mY 


Note that the patterns of a surface wave antenna given by Eqs. 8.134 and 
8.140 are very similar to those of the long wire given in Eq. 8.13. Note also 
that for the surface wave transmission line, the positions of the lobes in the 
pattern depend on the phase velocity along the transmission line and the 
period of the amplitude or phase modulation. 
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PROBLEM 


8.4.1 Plot the variation of surface wave field amplitude with distance from the 
surface for phase constants f,/k = 1.0, 0.75, 0.5, 0.25, and 0. 


8.5 Dielectric Rod 


One of the more common surface wave antennas is the dielectric rod 
antenna shown in Fig. 8.12. A waveguide or other device is used to launch 
a surface wave at one end of the dielectric rod. This wave propagates along 
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the rod, and radiation occurs primarily in an end-fire direction from the 
end of the rod. 

The dielectric rod can be analyzed by considering the TE and TM waves 
in cylindrical coordinates. For TM waves the magnetic vector potential of 
Eq. 4.15a is related to the magnetic field by 


Fee ocA, (8.141) 


R 


Fig. 8.12 Dielectric rod. 


Using the cylindrical coordinates (p, ¢, z) of Fig. 8.12, and assuming that 
there is only a z component of the magnetic vector potential, Eq. 8.141 
gives the magnetic field as 


H = — ee ; (8.142) 
up|Op Op az 
Ping SO ae 
so that the magnetic field components are 
= needs : (8.143a) 
Lp Ob 
H,=- z ar (8.143b) 
ft Op 


H, =0. (8.143c) 
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In a charge-free dielectric, with zero conductivity, Maxwell’s equations give 
the electric field in terms of the magnetic field as 


a, pag a, 
E=tvxH=—/|2 2 2), (8.144) 
jme jwep| Op Od dz 
so that the components of the electric field are 
LG A 
E, =- sah (8.145a) 
jope Op dz 
1 20° A 
E, => —- (8.145b) 
jopep Od dz 
ile 
E, =- | + KA], (8.145c) 
jopel dz 
where use has been made of the wave equation 
V4, + k*A, = 0, (8.146) 


and the Laplacian in cylindrical coordinates which is 

0°A, ti MOAR ISO AS 0 Ag 

Opp tap. sp eropere NOs 
For the TE waves the electric vector potential is used and Eq. 4.15b 

gives the electric field in terms of this potential as 


VA, = (8.147) 


1 
E=—-V~xF, (8.148) 
E 
so that for only a z component of the vector potential, the electric field is 


a, pay a, 


eae ge 8.149 
~  pelOp Od Az|’ Ry 
0 OF, 
and the electric field components are 
—10F 
LN a 

5 wae (8.150a) 

1 OF, 
ge ats (8.150b) 

ep Op 


E.=0. (8.150c) 


Dielectric Rod 397 


Using Maxwell’s equations gives the magnetic field components as 


H pause (8.151a) 
= : ASla 
?  jape Op dz 
H, = Meets (8.151b) 
as ja@pep Od dz’ 
2 
Hees (ee fey MF). (8.151c) 
jope \ 02” 
The solution of the wave equation in cylindrical coordinates is given in 
Eq. 5.449 as \ 


F, = [A,J,(k.p) + A2Yn(k-p)][B, cos n¢ + By sinndle’, (8.152) 
where 
k 2 = —(w2ue + y?). (8.153) 


Since the field remains finite within the rod at p = 0 and must approach 
zero at infinite distance outside the rod, the vector potential can be written 
as 


F, = BJ,(k,p) cos nde™, paced, (8.154a) 
Ea= CH? (kaphcosndes*, p> a, (8.154b) 
where 
ky = we, + 17, (8.155a) 
Ky? = —(w7 ees + 2”). (8.155b) 


The coordinate system has been selected to make the constant B, zero and 
give the ¢ component of the electric field a cosine variation in azimuth. 
Combining Eqs. 8.150, 8.151, and 8.154 gives 


Bee eos eosin nest (8.156a) 
e1P 
Bias _y2 
E, = — — J,'(k,p) cos nde”, (8.156b) 
€1 
iB, iy (8.156c) 
B ef 
H, = ae Jn'(kyp) cos nge?”, (8.156) 
1€1 
—Bny, : —)z2 
H,= Bee J (kp) sin nde *, (8.156e) 
BB | 
— Bk,’ —Y 42 
(bh ea Ji (ki p) Cosuide* *, Daan, (8.156f) 


JOMAE, 
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and 
—Cn (2) ; Yaz 
E, = mae H’(kep) sin nde~””, (8.157a) 
2 
=O ie 
E, = —— H?(kep) cos nde”, (8.157b) 
i) 
E, = 0, (8.157c) 
Cyk : 
H, = 0 H(kyp) cos noe, (8.157d) 
2™2 
—Cn Zz 
re ee H (kop) sin nde, (8.157e) 
2 2P 
H,= quell Se a 
a Fe (kop) cosnde ”, poe (8.157f) 


The surface reactance of TE,,,, waves is given by 


jEy _ Hy’ (kea) 
ha = 8.158 
H, kH\) (koa) 
Since the fields must be continuous at the surface of the dielectric rods, the 
fields of Eqs. 8.156 and 8.157 can be equated at p = a to find the constants 


BIC, ky, k 2> Y1> and V2: 
For the TM waves of Eqs. 8.143 and 8. 145, the magnetic vector potential 


which satisfies the wave equations can be written as 
A, = bJ,(kip) sin nde, 0 Eas (8.159a) 
A, = CH (kgp) sin nde”, p>a, (8.159b) 
where the sine function has been used so that the E, component has a cosine 


variation in the azimuth direction. Combining Eqs. 8.143, 8.145, and 8.159 
gives the fields for the TM waves as 


b ; 
E, = ae SE Fie fe) Simeone (8.160a) 
1€1 
po aay ne 
eee n(kip) cos nge *, (8.160b) 
bk? me 
E= ar J,(kip) sinng¢e*, (8.160c) 
1 
b 
H, = —~ J,(k,p) cos nge~”, (8.160d) 
iP 
—bk, cy 
Ay = J, (kip) sin nde *, (8.160e) 
My 


H, = 0, |p cua (8.160f) 
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and 
—cygk ’ 792 
jee = ites H®”'(kyp) sin nde ’?”, (8.161a) 
22 
Eg = Ten Hn (kp) cos nger™, (8.161b) 
22 
Che: (2) ; — Jo 
E,= Fe A, (kop) sin nde "?”, (8.161c) 
2*2 
H, = —~ H®(ksp) cos nde, (8.161) 
2p 
H,= mers H)(kp) sin noe’, (8.161e) 
Me 
H,=0, p>a. (8.161f) 


The surface reactance for the TM,,,, waves is given by 


1 _jHs _ —o6H,? (koa) (8.162) 
Xi E, keHy (koa) 

The superposition of these TM waves (sometimes called E waves) on the 
TE waves (sometimes called H waves) of Eqs. 8.156 and 8.157 gives a hybrid, 
HE mode. If we denote the propagation constants and wave numbers of 
the E and H waves by the superscripts E and H the existence of a hybrid 
mode requires that 


WSN (8.163a) 
Yo = Yar (8.163b) 
eae eho (8.163c) 
koh le. (8.163d) 


Then, combining Eqs. 8.156, 8.157, 8.160, and 8.161 gives the fields of the 
hybrid mode as 


b 4k 
Shae | 7 J, ep) ee 1./(ksp)| sin nde, (8.164a) 
€1p B joy, 
k b 
Ea |= Teepe ee J,(kp)| cosnde*, — (8.164b) 
€y B jopye,p 
b ey 0 Sis 
E, = B|-- J (kp) | sin nde”, (8.164c) 
B joe 
k, ; bn ~y4% 
Aye Jn (kip) + ——J,(kyp) | cos nde”, (8.164d) 
Joye, Bp 
bk | 
i -B| —_ h(kip) + 22d «p)| sin nge””, (8.164e) 
JOpy€1p Buy 


2 
iia -B| Ks J,(kp)| cos nge~”?”, p<a, (8.164f) 


JOM 
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and 


iy 
I 


k 
: =e Hap) + £7** HO” kap)] sin nde, (8.1654) 
2 


C jope€s 
k, 
E,= -c|= HOG ye eee - Hk) cos nge~”**, (8.165b) 
E> Cy JOU 2€o 
c kes (2) : —Yo% 
By ==C) ——=— A (kap) sin npen (8.165c) 
C j@ps€, 


e2) 
| 


Ky 
oe cle Pet HH (kop) + —— ~ He (kp) | cos ne’, —(8.165d) 
JOpr€2 C fap 


Ee eee: 
H, = —¢| es TG p) +z —= H® (kp) | sin n¢eW"**, (8.165e) 
JOM2€2p C Me 
H,= —c|—— Ke HO" kp) cos nde”, p>a. (8.165f) 
JOU 2€2 


For this hybrid mode the surface reactance of Eq. 8.158 becomes 
JEs = bny, uf Oy n' (kya) 
H, Bakes Kdgn0ca)e 


and the surface reactance of Eq. 8.162 becomes 


yee (8.166) 


Xin be igk Ck) yen bak 
For the E modes the cutoff wavelength can be found by combining Eqs. 
8.162 and 8.167 to give 


Hy” (koa) e wed (ka) 


-- ; (8.168) 
kH 0 (ka) kJ, (ka) 
From Eq. 8.155 
ky? + ko? = (@ye, — W2€2)ko*, (8.169) 
where 
Ky? = © Up €. (8.170) 


If the medium outside the dielectric rod is free space and the dielectric has 
a relative permittivity of «, and unity permeability, then 


ky? + k,? = ky*(e, — 1). (8.171) 
It can be shown that the solution of Eq. 8.168 requires that for Ey waves 
0<k, <k(e, —1)%. (8.172) 
and 
ae Po _ 2.405 | (8.173) 
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where Po, is the first root of Jo(k,a). Combining Eqs. 8.172 and 8.173 gives 
the maximum value of k, as 
2.405 


(ky)max = ko(€, aaa ibe — i > (8.174) 


so that the cutoff wavelength is 
¥ Qra(e, — 1)” 


A, = 8.175 
2.405 ( ) 

Also, combining Eqs. 8.158 and 8.166 for the Hy modes gives 
CpyHy (ksa) oa = OflyI 7 (kya) (8.176) 


keH?(kea) KJ g(x) 


This is similar to Eq. 8.168. For higher order modes, it can be shown that 
the cutoff wavelength is 
D aye 
Aeom = ce Sat) (8.177) 
1 ven 
where u = P,,, is the mth zero of J(u). The cutoff frequency for the hybrid 
modes can be found from Eqs. 8.167 and 8.168. Combining these two equa- 
tions gives 
ee a ee 


Jn (kya) " es ten) (8.178) 


= Wéo| €,k 
a *T(kya) HH (k,a) 


Similarly, combining Eqs. 8.166 and 8.176 gives 


J (kya) she fel ea), (8.179) 


lo tk )xe =o E 
(ky 2 )X x Ho Se, HX kya) 


Additional manipulation leads to expressions for the cutoff frequencies, 
which are 
1 


Oy lee get Seer ep (8.180a) 
aluceo(e, — 1)]* 
Oe 


a ee Be, Sed ea ds 8.180b 

STACI ea at bar 
where u = P,,,, is the mth root of J,(u). The cutoff frequency for a rod 
with a dielectric constant of 2.5 is shown in Fig. 8.13 for various waveguide 
modes. 

The radiation from the dielectric rod can be analyzed by using Eq. 8.125. 
For a traveling wave with no amplitude or phase modulation, the current 
of Eq. 8.1 is 

Dien ue (8.181) 
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and the far field of Eq. 8.134 is 


ie Bo 
ae Fe al sd 
(kL/2)(cos 6 — K) 


This is the far field due to an infinitely thin current. The relatively thick 
rod can be analyzed as a two-element array. In the x = 0 plane of Fig. 8.12, 
the rod can be considered to have two currents flowing in the z direction, 


(8.182) 
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Fig. 8.13. Waveguide wavelength for dielectric rod modes. 


one at y = +a and the other at y = —a. These have the array factor given 
in Eq. 6.49 for two elements as 


(8) = cos (ka sin 6). (8.183) 


The far field amplitude function then becomes 


Ey sin E (K — cos 0) cos (ka sin 6) 
E(6) = —S 


8.184 
K — cos 0 ( 
The maximum value of the field occurs along the z axis and is 

E, sin i (K — | 


Kot ; 
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so that the normalized far field pattern is 
roepicla : 
(K — 1) sin E (K — cos 0) cos (ka sin 6) 


HS) = oo ——_..__ (8.186) 
Emax (K — cos 6) sin [(kL/2)(K — 1)] 


Another version of the dielectric rod antenna is the ferrod antenna in 
which a ferromagnetic material is used for the rod. This antenna can be 
fed with a waveguide or cavity, and a magnetic field can be applied at the 
feed to accomplish switching and polarization rotation. 


vA 


Ground plane in y=0 plane 


x 
Fig. 8.14 Dielectric image transmission line. 


Another variation of the dielectric rod transmission line is the dielectric 
image transmission line. An examination of the electric fields of Eq. 8.160 
for the HE mode shows that the only component of the electric field at the 
x axis is the circumferential field. In other words, the electric field is normal 
to the y = 0 plane of Fig. 8.12. It is therefore possible to insert a conducting 
plane in the y= 0 plane and use a semicircular cross-section dielectric 
rod, as shown in Fig. 8.14. 

Both the dielectric rod and the dielectric image line equivalent radiate 
energy in the end-fire direction along the z axis of Fig. 8.14. One method of 
varying the angle of the main beam and controlling the pattern shape is by 
using discontinuities distributed along the transmission line. One version uses 
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Fig. 8.15 Dielectric image line with pins. 
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Fig. 8.16 Dielectric image line with slots in ground plane. 
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pins inserted in the dielectric as shown in Fig. 8.15. The conductance of the 
pins can be varied by varying the azimuth angle of the pins, their depth 
of penetration into the dielectric, and their length. Antennas of this type 
are built by experimentally determining the conductance of various pins and 
using the resultant information and the theory of linear arrays of Section 6.1. 

Another method of altering the dielectric image transmission line to 
produce radiation is the use of slots to interrupt the currents in the con- 
ducting ground plane. This technique produces a large, two-dimensional 
aperture, as shown in Fig. 8.16. Since the slots interrupt currents which 
are primarily longitudinal, the slot conductance is a function of the slot 
inclination angle ¢. Also, the fields, and hence the ground plane currents, 
decrease as the radial distance from the dielectric line increases. This causes 
the conductance of slots of constant inclination angle to decrease as the 
position of the slot moves toward the edge of the ground plane. Arrays of 
this type have been fabricated to produce end-fire beams (main beam along 
the z axis), side-fire beams (main beam along the x axis), and broadside 
beams (main beam along the y axis), as well as shaped beams. 
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PROBLEM 
8.5.1 Plot the far field of a dielectric rod antenna ten wavelengths long and 
one-tenth wavelength in diameter. 


8.6 Yagi 

A surface wave antenna which has many applications is the Yagi antenna 
shown in Fig. 8.17. The Yagi antenna is a linear array of radiating elements. 
Usually, only one element is driven and the other elements are excited by a 
wave which travels along the array. In practice, one or more director 
elements are placed behind the driven element so that the traveling wave 
propagates in the proper direction. 

The pattern of the Yagi antenna is given by Eq. 8.134 as 

__ sin [(kL/2)(cos 0 — K)] (8.187) 


IOV ia ve panics regen Teen 
(kL/2)(cos 6 — K) 
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where L is the length of the array and K the ratio of the wave number of the 

traveling wave to the wave number in free space, is given by Eq. 8.136 for 

maximum directivity as 

0.468 + L/A 
Th Guys 

The problem in the design of a Yagi antenna is the problem of selecting the 

antenna elements to obtain the optimum phase velocity given by Eq. 8.188. 


Kio = = (8.188) 


Fig. 8.17 Yagi antenna. 


An approximate expression for this phase velocity can be obtained by ana- 
lyzing the radiation from an infinitely long antenna. From Eq. 3.16, the 
magnetic vector potential due to the nth radiating element is 


PEM a i eset 
TE Mip Ai ay r 


where h is the half-length of the radiating elements, and the distance from 
the nth element to the far field is given by 


r,° = (« — ns)? + y? + (z —2’)2, (8.190) 


dz’, (8.189) 


n 
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with s representing the spacing between elements. For a simple traveling 
wave propagating along the Yagi array without attenuation, the current 
driving the nth element is 


1,2’) = Izyew™"*, (8.191) 


so that the retarded vector potential can be written as 


h I\ ,—ikans —iktn 
Je I AL Ear ea (8.192) 


—h a 


The total magnetic vector potential in the far field is the sum of the con- 
tributions from each radiating element. This is 


feo) h V)\ pikes ,—ikrn 
eS eV anes, | Lies a (8.193) 
n=— 00 re n=—0 /—h lira 


The electric field can be found from Eq. 4.15b in terms of the magnetic 
vector potential. This gives 

a°A 
Oz" 


E=—“[?A + VW(V-A)] = a, ——| 14, - ‘|. (8.194) 
k? jOpe 


This field must be zero along the surface of the conducting rods, so that 
iv, —h<z<h, and x=a—ns. (8.195) 


At the element at the origin, y = 0 and the “distance terms” can be written 
as 


a nae 2 2y1 % 
eg tkrn e jkr +2'") et} 


oy were sre cay) EC NaEE Mates t*)*]dt, (8.196) 


so that the field is 


s mak 1) (k? sti Ce ey Lok. Ree a?) *] dz' da, 
h =O 


oe n=— oO 
(8.197) 
where 
Pn =a —ns. (8.198) 


For a sinusoidal current distribution on the radiating elements, as discussed 
in Section 3.3, the current is 


cos kz’ — cos kh 
I(z’) = I, ———_——_-. 8.199 
(2) ae ie cos kh ( ) 
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Fig. 8.19 Yagi antenna phase velocity versus length. 
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Fig. 8.20 Yagi antenna phase velocity versus element length. 


408 


Linear Transmission Line Arrays 409 


Using Eqs. 8.197 and 8.199, and applying the boundary conditions, leads 
(with some manipulation) to the expression 


cos k,s = cos ks — de"), (8.200) 
where 
cos Kn( 2 xh) — khcos kn( 228-42) 
f(h, a)= kh a (8.201a) 


sin kh — kh cos kh 


is valid for 


s>a, h>a, s> 5 (8.201b) 


The results of experimental measurements which have been made to 
verify the theory are presented in the form of curves of directivity and phase 
velocity as a function of antenna length and antenna element length in 
Fig. 8.18 through 8.20. 
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PROBLEMS 


8.6.1 Design a yagi antenna with 10 db gain. 
8.6.2 Design a yagi antenna with 13 db gain. 


8.7 Linear Transmission Line Arrays 


The linear array fed by a traveling wave on a transmission line is a type of 
traveling wave antenna illustrated by the waveguide array of Fig. 8.21. The 
far field of such an array of N elements is given in Eq. 6.8 as 


Ey = E(6, )f(y), (8.202) 


where E(6, ¢) is the far field of the individual array elements, and the array 
polynomial is given in Eq. 6.9 as 
N-1 


f(y) = 2 anes, (8.203) 
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where a,, represents the complex feeding coefficients of the individual ele- 
ments. From Eggs. 6.17 and 6.18, 


y = ks cos 0 — yw, (8.204) 


where k is the wave number in the propagating medium outside the antenna, 
s is the spacing between antenna elements, 0 is the angle measured from the 
array line as shown in Fig. 8.21, and yp, is the progressive phase delay along 


Fig. 8.21 Waveguide slot array. 


the array. For the waveguide array of the figure, this progressive phase 


del 
eens = ks — or, (8.205) 
where 


Kee (8.206) 


The waveguide wavelength is 1,, and the term 7 in Eq. 8.205 accounts for 
the fact that alternate waveguide slots are placed on alternate sides of the 
center of the broad waveguide face, thus adding an additional 180 degrees 
of phase shift to alternate slots. Combining Eqs. 8.204 and 8.206 gives 


y=kscos@ —k,s+ 7. (8.207) 
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From Eq. 8.203 it can be seen that the peak of the main beam of the array 
occurs at y = 0, so that the element spacing necessary to point the beam in 
the direction 6, is 


ae ee pyre oe ; (8.208) 
kcos6,—k,  (k,/k) cos 6 
or . 
s= pees ; (8.209) 
K — cos 6, 
where 
A 
K = ce —§ (8.210) 
koa, 
Substituting Eq. 8.208 into Eq. 8.207 gives 
_ (cos 8 — cos 6)r (8.211) 
K — cos 6, 
For a uniform array of point sources, the far field of Eq. 6.24 is 
sin (Ny/2) 
gee ae 8.212 
f(y) Ny) (8.212) 
For an end-fire array, 0) = 0 and 
| Mz(exs 6 — ‘)) 
sin ea Sr ae ay 
f(y) (8.213) 


~ (N/2)[(cos 6 — 1y(K — 1] 
For a broadside array 0) = 7/2 and 

sin jp") 
fy = Te (8.214) 


For a transmission line array without alternate phase shifts of 7, and with 
real feeding coefficients, Eqs. 8.205 and 8.207 become 


Welk S; (8.215) 
y = ks(cos 6 — K). (8.216) 


For the peak of the main beam to occur at the angle 64, it is necessary to 
adjust the phase velocity so that 


COS), =k (8.217) 
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if the feeding coefficients are real. For this case the far field of Eq. 8.212 is 


sin | (cos 6 — 1)| 


2 
f(y) = KLJareos 6K)” (8.218) 


since Ns = L. This agrees with Eq. 8.187 for the Yagi antenna. 
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Fig. 8.22 Array of transmission line fed elements. 


Another traveling wave type antenna consists of conducting elements 
placed in the vicinity of a two-wire transmission line as shown in Fig. 8.22. 
The current in the nth element is given by 

I, = hsinkh— Oey” (8.219) 
where ¢ is measured from the center of the wire and the exponential accounts 


for the opposite direction of successive currents. The longitudinal com- 
ponents of the currents in elements | and 2 are 


I, = I, cos «, (8.220a) 
I,, = I. cos a. (8.220b) 
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The transverse currents in elements | and 2 are 


I, = {sin a, (8.221a) 
L = al sin a. (8.221b) 


The radiation pattern from an array of this type can be found by using 
Eq. 8.202 when the element patterns are known. These can be obtained 
from the retarded potential of Eq. 3.16, which is 


h _jkR 
Le se | a df, (8.222) 
T J—h 


where R, the distance from a point on the antenna to the far field, is given 
Dy 
Rewer — (a,-a,) =r — Coos é. (8.223) 


The unit vector in the radial direction is given in Eq. 4.10 as 
a, = a,sin 0 cos ¢ + a,sin 6 sin ¢d + a, cos 0. (8.224) 


The unit vector in the direction of the radiating element in rectangular 
coordinates is 
a, = a, sin « + a, Cos «, (8.225) 
so that 
cos € = sin # sin ¢ sin « + cos 6 cos a, (8.226) 


and the radiation vector can be written as 
—jkr (Ch 
A, = mu] Tye en de (8.227) 
Aar Jn 
From Eqs. 3.111 and 3.115 the radiation vector can be found to be 


eee) E (kh cos €) — cos | 


i 
k sin? & 


8.228 
4nr ( ) 


Limiting the antenna to resonant elements gives the radiation intensity of 


Eq. 4.16a as 
cos (z cos :) 
21 2 


Neen 
: k sin? é 


(8.229) 


The rectangular components of this radiation vector can be found from 
Eq. 8.225 as 
N, = Nz sin a, (8.230a) 


N, = N; cos «. (8.230b) 


414 Traveling Wave Antennas 


The spherical components of this radiation vector can be found from Eq. 
4.37 as 
N, = N, sin ¢ cos 6 — N, sin 8 
= N(sin ¢ cos 6 sin « — sin 8 cos «), (8.231a) 
Ny = N, cos ¢ = N; cos ¢ sin «. (8.231b) 
The far field components of this antenna are given in Eqs. 4.26 and 4.27 as 


eee oir 
E, = —>—-_““"s ee (8.232) 


—jke"™ZNg 


8.233 
4ar ( ) 


Ey = 
so that in the y = 0 plane, the far field components of element 1 are 


T 
cos (2 cos 6 cos « 


° —jkr 
Eo, bi eoloene ae ae Re ee COSi0e @=0, (8.234a) 
2ar 1 — (cos 6 cos «) 
T 
ee (2 cos 8 cos « 
Ey, = 2“ | ——~____“l sing, $=0. — (8.234b) 
2ar 1 — (cos 6 cos «)? 


For element 2, the longitudinal component of the current is in the same 
direction as the longitudinal component of element 1, as given in Eq. 8.220, 
so that the rectangular components of the radiation vector are 


N, = —N,; sin a, (8.235a) 
N, = N;, cos a, (8.235b) 
which gives 
Ne = —N; sin 6 cos «, p==0; (8.236a) 
No => —N, sin a. (8.236b) 


Thus the far field components of element 2 are 


7 
; yup COS (2 cos 6 cos « 
et | Pa 2 


E oe eee | Sin Costas 8.237a 
ra 2ur 1 — (cos 6 cos «)? . ( ) 
TT 
Sa COS (2 cos 8 cos 2) 
Bee sin «. (8.237b) 


2ar 1 — (cos 6 cos «)? 
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If the radiating elements are loosely coupled to the transmission line so 
that they extract little power from the line and all have the same current 
amplitude, then the array factor for the in-phase 9 components of the far 
field is 

(N=1)/2 


fae woe, (8.238) 


n=—(N—1)/2 


where the progressive phase delay for the 6 component , is given by Eq. 
8.216 as 


Wo = ks(cos 0 — K). (8.239) 
The array factor for the out-of-phase ¢ component is 
(WE1)/20 
(yp) sass see. (8.240) 
n=—(N—1)/2 


where the progressive phase delay along the array for this component y, is 
given by Eq. 8.207 as 
Ws = ks(cos 0 — K) + 7. (8.241) 


The array factors for the 6 and ¢ components are given by Eqs. 8.214 and 
8.218. For the broadside array, Eq. 8.209 gives 


A 
=a 8.242 
ae (8.242) 
so that Eq. 8.214 becomes 
; ( kL 
sin 5 cos 0 
LLL Segoe eros (8.243) 


(KL/2) cos 6 


Combining Eqs. 8.202, 8.218, 8.234, 8.237, and 8.243 gives the far field 
components of this traveling wave array as 


(cos os 2) || sin (Ecos 0) 
cos |— cos 6 cos « sin |{— cos 8 
2 2 


E JZoloe ™ sin 0 cos. 


Eg a en ee Ra SET So ee > 
2ar 1 — (cos 6 cos «)? || (kL/2) cos 6 
(8.244) 
eae COS (z cos 8 cos 7] sin Bice 6 — K)| 
B= Zeal bli S10 ” a) 
‘ Qar 1 — (cos 6 cos «)?|\ (kL/2)(cos 6 — K) 
(8.245) 
The amplitude of the broadside beam is given by 
I 
Fa eee! o COS Meer od (8.246) 
2nr 2 
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Fig. 8.23 Sandwich wire antenna. 


The amplitude of the cross-polarized end-fire beam is 


Zolo COS (2 Cos “| 


EE, =, 6=0, 8.247 
a 2ar sin « ( ) 


so that the ratio of the far field in the broadside direction to the far field in 
the end-fire direction becomes 


E,(7/2) sina cosa 
E3(0) cos [(77/2) cos «] | 


(8.248) 


The amplitude of the current in the radiating elements also depends on 
the efficiency of the coupling of the elements to the waves on the transmission 
line. It has been found experimentally that this coupling is strongest for an 
element inclination angle « of approximately 30 degrees. 

Another antenna very similar to the coupled elements of Fig. 8.22 is the 
sandwich wire antenna shown in Fig. 8.23. Although there are obvious 
differences between the antennas of the two figures, the methods of analysis 
are similar. 
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PROBLEM 


8.7.1 Design a ten-element, waveguide slot array having a cosine amplitude 
distribution in the axial direction, using longitudinal slots in the broad wall of the 
waveguide. 


8.8 Corrugated Surface Antennas 


These antennas utilize a surface wave guided by a corrugated surface as 
shown in Fig. 8.10. Such an antenna can be analyzed by considering first 
the corrugated rectangular waveguide shown in Fig. 8.24. If the widths of 
the teeth (7) and grooves (G) are uniform along the waveguide, the corru- 
gated surface is periodic, so that the fields within the waveguide have a 
periodicity given by 


F(% + T+ G, y, 2) = F(a%, y, Ze" E™, (8.249) 
so that the fields can be written as 
F(a, y, 2) = f(x, y, Ze", (8.250) 


where f(a, y, 2) is a periodic function with period (T+ G) and can be 
written as 


f(%, ¥, 2) = a, ®) y Beg ee ona (8.251) 
so that ee 
F(x, y,2) = > aygly, de (8.252) 
where ates 
i Pe ig aaee (8.253) 


TeaGe 
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Fig. 8.24 Corrugated rectangular waveguide. 


The modes within the waveguide have no y component of the electric field 


and can be written as 


E,= > A, sinh (z — b) cos (72) e ibn 


n=— oo 


=> JPA cosh «,,(z — b) cos 3) Cpe 
=— 00 an a 
and 


. Ber lt A . . 
H, = ms 7B y “cosh “,(2 — b) sin (74) e Buz 
n= Wn i 
2 —k,"A 
A, = » £"~” cosh “,,(2 — b) cos (72) e Bnz. 
n=—ao JWUG, a 


— —7A, . ; ; 
=e 7<* sinh (2 — b) sin (72) en hat. 
n=—o Ja a 


(8.254a) 
(8.254b) 
(8.254c) 
(8.255a) 


(8.255b) 


(8.255c) 
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where 
Oy = (0, ae ks), (8.256) 


k, = G Be ()" f, (8.257) 


The fields within the grooves can be written as 


E, = —jopBy sin k,(z + d) cos (72 ¥) = 5. B,, COS ee cos ~% e ee 
a 


a 
(8.258a) 
E, = 0, (8.258b) 
Ean > LB sin —~ cos 7% erm (8.258c) 
m=1 YG a 
— mB, . mrt. my ,., 
H;-= — >) —— sin — sin — e™ (8.258d) 
m=1 JOMY,,aG G a 
2 
H, = —k,By)cos k,(z + d) cos zi ko Bn cos ——~ cos 2% erm 
a m=1 JOUY a 
(8.258e) 
By 
H, = sin k,(z + d) sin cate Sy aah Og = ere ES I ONOES SS 
a m=1 JMU G a 
where 
2 
4g ee re afte (8.259) 


The various constants in Eqs. 8.254, 8.255, and 8.258 can be evaluated, using 
the fact that the tangential fields must be continuous in the z = 0 plane con- 
taining the top surfaces of the teeth. If there are several teeth per wavelength, 
the fields above the corrugations are given approximately by 


E, © Ag sinh a(z — b) cos ie ea (8.260a) 
a 
Eo =), (8.260b) 
E, ® JPoA cosh a(z — b) cos ae Pk a (8.260c) 
Xo a 
—{RuarA 
H, —JPomAy cosh a (z — b) sin es erety (8.260d) 
jJwpaga a 
—er 2 . 
H, » — Ke Ap cosh a (z — b) cos ae LDS (8.260e) 
[Opn a 
wAy . ae Lal) aly ee 
H, ~ — sinh «(2 — b) sin — e7 7/9, (8.260f) 
jopa a 
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where 


cot kd = pied S03 coth a @b. (8.261) 
(G + T)x% 

Then, if the waveguide dimensions a and # are allowed to approach infinity, 

the fields above the infinite plane, corrugated surface are 


E, = Ae *%e7 iB om, (8.262a) 
E,= IPA 20% IB ox (8.262b) 

X 
H, = IOE4 5 ev%9iton (8.262c) 

Xo 

where 
Oo” = By? + k?, (8.263) 
pes CAN) 
Anes (=4*), | (8.264) 
b> 0 


and Eq. 8.261 can be rewritten as 
G cot ab 


Cokie 


— _, 8.265 
Goer ke) 2 Ce 


where 


_ Bo 
k=. (8.266) 


The electric and magnetic surface current densities of Eqs. 4.3 and 4.4 are 


J=a,xa,H, = Eg eA Nia oc (8.267) 
a 
M = —a, x a,E, = a,Ae*™e7 Po (8.268) 


These surface currents produce the far field pattern given by Eq. 8.134 as 


E, sin | (cos § — K)| 
ce: 6 — K) 


Another corrugated surface structure is the circular, or annular, corrugated 
surface shown in Fig. 8.25. This structure can be analyzed by using the 
cylindrical coordinates (p, ¢,z). For cylindrical waves the cylindrical wave 
equation of Eq. 5.418 is 


- 1d eG 
Gar, TUN ihe 


Op’ pop p d¢* 
which has the solution for outgoing waves of 


+ k,*f, = 0, (8.270) 


fe= > A,H? (kp) cos nde, (8.271) 
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z 


Fig. 8.25 Annular corrugated surface. 


If the width of the annular slot G is small, the only mode in the slot is the 
TEM mode. For this case, there is no z or p component of the magnetic 
field and the fields are circularly symmetric, so that 


B= AAP (pe. (8.272) 


Then, using Maxwell’s equations gives the expressions for the fields of Eqs. 
5.453 and 5.454, which can be written as 


E, = —jk,k.Hy (k.pje?, (8.273a) 

0. (8.273b) 

E, = k2H?(k,p)e™, (8.273c) 

H, = 0, (8.273d) 
ikk, (2) —jkez 

ip peels (Kp\e = (8.273e) 


0 


H, =0, (8.273f) 
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where 
KO 4K" = ke, (8.274) 
The reactance, looking down from the surface, from Eq. 8.119, is 
pet SE tan ke, (8.275) 


where T and G are the tooth and groove thicknesses, as shown in Fig. 8.25, 
and d is the slot depth. At the z = 0 plane, Eq. 8.273 gives 


—k,Z 
ee —",  2=0. (8.276) 
Combining Eqs. 8.275 and 8.276 gives 
einem | SECTS es pa (8.277) 
T+G 
and the surface wave propagation constant is 
G tan kd\"|* 
k, = (k? — k,2)” = efi + (Geeks) 8.278 
( ais T+G (8.278) 
For the annular slot, the electric field over the surface is 
E = a, F(p’) (8.279) 


where p’ is the radial coordinate of the point on the surface. The magnetic 
surface current density of Eq. 5.199 is 


M = —a,E(p’). (8.280) 
Then, from Eqs. 4.8, 5.200, and 5.203, the electric vector potential is 


-| [20 cos (¢ — ¢’) exp [jkp’ sin 8 cos (¢ — ¢’)]p’ dp’ dd’, 


(8.281) 
where the electric field of Eq. 8.273 is 


E(p') = —jk,k,H?(k,p)e-™. (8.282) 
The magnetic field is given by Eq. 4.29 as 
—jke i L 
4nrZ, 


Combining Eqs. 8.281 through 8.283 and integrating with respect to ¢’ as 
was done for Eq. 5.207 gives 


H, = (8.283) 


—jkk,k,e 7 (? 


Hy = | "H2(k,p')J,(kp’ sin 8p" do’. (8.284) 
4nrZy Pl 
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Integrating with respect to p’ gives 


wt —jkk,k,e 
 Anr(k,? — k? sin? 6) 
al k.paHy (keps)Ji(kps sin 6) — kp, sin 6 HY (k.ppJo(kpy sin 0) 
oh k.prHy (kepyJi(kpx sin 6)]. (8.285) 
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$ [kps sin 6 Hy(k,p2)Jo(kps sin 6) 


PROBLEMS 
8.8.1 Verify Eq. 8.269. 
8.8.2 Plot the far field pattern of an annular corrugated surface wave antenna 
ten wavelengths in diameter, having ten grooves per wavelength, each one-tenth 
wavelength deep. 


8.9 Leaky Wave Structures 


A leaky wave structure is a traveling wave structure in which the phase 
velocity of the traveling wave is greater than the velocity of light. The 
fields of the leaky waves are separable into functions of the coordinates in 
the same manner as the fields of the surface waves of Section 8.4. In rectan- 
gular coordinates, the fields can be written as 


F= FOEWE@, (8.286) 
and the wave numbers in the various directions are related by Eq. 8.95 as 
Kar akg ek ek? (8.287) 

These wave numbers are generally complex and can be written as 
Ky = By — Joys Wi 54,2, (8.288) 


A leaky wave guided by a plane surface in the x = 0 plane is shown in Fig. 
8.26. For this case the wave numbers for the leaky wave are 
k, = By — jee (8.289a) 
k, = 0, (8.289b) 
k, = B, — jes (8.289c) 
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and 
(Bz — j%n)” + (Bz — j%,)” = k* (8.290) 
Equating the imaginary parts of both sides of Eq. 8.290 gives 
Cnn + 4,2, = 0. (8.291) 


Equation 8.291 implies that, if «, and 6, have the same sign, the traveling 
wave will be attenuated in the direction of propagation and the leaky wave 
field increases in amplitude with distance from the surface. 


Ground plane 
in x =0 plane 


Fig. 8.26 Geometry for leaky wave structure. 


The net phase and amplitude constants are 


Bast Be) e (8.292) 

a = (a,2 + «,2)%. (8.293) 
Combining Eqs. 8.290 through 8.293 gives 

k? = B? — a, (8.294) 


The phase constant along the surface can be written as 
Ys 


Boe 8 Cos0 |= kos aft + (2) : (8.295) 


The angle at which the leaky wave emerges from the surface is given by 


Pie : A 
. 1 + 


= COS Ges COS Ai =e 
Ae ay 
k 


(8.296) 
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If the attenuation along the surface is small, 


cos 0 = 2 , a<k. (8.297) 

Ay 
As with the surface waves, the effect of the boundary which guides the 
leaky wave can be analyzed in terms of the transverse resonance condition 


given in Eq. 8.111 as Zt en, (8.298) 


where Z,, is the impedance looking outward, normal to the surface, and Z, 
is the impedance looking downward, toward the surface. 

Most leaky wave structures can be considered to be waveguide-type struc- 
tures from which the energy leaks. The transverse wave number of the 
leaky wave can therefore be written as 


ky, = ky + Ak,, (8.299) 


where ky is the wave number of the unperturbed waveguide mode and Ak, 
is perturbation due to the leakage. The effect of this perturbation of the 
impedance can be found to a first approximation by 
Z'(kio) + Ak; ee = 0, (8.300) 
Ok, ke=kto 
where 


jas (8.301) 
. Zo 
and Zp is the characteristic impedance. Rearranging Eq. 8.300 gives 
Z'(Keo) 
pe (8.302) 
Ok, ki=k to 


In terms of admittance 
Y'(Kio) 


an pany (8.303) 
Ok, ki=kto 


The following sections describe the radiation from various leaky wave 
structures. 
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PROBLEM 
8.9.1 Plot the angle at which a leaky wave emerges from the surface as a function 
of the waveguide wavelength for attenuations of 0, 3, 6, 10, and 20 db per wave- 
length. 


8.10 Leaky Rectangular Waveguides 


One common leaky wave structure is the leaky rectangular waveguide 
which consists of a traveling wave slot in the waveguide wall as shown in 
Fig. 8.27. The wave number in the direction of propagation within the 
waveguide is given by 

k, =( —k,? —k,?)%, (8.304) 


where k, is the wave number in the y direction, k, is the transverse wave 
number in the waveguide, and 


2 
joe ow (8.305) 
A 
The transverse wave number can be written in terms of the wave number of 


the unperturbed waveguide mode and a perturbation of this wave number, 
as shown in Eq. 8.299. That is, 


k, = kip + Ak,. (8.306) 
Substituting Eq. 8.306 into Eq. 8.304 gives 
k, » (k? —k,? — ky? — 2k pAk,)%, (8.307) 
or 
kighy Ak 
eee (1 Eee ‘), (8.308) 
Ao 4a 
where 
5 Oe ae (8.309) 


is the waveguide wavelength in the z direction of the unperturbed mode. 
The wave number in the z direction can be written in terms of its real and 
imaginary parts as 


k, = B, — ja, (8.310) 
Then, from Eqs. 8.308 and 8.310, 
Bests dy eA. ( ou oe) (8.311) 
ra tar Raed Aa? 
{= ‘ato Bis (8.312) 
an 


where 


Ak, = Ak, + j Ak;. (8.313) 
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Fig. 8.27 Leaky rectangular waveguide. 


The perturbation of the transverse wave number is given in Eq. 8.302 as 
ie —Z'(Kio) 
ee) : (8.314) 
Ok; Kk =kt0 
where Z’ is the normalized sum of the impedances looking both toward the 
antenna and away from the antenna. For the rectangular waveguide this is 
—Zo'(k,) + j tan kya 

; : 8.315 
[es + ja sec” k,.a ( 


ki=kto 


where a is the depth of the waveguide as shown in Fig. 8.27 and Zp is the 
terminating impedance of the slot. In terms of the admittances of Eq. 


8.303, : 
—Yr'(k,) — j cot Kya 


a ay hs 
— + jacsc* k,.a 
Ok, ki=kto ‘ i 


Ak, = (8.316) 
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where 

poeta! 
ets 
The equivalent circuit is shown in Fig. 8.28. For nonresonant terminations 
Eqs. 8.315 and 8.316 become 


Yr’ (8.317) 


eve J E (Kyo) ee 7 (8.318) 
a sec” kia 

Ak, = 2 Yahoo) = J cot kat) (8.319) 
a csc” koa 


Fig. 8.28 Equivalent circuit for leaky rectangular waveguide. 


The modes in the waveguide can be represented in terms of E and H modes 
which have no components of the H and E fields, respectively, in the z 
direction. For the E-type modes the fields are given by 


4 
k,k 
E, = -;(2) areas cos k,ye ?™”, (8.320a) 
a) 
nee (2) sin k,ye (8.320b) 
ve 
HH, == (2) sin kent (8.321a) 
H, =0, (8.321b) 
where 

ky == He 0al tee (8.322) 

Then, from Eq. 8.304, 

2 

ke eephe ih Boe (2) (8.323) 


and the characteristic impedance is 
ke — k,? 


(2p 
Z, = ri 
WEK,, 


(8.324) 
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The fields for the H-type modes are given by 


ONG 
E, =— (2) cos k, ye", (8.325a) 
E, = 90, (8.325b) 
Bi east Kae Sires 
ee i(2) 2 e i sin k,ye °"*”, (8.325c) 
c 4% 
He (“) cos k,ye ™**, (8.325d) 
where 
1 e205 
C, = (8.326) 
2, n> 0O, 
and the characteristic impedance is 
; ouKy 
Zn = ay bars (8.327) 
The internal normalized susceptance for the H mode is given by 
Bin = sli caged In (csc 7a), (8.328) 
Yo 7 2b 
where 
k,, = (k? — k,?)”. (8.329) 
The internal susceptance for the E-type mode is given by 
Beg ee ee Oe (8.330) 
Yo kb 2b 
where 
r\?| 2 
k, = G —k?— ()" : (33331) 
b 
The external admittance for the H mode is given by 
k,b | .k,b, ze 
Yet == ot Je in 8.332 
Se heh iid one 


where e = 2.718 and y = 1.781. The external admittance for the E-type 
mode is 
2 =i 272 
ete oe (0.285 — j0.156). (8.333) 
k.d\ 16d cos*(zd/2b) 
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PROBLEM 


8.10.1 Determine the angle at which a leaky wave emerges from a longitudinal 
slot in the center of the broad wall of a rectangular waveguide with inside dimen- 
sions 0.4 in. by 0.9in. over the entire frequency band for which the TE) mode 
exists. 


8.11 Leaky Circular Waveguide 


The radiation from the slotted circular waveguide excited by a traveling 
wave illustrated in Fig. 8.29 is similar to that from the leaky rectangular 
waveguide. The method of analysis is similar. 


Zz 


Fig. 8.29 Leaky circular waveguide. 
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For the circular waveguide, the fields of the E-type modes are 


jk,n 


i= he sinn¢e ”**, 8.334 
cn V2 
E, = (=) cos nde ?**, (8.334b) 
27 
4% 
H, = -(2 =f ee (8.334c) 
27 r 
Ho 0; (8.334d) 
where 
1 (as) 
Cy = (8.335) 
Ds n> 0, Ree OND as 
The fields for the H-type modes are 
% 
E, = & y GOS 1 aie (8.336a) 
27. r 
ire 0, (8.336b) 
jkn : —jkzz 
ere SIN OC Naa. 8.336 
¢ r?(k2 ae ies) d ( Cc) 
ca 
H, = (=) cos nde ***, (8.336d) 
27 
For the H,, mode the normalized susceptance is 
Ba Eels 2k, In (2), (8.337) 
Y, Po 
where 
k 
Y, =—, (8.338) 
wpa 
= (k? — k,2)%, (8.339) 


a is the radius of the waveguide cylinder, and ¢, is the half-angle of the slot 
opening as shown in Fig. 8.29. The normalized conductance is given by 


<5 X Cn Jo(no) | 
Y, wk,a =. Wee TRIcalewesy ae 


For the Ej, mode the normalized susceptance is 


OA Se 


(8.341) 
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Fig. 8.30 Equivalent circuit for leaky circular waveguide. 


where 
2 
ees (8.342) 
ouk, 
The normalized conductance is given by 
coo) 2 
rpg Be Perec (8.343) 
Y, karo |H?(k,a)|L ndo 


The equivalent circuit is shown in Fig. 8.30. 
It can also be shown that the phase and attenuation constants for the H 


Wave are 
2 3 
B = Ait gis (4) | (Kia) |x} (8.344) 
ee he eA Ria 
3 
Pe Ago | (kyo) [Rk (8.345) 
2a" (kia)? — 1 
where 
AORN. (8.346) 
G' 
' B 
OO Ce gape (8.348) 
and 
27 
do (8.349) 


We ( kK? — ke? Ys 
t0 
For the E-type waves the phase and attenuation constants are given by 


me: | Kal? °) | 
~ mw —|1 + —(—) Xk) |, 8.350 
oma re (Kyo) ( ) 
A 
4 = Koken R' (kip): (8.351) 
27a 
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PROBLEM 


8.11.1 Determine the attenuation and phase constants of the leaky wave from 
a circular waveguide with a 7 cm inside diameter and a slot with a 30 degree in- 
cluded angle operating at a wavelength of 10 cm. 


8.12 Leaky Trough Waveguide 


Another leaky wave structure is the trough waveguide in which perturba- 
tions are introduced to disturb the symmetrical waveguide modes. Radiation 


fadoeb-of 


a) 


Fig. 8.31 Symmetrical trough waveguide. 


can be produced by the use of pins on the center fin or by making the trough 
cross section asymmetrical. A symmetrical trough waveguide is shown in 
Fig. 8.31. For this waveguide the cutoff wavelength is given by 


A Soe A 4b A 2b 
—~=-+-|In24+— s,(“) —* s,(2%), 8.352 
b boa Dabus wAg ame aA, Sake! 
where S, is the arcsine sum 
Su) => (sin doa “), (8.353) 
n=1 n n 


The cutoff wavelength of the dominant mode is shown in Fig. 8.32. 
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The asymmetrical trough waveguide is shown in Fig. 8.33. The effective 
lengths of the two sides are given by 


L, = Sy + é, (8.354a) 
L, = So + é, (8.354b) 
where 
b b 
Pecin feewrnes s,(% lick s,(‘), (8.355) 
7 k, 7 i 7 
6 
5 
4 
N 
sie 
: 
2 
1 
0 
0 0.5 1.0 Nes) 2.0 2 
Fin height in wavelengths, s/X 
Fig. 8.32 Trough waveguide cutoff wavelength. 
where 
Ohi: 
=. (8.356) 
ue 
The transverse resonance condition of Eq. 8.298 gives 
tan i gee be ao tan fee = 2). (8.357) 
or 
tank,L, + tank(L, — d) = 2). (8.358) 


The transverse wave number can be written in terms of the unperturbed 
wave number and the perturbation as 


k, = ko + Ak,, (8.359) 
where 


i eure (8.360) 
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Reference 
plane 


x 
Fig. 8.33 Asymmetrical trough waveguide. 


With some manipulation it can be shown that 


Ak, = Al (1 eel eet +12 f )]. (8.361) 
4L,L, L, “ L, #2 L, + L, 
The wave number in the z direction is given by Eq. 8.294 as 
k, = B, — ja, = (k? —k,2)%. (8.362) 
Defining 
Bok =k) (8.363) 
gives 
k= Bolt zee “21, (8.364) 
Bo 


Neglecting high order terms gives the phase and attenuation constants as 


ead Ne e Re (Vk,), (8.365) 


0 


o) = a Im (Ak,), (8.366) 
0 
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a 


2Z0 


kh 


Fig. 8.34 Trough waveguide equivalent circuit. 


where, from Eq. 8.361, the real and imaginary parts are 


Re (Ak,) = = (1 ey ae he ), (8.367) 
ALT, Lee, 


(rd)? 
8L,L,(L, + L,) 


The equivalent circuit is shown in Fig. 8.34. 


Im (Ak,) = (8.368) 
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PROBLEM 


8.12.1 Determine the radiation characteristics of an asymmetrical trough 
waveguide of dimensions S, = 2 wavelengths, S, = b = d = 1 wavelength. 


CHAPTER 9 


Broadband Antennas 


Most of the antennas discussed above have relatively narrow bandwidths, 
with the exception of some of the reflector antennas. All of these antennas 
have characteristics which depend on their geometry, expressed in wave- 
lengths, and many, such as the resonant slot and Yagi antennas, are relatively 
high Q devices with narrow bandwidths. A reflector with wide bandwidth 
characteristics is still relatively limited in bandwidth when utilized as a 
secondary aperture if it uses a narrow band antenna for the primary feed. 

This section discusses relatively broadband antennas. Most of these 
antennas make use of traveling wave-type structures, which are either con- 
tinuous or have a logarithmic periodicity. These structures achieve much 
larger bandwidths than the periodic structures discussed in Chapter 8. 

This section analyzes the radiation from helical, equiangular, plane spiral, 
conical spiral, logarithmically periodic structures, and log periodic array 
antennas. 


9.1 Helix 


A relatively broadband antenna of wide application is the helix antenna 
shown in Fig. 9.1. The helix acts as a transmission line. The geometrical 
relationships between the helix radius a, the length of each turn L,, the spacing 
between turns s, and the helix pitch angle «, are shown in Fig. 9.2, where 
the pitch angle is 


s pens 
1_“_ = sin’ — =cos*—. (9.1) 


27a L, L, 


a= tana 


The relationship between the helix dimensions in rectangular coordinates 
(s, C) and in polar coordinates (L,, «) is illustrated in Fig. 9.3. 

The performance of the helix as a transmission line and as an antenna 
depends on the helix dimensions in wavelengths. When the helix radius a is 
small, the currents in adjacent turns are approximately in phase and the 
distribution of positive and negative currents occurs along the length of the 
helix as shown in Fig. 9.4a. A wave traveling along the helix in this manner 
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x 


Fig. 9.1 Helix antenna. 


can be said to be traveling in the lowest transmission line mode designated 
T,. When the helix circumference approaches one wavelength, the currents 
become out of phase at opposite ends of each turn as shown in Fig. 9.45. 
This transmission mode is designated the T, mode. 
g As the circumference of the helix turn approaches 
two wavelengths, the current distribution of Fig. 9.4c 
is obtained, and a higher order transmission line 
mode T, is possible. Note also that the y axis of 
Fig. 9.3 corresponds to the special case of the loop 
antenna with zero spacing between helix turns and 
the x axis of Fig. 9.3 corresponds to the special 
case of a linear antenna with zero circumference. 
The radiation from a small helix antenna can be 
Fig.9.2 Helixgeometry. analyzed by using the calculated results for the 
loop and dipole antennas. The small helix can be 
considered to be made up of loops in planes parallel to the z = 0 plane 
connected by short dipoles oriented parallel to the z axis as shown in 
Fig. 9.5. The far field of the small loop is given by Eqs. 3.340 and 3.347 as 


C=274 Lt 


_ Zor sin 04,67" 


E 
ir 


(9.2) 
where Z, is the impedance of the medium, J is the current in the loop, A, 
is the geometrical area of the loop, 4 is the operating wavelength, 0 is the 
angle between the z axis and the radial line to the far field, and r is the radial 
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Fig. 9.3. Helix coordinates. 
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Fig. 9.4 Helix currents. (a) T) mode. (6) T; mode. (c) T, mode. 
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x 


Fig. 9.5 Small diameter helix antenna. 


distance to the far field. The far field of the short dipole is given by Eqs. 
3.25 and 3.26 as 


—ikr 


__ jZols sin be 
2dr 


where s is the dipole length. Notice that the two components of the far 
field are 90 degrees out of phase. The far field of the helix is the sum of the 
fields of Eqs. 9.2 and 9.3 and is elliptically polarized. The axial ratio of the 
polarization ellipse in the far field is given by 


E» : (9.3) 


E A A 
digenea dl ae Le (9.4) 
(Esl) 277A, 82a a 
For circular polarization, the axial ratio is unity and the circumference in 
wavelengths is \ 
C 222 _ (2)" 0.5) 
A A A 


Notice that the polarization is circular at all angles except along the z axis 
where the field is zero. The helix pitch angle required for this circular 


olarization is ' 
Lak He epi 


ch sin | 
L,]A 


(9.6) 
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The radiation from a helix with a one wavelength circumference having 
the current distribution of Fig. 9.4b can be analyzed using the array theory 
of Section 6.1. This analysis assumes the far field pattern is the product of 
the pattern of one turn of the helix and the pattern for an array of N point 
sources, where WN is the number of helix turns. If the current along the helix 
is constant, the array factor is given by Eq. 6.32 as 


- : el 
Des (y/2) (9.7) 
where, from Eq. 6.23, 
y = ks cos 8 — pp, (9.8) 
and the progressive phase delay along the helix is 
Yo = ky Ly. (9.9) 
Defining the relative phase velocity along the helix as 
ky 
K=—, 9.10 
: (9.10) 
and combining Eqs. 9.8 through 9.10 gives 
y = k(scos 6 — KL,). (91) 
For the main beam to be oriented along the helix axis, 
ae —2m = = (5 — KL) rose (9.12) 
or 
KL,=s + ma, (13) 


If the wave propagates along the helix with the velocity of light, then the 
approximate relationship between the length of the helix turn and the turn 
spacing for an axial beam is 


7) ee a (9.14) 
From the geometry of Fig. 9.2, 
Di Ces? (9.15) 
Combining Eqs. 9.14 and 9.15 gives 
C (728 ye 
Rela tay 9.16 


This equation gives an approximate upper limit for the circumference of a 
helix operating in the T,, mode. For the T, mode this is 


neetes (3 oe i). (17) 
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and for the 7, mode this is 
C S 4 
— ie 2(5 + 7 (9.18) 
A A 
Equation 9.16 is an upper limit for the circumference, since it is based on 
the assumption K = 1. This value of K is not required. For the T, mode 


Eq. 9.13 gives 
sJA+1 


K'= al (9.19) 
LA 
From Eqs. 9.1 and 9.19 
Ki ieee (9.20) 
For an end-fire array with maximum directivity, Eq. 6.85 gives 
y= — (2m + 224) = —2n(m + 2.468) (9.21) 
{ N N 


instead of the values of Eq. 9.12. Therefore for maximum directivity Eq. 
9.13 must be rewritten as 


KLy = 8 + mi + 


(9.22) 
For the T, mode this gives 


So, (* + 0.468 
Ku N = sin o + LN + .0.468)4 cos a | 
L,|A NC 


Combining Eqs. 9.11 and 9.22 gives 


(9.23) 


a, 0.8684) (9.24) 


p= k(scos0 —s— ma 


Combining Eqs. 9.24 and 9.7, and normalizing to unity on the z axis gives 
the array factor for the helix with maximum directivity as 


sin = (Nm — 0.468) | - 
N sin (Ny/2) 


IO) =| Gna Net — 0.468) teeny 


(3:23) 
If the helix is long, the array factor has a much narrower beamwidth than the 
pattern from the single turn element, so that Eqs. 9.24 and 9.25 give the 
far field of the helix. From these patterns it can be seen that the half-power 
beamwidth is given approximately by 

a2 


Oli= (CD(s degrees, (9.26) 
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and the beamwidth between the first nulls is given approximately by 


115 
eee OT ers: 2.21 
(C/Ayins|ay* wat 
Using the directivity expression of Eq. 1.49 and the beamwidth of Eq. 9.26 
gives an approximate equation for the directivity, which is 
15C*Ns 
Dw a. (9.28) 
The far fields from the helix can be found by integrating the uniform 
current around the helix. If the length of the helical wire, from the origin 
to the current element under consideration, is denoted by L’, Eq. 9.1 gives 


Lead Weel Shaws (9.29a) 
COs © e (9.29b) 


Then the ¢ component of the far field on the z axis is given by 


2Nir 
E,= Fal sin Sy oe d¢’, i, (9.30) 
0 
which can be written as 
2Nar 
1D Fo| sin pieithe es CI SES d¢’, (9.31) 
0 


where, from Eq. 9.29, 


L'(sina — K) = ag (tan x — s == do U1, (9.32) 
COS a 
so that Eq. 9.31 becomes 
2Na 
E, = iyo | sin ¢’e /"* dd’, (9.33) 
0 
where 
L 
u= kag = oe (sin « — K). (9.34) 
Integrating Eq. 9.33 gives 
ep aad es Na dst 1) 
es ar ee G.= 0, 9:35 
6 Cay (9.35) 
Similarly, the 6 component of the far field on the z axis is 
2Nr 
E, = Eye cos ¢’e **' dd’. (9.36) 
0 
Integrating Eq. 9.36 gives 
5 —skz¢ ,janNu 1 
pe FEAT Sw RteseL 6 allo RY 9 (9.37) 


i? it 
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Then, the axial ratio of Eq. 9.4 is 


[Bole baa 1 
R, = — =- = ——.. (9.38) 
[E,| uu (L,/A)(sin« — K) 
Note the 90 degrees phase difference between the 6 and ¢ components of 
Eqs. 9.37 and 9.35, respectively. The radiation from the helix is circularly 
polarized when u = —1 or 
L/A 
Kee a 
(s/A) + 1 
For the helix with maximum directivity, Eqs. 9.22, 9.34, and 9.38 can be 
combined to give the axial ratio as 


u=—1. (9.39) 


1 N + 0.468, 

R,=-= mN + 0.468, (9.40) 
u N 
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PROBLEM 


9.1.1 Design a helical antenna with 10 db directivity. Plot the antenna pattern 
and determine the axial ratio. 


9.2 Equiangular Antennas 


One class of frequency independent antennas is the equiangular antenna. 
Antennas of this type can be specified entirely by angular dimensions. They 
also have the property that, if they are expanded in size by some arbitrary 
factor C, the resulting enlarged antenna coincides with the original antenna 
if the original antenna is rotated about its axis of symmetry. If this axis of 
symmetry is the z axis, the original antenna surface can be written in spherical 


coordinates (r, 6, ¢) as r = F(6, 4). (9.41) 


The enlarged antenna, increased in size by the factor C, can be described by 


the expression r' = CF(6, 4), (9.42) 
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where C is a constant independent of the spherical coordinates. If the 
enlarged surface coincides with the original surface rotated through an 


gece? athen CF(6, 4) = FG, ¢ + $’), i283) 


where ¢’ is a function of C. If the original antenna is designed to operate 
at a frequency f, then the enlarged antenna scaled by the constant C is 
designed to operate at the frequency 


ii 
ui ee (9.44) 
However, since both antennas coincide, and C is arbitrary, the original 
antenna must have a pattern shape, directivity, and impedance, all of which 
are independent of frequency. However, the rotation of the original antenna 
through the angle ¢’ rotates the pattern of the original antenna. 

The shape of the original surface of Eq. 9.41 which gives broadband 
operation can be found by differentiating both sides of Eq. 9.43 with respect 
to ¢’. This can be written as 

Ee pay aaa) OND Ott) (9.45) 
dg’ 09" Ag + $') 


Also, differentiating Eq. 9.43 with respect to ¢ gives 
OF(O, 9) _OFO,.¢+ 9) _ OFO,¢ + ¢') 


aa ese a (9.46) 
0¢ Op HP + $') 
Combining Eqs. 9.45 and 9.46 gives 
dC OF (6, >) 
i) = 9.47 
pies = C— (9.41) 
Combining Eqs. 9.41 and 9.47 gives 
sate ants (9.48) 


Since the left side of Eq. 9.48 is independent of the spherical coordinates, 


1or 
=e 9.49 
i (9.49) 
which has the solution 
r = e%o(6), (9.50) 


where a is a constant and g(6) is an arbitrary function. Therefore any antenna 
surface which can be described by Eq. 9.50 exhibits broadband operation. 
In theory, Eq. 9.50 requires an antenna whose radius extends from zero to 
infinity. In practice, it is possible to truncate the antenna to obtain large 
bandwidths with finite structures. 


446 Broadband Antennas 


REFERENCES 


Elliott, R. S., ““A View of Frequency Independent Antennas,”’ Microwave Journal, 


December 1962, pages 61-68. 


Rumsey, V. H., “Frequency Independent Antennas,” JRE National Convention 


Record, 1957, Part I, pages 114-118. 


PROBLEM 


9.2.1 Give functions ¢(6) which satisfy Eq. 9.50 and sketch the corresponding 


equiangular antenna. 


9.3. Plane Spiral 


A common form of an equiangular antenna is the equiangular spiral 
antenna shown in Fig. 9.6. The equation for the equiangular antenna of 


Eq. 9.50 1 
Be r = FO, d) = es(0). 


If the function of 6 is chosen so that 


AU gale Aa(2 2 0), 


dé 
where 6 is the Dirac delta function defined by 
1, u= 0; 
tu) = 
0, ie 2d YD 


then Eq. 9.51 becomes 
r=re?, 6= 
where r is confined to the 2 = 0 plane and 


A=ne*. 


Equation 9.54 is the equation of an equiangular spiral. 


Spiral in z = 0 plane 


x 


Fig. 9.6 Plane equiangular spiral. 


(9.51) 


(9.52) 


(9.53) 


(9.54) 


(9.55) 
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One arm of the two arm spiral antenna of Fig. 9.7 is formed by a conductor 
with edges given by 


ee re) (9.56) 
and 
r, = re???) = Cn, CE<els (9.57) 
where | 
C2. (9.58) 
The second arm of the balanced spiral of Fig. 9.7 has edges given by 
rs = rye"? ”, (9.59) 
and 
"4 = rice = Cre (9.60) 


Fig. 9.7 Two arm equiangular spiral. 


The length of the spiral arm is given by 
To dd Vy 
fs =| ( Mere pes i dr, (9.61) 
Ta dr® 


where r, and r, are the radii to the beginning and end points of the line, 
respectively. Substituting Eq. 9.56 into Eq. 9.61 gives the arm length as 


1 lg 
{bee (4 + i) (r, — Tq): (9.62) 
The amount of rotation of the pattern with frequency can be determined 
by writing the equation of the spiral in terms of frequency. Using the form 

of Eq. 9.56 gives 
5 = re t(e-90), (9.63) 


where 


poner ae (9.64) 
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Fig. 9.8 Equiangular spiral slot antenna impedance. 


Fig. 9.9 Archimedean spiral. 
448 


Conical Spiral 449 


Experimental measurements indicate that the equiangular spirals have an 
axial ratio near unity over a decade bandwidth or more, and half-power 
beamwidths of approximately 90 degrees over the same frequency band. 

An examination of Fig. 9.7 shows that the complement of an equiangular 
Wire spiral is an equiangular slot. Experimentally determined values of the 
impedance of a balanced equiangular slot antenna are shown in Fig. 9.8. 

A spiral antenna with characteristics similar to the equiangular spiral is 
the Archimedean spiral shown in Fig. 9.9. The equation of this spiral is 


Pere (9.65) 

where ¢o = 0, 7 for a two-wire spiral. The length of the spiral conductor is 
po 

> =| oo oe 5 (bo = $4): (9.66) 


These antennas have been analyzed qualitatively to show that the radiation 

from a spiral occurs from the region in the aperture where the currents are 

in phase. This corresponds to the region having a one-wavelength circum- 

ference. 
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PROBLEM 
9.3.1 Design a two-wire Archimedean spiral to operate at a wavelength of 1 
meter. 


9.4 Conical Spiral 


Another form of the equiangular antenna is the conical spiral antenna 
shown in Fig. 9.10. Since it is equiangular, its surface is also given by Eq. 


9.50 as 

r = F(6, $) = e"?g(6). (9.67) 
In order for the surface to be a cone, the angular function g() satisfies the 
equation 


dg(@) ; 
DI es eo 68 
7 g (0) = Ad(O, — 9), (9.68) 
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Fig. 9.10 Conical spiral. 


where 0 is the Dirac delta function defined by 
ii =O: 
o(u) = (9.69) 
0, ie, 
Combining Eqs. 9.67 through 9.69 gives 
r= rete), 6 = 0. (9.70) 


The projections of the edges of one spiral on the z = 0 plane are given in 
Eqs. 9.56 and 9.57 as 


p= pe" dae ORS) 
and 
Po = per? *. (9.72) 
The projections of these curves onto the conical surface are 
ry! = ro eft 2 9, (9.73) 
and 
a ir eames Os 27 (9.74) 
where 
Cae ee (9.75) 


The angle on the cone between the radius to the edge of the conductor and 
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the tangent to that edge is given by 


1 
%= tan(—2_) =tan-, (9.76) 
dp|¢ a 
so that the edges of the conical spiral are given by 
ry! oa Piet) 009/tan « = Cr,’ (9.77) 
where 
Geen? sin 8o/tan (9.78) 


The patterns of the conical spiral are similar to those of the plane spiral, 
except that the conical spiral pattern is unidirectional along the positive z 
axis of Fig. 9.10. Half-power beamwidths of approximately 90 degrees, 
circular polarization with axial ratios of less than two, and voltage standing 
wave ratios of less than two can be obtained over a decade band. 


REFERENCES 

Barsky, H. S., “Broadband Conical Helix Antennas,” [RE National Convention 
Record, 1959, Part I, pages 138-146. 

Bresler, A. D., H. Jasik, and A. Kampinsky, “‘A Wide-Band Conical Scan Antenna 
Feed System,” The Microwave Journal, December 1961, pages 97-101. 

Chatterjee, J. S., “Radiation Field of a Conical Helix,” Journal of Applied Physics, 
May 1953, pages 550-559. 

Dyson, J. D., “The Unidirectional Equiangular Spiral,” [RE Transactions on 
Antennas and Propagation, October, 1959, pages 329-334. 

Dyson, J. D., ““The Characteristics and Design of the Conical Log-Spiral Antenna,” 
IEEE Transactions on Antennas and Propagation, July 1965, pages 488-499. 

Dyson, J. D., and P. E. Mayes, “New Circularly-Polarized Frequency-Inter- 
dependent Antennas with Conical Beam or Omnidirectional Patterns,” JRE 
Transactions on Antennas and Propagation, July 1961, pages 334-342. 

Tang, C. H., “A Class of Modified Log-Spiral Antennas,” [EEE Transactions on 
Antennas and Propagation, July 1963, pages 422-427. 


9.5 Logarithmically Periodic Structures 


In a logarithmically periodic antenna, the electrical properties vary 
periodically with the logarithm of the operating frequency. If the variations 
of the antenna characteristics are small within a period, they are small 
within each period, and the antenna is a broadband device. 

A logarithmically periodic structure can be described by a transformation 
from the 2-plane to the w-plane given by 


2 = if W. (9.79) 
If the z- and w-planes have rectangular and polar coordinates, respectively, 
mee 2a at jy, (9.80) 


w=re?=u + jv. (9.81) 
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v w-plane 


(a) 


w-plane z-plane 


r=ettb 


(6) 


Fig. 9.11 Logarithmic transformations. (a) Bow-tie antenna. (b) Equiangular spiral 
antenna. 


Combining Eqs. 9.79 through 9.81 gives 
» 


r=, (9.82) 
tiny, (9.83) 


The transformations for the bow-tie and equiangular antennas are shown in 
Fig. 9.11. Logarithmically periodic structures can be formed by introducing 
uniformly periodic variations in the parallel strips of the z-plane of Fig. 
9.1la, and then using the logarithmic transformation of Eq. 9.79 to produce 


Logarithmically Periodic Structures 453 


w-plane 


Fig. 9.12 Logarithmically periodic antenna. 


logarithmically periodic variations in the w-plane. If uniformly periodic 
teeth are used, the transformation of Fig. 9.12 results. The geometric ratio 
of the logarithmically periodic antenna of this figure is 


Riv 
= 9.85 
fay Rd (9.85) 
and the width of the slot of the antenna is given by 
er gy (9.86) 


R,, 


The ratio of Eq. 9.85 defines the period of operation. That is, if the fre- 
quencies f; and f, are exactly one period apart, then 


fo 
T pei es 2 < 1: 9.87 
f Sa <S; (9.87) 


1 
It should also be noted that for « and 6 = 135 degrees and 45 degrees, 
respectively, this logarithmically periodic structure is equivalent to its 
complement. It has been found experimentally that the half-power beam- 
width of such a complementary antenna depends upon the geometric ratio 7. 
Measured results are shown in Fig. 9.13. Using Babinet’s principle and 
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Fig. 9.13 Complementary antenna beamwidth. 


Eq. 5.18 shows that the impedance of an antenna Z, and the impedance of 
its complement Z, are related by 


2 2 
Lilie = Li as Zt (9.88) 
“ 2 
For the case in which the antenna is identical to its component 
Z 
Z,=Z,= = = 607 = 188 ohms. (9.89) 


Measured impedances of complementary antennas approximate the value 
given in Eq. 9.89. 

It has been shown experimentally that the currents 
on an antenna of the type shown in Fig. 9.12 de- 
crease rapidly beyond the radius where a resonant 
discontinuity exists. The resonant discontinuity 
occurs when the tooth is one-quarter wavelength 
long. Since most of the radiation occurs from this 
region of the antenna, it is possible to terminate the 
antenna at a finite radius beyond the resonant region 
with negligible effect from the termination. 

Current measurements on the structure in Fig. 
9.12 have shown that most of the current is confined 
to the edges of the antenna. It is therefore possible 
to replace the solid conductor of this structure 
with wires outlining its edges as shown in Fig. 
9.14. The wire antenna of Fig. 9.14 has character- 
istics that closely approximate the solid metallic 

Fig.9.14 Circular tooth @2tenna of ‘Fig. 9.12. Two other wire-type loga- 
logarithmically periodic  Tithmic periodic antennas are shown in Figs. 9.15 
wire antenna. and 9.16. 
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Fig. 9.15 Trapezoidal tooth logarithmic- Fig. 9.16 Triangular tooth logarithmic- 
ally periodic wire antenna. ally periodic wire antenna. 
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Fig. 9.17 Circularly polarized logarithmically periodic antenna. 


A circularly polarized, logarithmically periodic antenna can be obtained 
by combining two antennas of the type shown in Fig. 9.15 at right angles to 
one another in the same plane, and by adjusting the currents in the crossed 
antennas to be equal in amplitude and 90 degrees out of phase. The 90 degree 
phase difference is obtained by making the ratio of the distances to cor- 
responding teeth on the antennas aligned with the y and z axes, L, and L,, 
given by 


L 1 
ee (9.90) 


Such a circularly polarized antenna is shown in Fig. 9.17. 
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PROBLEM 


9.5.1 Design a logarithmically periodic antenna of the type shown in Fig. 9.12 
to operate at wavelengths from 1 to 10 meters with an impedance of 188 ohms. 
What is the half-power beamwidth of this antenna? 


9.6 Log Periodic Arrays 


The log periodic elements discussed in Section 9.5 all radiate from a region 
which is approximately a square wavelength in size. As a result, these 


by 


} we 
Phase center of ( 
Nth element 


Fig. 9.18 Log periodic antenna array. 


structures have a relatively low gain associated with their small aperture. 
One method of increasing the gain and maintaining bandwidth is to combine 
such frequency independent structures in an array. In order for the array 
to be broadband, it is necessary for the element spacing to vary with operating 
frequency. This can be accomplished by arranging the log periodic elements 
of the array so that they all meet at the vertex, as illustrated in Fig. 9.18. 
The center line of each element lies in the z = 0 plane and the center line 
of the nth element lies at an azimuth angle ¢,. Then, if the pattern of an 
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individual log periodic element is given by E,(¢), and the current in the nth 
element is given by 


GA (9.91) 
the radiation pattern of the array is given by 
N 
E() = LAnEo(b — gy)e T8008 @-40)-a0), (9.92) 
n=1 


where d is the distance from the origin to the phase center of the array. 
Equation 9.92 is a restatement of Eq. 6.5 for the log periodic array. 
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Fig. 9.19 Phase rotation characteristic. 


One characteristic of log periodic elements is the phase rotation character- 
istic. As the structure of the element is expanded through the period, the 
phase delay of the received signal is increased by 360 degrees. This is 
illustrated in Fig. 9.19 where the distance to the element from the apex is 

Oy = KRy. (9:93) 
The relationship between the expansion constant of the nth element of the 
array and the relative phase of the received signal from that element «, is 
every K, = 7%", (9.94) 
Since the phase center and pattern shape are independent of the expansion 
constant K,,, it is possible to vary this expansion to vary the phase of the 
current in the nth element without disturbing the bandwidth. 

It has been found experimentally that, because of the directivity of the 
individual elements, the half-power beamwidth of a logarithmic array of 
length L is given approximately by 

40 


sire (9.95) 
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For an array of N elements with a spacing s between the elements 


= (N — 1)s, (9.96) 
and 

eee ie 

i (NTs: 
For seven-tenths-wavelength spacing between the elements, the number of 
array elements required for a given half-power beamwidth is 


(9.97) 


N= —— +1. 9.98 
aut (9.98) 


The distance to the phase center in Fig. 9.18 is given by 
La 
2 sin ( ities bu — th) 


where L, is the distance between the phase centers of the two outer elements. 
Combining Eqs. 9.95 and 9.99 gives 


= (9.99) 


= (9.100) 


For a beam pointing in the direction ¢o, the phase term in Eq. 9.92 is 
Wn = kd cos (by — ¢,) — op: (9.101) 


For an array with maximum gain, the relative phase of the nth element («,) 
is adjusted so that y, is zero. This adjustment is made by using the expansion 
parameter of Eq. 9.94. 

Broadband feeds for parabolic reflectors have been made, using two- 
element log periodic arrays, varying the angle between the center line of the 
elements to vary the illumination over the parabola in the H-plane, and 
varying the parameters of the individual elements to vary the illumination 
over the dish in the E-plane. 

Another method of arraying elements to obtain broadband operation is 
illustrated by the log periodic dipole array of Fig. 9.20. For this array the 
dipole length and spacing are adjusted so that 


Lyi a. Ryu 


=e gh ARUP 
Ly Ry ; 


Such a dipole array can be fed on a two-wire transmission line as illustrated 
in Fig. 9.205. 
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(a) Array 


(6) Transmission line feeding arrangement 
Fig. 9.20 Log periodic dipole array. 
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PROBLEM 
9.6.1 Design a log periodic dipole array as shown in Fig. 9.20 to operate at 
wavelengths from 1 to 10 meters. 


CHAPTER | 0 


Lens Antennas 


Higher gain can be achieved with a lens-type antenna than with the simple 
wire or slot antenna. The lens antenna fulfills the same role as a reflector 
antenna. Radiation from a relatively low gain dipole, slot, or horn is directed 
at a lens with a much larger aperture. 

Lens antennas can be'classified according to the material from which they 
are constructed, or according to their geometrical configuration. 

This chapter analyzes the radiation from dielectric, artificial dielectric, 
constrained, Luneberg, and Schmidt lens antennas. 


10.1 Dielectric Lens 


A dielectric lens consists of a piece of dielectric material which is normally 
placed to intercept diverging rays from a point source feed to produce a 
plane wave. Such a lens is rotationally symmetric, since it is symmetrical 
with respect to the line joining the point source and the lens. A second form 
of the dielectric lens is the cylindrical lens used to convert a line source to a 
plane wave. These two types of dielectric lenses are shown in Fig. 10.1. 
The lenses of the figure are referred to as one-surface lenses, since refraction 
occurs only at one surface—the surface facing the feed. 

Both lenses of Fig. 10.1 have the same cross section in the z = 0 plane. 
If the second nonrefracting lens surface is a plane, the lens is a hyperbolic 
lens and the z = 0 plane cross section of the refracting surface is a hyperbola 
as shown in Fig. 10.2. The shape of this hyperbolic lens and the parameters 
of the hyperbola depend on the refractive index of the lens material. The 
index of refraction (7) is defined as 

n=, (10.1) 
v 
where c is the velocity of light in free space and v is the velocity in the lens. 
The index of refraction can also be written as 


Y% ka 
n= (ue) =—=-, (10.2) 
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x 


(a) Rotational lens (b) Cylindrical lens 


Fig. 10.1 One-surface dielectric lenses. 


where mw, and e«, are the relative permeability and permittivity of the di- 
electric material, k and / are the free-space wave number and the wavelength, 
and k, and A, are the wave number and wavelength in the dielectric lens. 
For most dielectric materials, uw, = 1. 

In order for the lens of Fig. 10.2 to focus the diverging rays from the 
origin into a plane wave along a positive x axis, the electrical path lengths 
from the origin to the points A and B must be equal. In other words, 


kr’ =kf + ka’ —f), (10.3) 
where the lengths r’, x’, and f are shown in Fig. 10.2. Then, using the relation 
{== 1 COS'd, (10.4) 


and combining Eqs. 10.2 through 10.4 gives 


had Lather le 
if 


ncos ¢’ — 1 ae 
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and 
y =p=(0? —D@ —f?+2-/@ —-)e —/)i aaa 


Since the refractive index is greater than unity, Eq. 10.6 is the equation of a 
hyperbola of eccentricity 7 with one focus at the origin. The distance f 
is the focal length of the lens. The asymptotes of the hyperbola occur at the 
angle 

Dea COs : (10.7) 

uf 

The radiation patterns from the hyperbolic lens depend on the amplitude 
distribution across the lens. This can be deterrnined by considering an 


of 


Fig. 10.2 Hyperbolic lens cross section. 


annular ring of radius p and width dp on the hyperbolic surface. If the power 
per unit area at this annular ring is P(p), the total power radiated through this 


annular ring is W(p) = P(p) dA = P(p)2mp dp. (10.8) 


If P, is the power per unit area radiated by the isotropic point source at the 
origin, then the power incident on the annular region is 


W(¢’) = P, dA = P,27r sin ¢’ dd’. (10.9) 
Since these powers are equal, 


p dpP(p) = sin ¢’ dd’P,, (10.10) 
which can be written as 


P(¢’) = P(p) = ce P;. (10.11) 
p dp 
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Then, making use of the relationship, 


p=r sing, (10.12) 

Eq. 10.6 gives 
2 cos ¢’ — 1)° 
PUD \o= sus LEAS arial) sesh les (10.13) 
f(y — I" — cos ¢) 
On the = axis, 
P 
P(0) rapa ¢ =0, (10.14) 


so that for a point source feed, the electric field is 


Ree) |e i kcneos 6 1) | 
E(¢’) = ES = is Pe PE TCAs al (10.15) 


For a feed with a field distribution of magnitude E,, the magnitude of the 
field across the lens is given by 


/ 3 4 
E(¢’) = [use — _ E,. (10.16) 
f° — 1° — cos 4’) 
The methods of Chapter 4 can be used to determine the far fields from the 
aperture distribution of Eq. 10.16. 
For the cylindrical lens of Fig. 10.15 with a power density P(y) across the 
hyperbolic surface, the total power in a strip of length z and width dy is 
Wy) = Pty) dA = Pty)z dy. (10.17) 


If the power density per unit length of the cylindrical line source feed is P,, 
the power incident on the reflector strip is 


W(¢’) = P, dA = P,zr’ dd’. (10.18) 
Equating Eqs. 10.17 and 10.18 gives 

POP r = (10.19) 
For the cylindrical lens 

y=r' sin ¢’. (10.20) 
Combining Eqs. 10.6, 10.19, and 10.20 gives 
(7 cos $' — 1)" 

f(g — Iq — cos $')’ 


so that the amplitude of the field across the cylindrical lens E(d’) in terms of 
the amplitude of the field from the line source E, is 


pater ncn) Coste) eee] a 
Si eemeresciaa le See 


P6d').= (10.21) 
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The hyperbolic lenses of Fig. 10.1 are one-surface lenses for which the 
surface facing the positive x axis is parallel to the equiphase plane surface 
of the rays emerging from the lens. The other type of single-surface lens 
which can be used to convert the spherical wave from a point source to a 
plane wave is the lens that has a curved surface facing the negative x axis 
that is parallel to the equiphase surface of the rays diverging from the feed. 


yf 


° 


| 


“ bi 
[roots = oe aps 


Fig. 10.3 Elliptical lens cross section. 


Such a one-surface lens has an elliptical contour for the surface facing the 
positive x axis and is called an elliptical lens. The elliptical lens is either 
rotational or cylindrical, depending on whether the feed is a point source 
or a line source. The elliptical lens has a cross section in the z = 0 plane as 
shown in Fig. 10.3. In order for a plane wave to propagate along the positive 
x axis, the electrical path lengths from the origin to the points A and B must 
be equal. That is, 


ky +kf—n)=ky + kr’ —r) +kf—7’), (10.23) 
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where 
BaF COSD (10.24) 


Combining Eqs. 10.23 and 10.24 gives the equation of the refracting surface 
as 


a AG ies ; (10.25) 
Hn — cos ¢’ 
This is the equation of an ellipse, with the focus at the origin and with 
eccentricity 1/7. The maximum extent of this lens is given by the semiminor 
axis and is 


44% 
Ynax = ff (10.26) 
Testank 
The maximum angle subtended by the feed at this point is 
$m = COS” ia (10.27) 
Mi 

and the minimum focal length to diameter ratio is 

LN ie se! att)” (10.28) 

dimin 21n—1 


The equation of the elliptical refracting surface in the (u, v) rectangular 
coordinate system of Fig. 10.3 is 


a. ee % 
Van afea(* ") 4 (*=2)22] (10.29) 
7 ui 
The equation of the curved nonrefracting surface facing the negative x axis 
is 
r, = f — t = constant, (10.30) 
which can be written in the rectangular (u, v) coordinates as 
nA=IP- PP -@ tf. (10.31) 


For an elliptical lens with a spherical inner surface, the ratio of the power 
density at the lens surface to the power density P, from the feed is given by 
Eq. 10.11 as 


Ps) _ sin $ dg 


; (10.32) 
P, p dp 


where 
p= sing. (10.33) 


Combining Eqs. 10.25, 10.32, and 10.33 gives 


E(¢’) _ [P@Y]*_ [__(@=—cos¢*__* 4 
E; = HEE real Ane 
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For a cylindrical elliptical lens, the ratio of the power density at the lens 
surface to the power density P, from the feed is given by Eq. 10.19 as 


Eig ay des (10.35) 
P, dy 
where 
y=r' sind’. (10.36) 


Combining Eqs. 10.25, 10.35, and 10.36 gives the ratio of the amplitude of 
the field on the lens to the amplitude of the field from the feed E, as 


E(¢') _ Baie ae (10.37) 
E,; P; (4 — (yj cos ¢’ — 1) 


if t 


Fig. 10.4 Two-surface lens cross section. 


A somewhat more complex lens is a two-surface lens in which neither 
lens surface coincides with an equiphase surface. For this lens refraction 
occurs at both surfaces. Figure 10.4 shows the cross section of such a lens 
in the 2 = 0 plane. For equal electrical path lengths from the origin to the 
points A and B, 


r’ 2b, nity” md r’ sin ?’)? + (2A Lis r’ cos ¢’)?|% aS. a” = constant. 


(10.38) 
The differential equation of the surface S(x’, y’) is 
1 d / ‘ / ” 
Sei ii Sto a a (10.39) 


r’' dd’ ncos(¢’ — ¢”)—1° 
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and the coordinates of the surface S,(a”, y”) are given by 


dere ott Dip heya it (10.40) 
x" — r cos ¢’ 
An examination of Eqs. 10.38 through 10.40 shows that the selection of the 
index of refraction of the lens is not sufficient to specify completely the two 
Jens surfaces. Any one of a number of different conditions can be imposed 
on the lens for a unique analysis. If simplicity of construction is desired, it 


af 


Fig. 10.5 Bifocal lens cross section. 


is possible to make the surface S, a plane. Another method is to use two 
conjugate off-axis focal points instead of a single point at the origin. Such 
a bifocal lens can have advantages as a scanning antenna. For the case in 
which S, is a plane, an analysis similar to the analyses for the one-surface 
lenses gives the coordinates of the surface S, as 


(eae ieee): ye ae 
Gee . = , (10.41 
igh E i y”? ia | nf? ue on ( ) 
1D fei th) 
A a / 1 a a” Sa 4 10.42 
y y'| [n?(f? aie y'”) — oa ( ) 


The cross section of a bifocal lens is shown in Fig. 10.5, where the two 
foci F’ and F” are equidistant from the # axis. The lens has apexes A, and 
A,. The rays emerging from the lens have an equiphase surface tilted through 
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an angle « from the vertical as shown in Fig. 10.5. If the path length from 
the focus F’ to the equiphase surface through the apexes A, and A, are 
denoted by L,’ and L,’, the locus of all possible apexes for equal path lengths 
L,’ and L,’ is given by the ellipse 


a? + y* cos a = y,* cot? a. (10.43) 


The lens can be specified if the path length through the dielectric L, is speci- 
fied. The relationship involving the lens path length is 


y? = y* csc? a — (Ly — %, cos % — ¥, CSC «)” sec* au. (10.44 
f d f 


Fig. 10.6 Geometry of refraction at apex. (a) Geometry for ray L,’. (6) Geometry for 
ray Ly’. 
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The apex of the lens appears to a first approximation as a prism, as shown 
in Fig. 10.6. For the ray L,’ of Fig. 10.6a, the application of Snell’s law 
gives 


sin (o’ — 0) = 7 sin (f’ — 9), (10.45) 
and 
tan d = 7 sin B' — sin a : (10.46) 
n cos B’ — cos « 
and for the ray L,” of Fig. 10.68, 
sin (o” — 0) = 7 sin (p” — 9), (10.47) 
and 
tan ¢ = sin PY — sin « (10.48) 


nH cos B” — cosa 


Equations 10.45 through 10.48 can be solved by successively varying the 
angle # until Eqs. 10.46 and 10.48 are equal. This gives the slopes of the 
lens surfaces at the two apexes. The remaining portions of the lens surfaces 
are found by approximating the surfaces with polynomials that give the 
same points and slopes at the apexes and the proper path length at the center. 
The closeness of the approximation can be increased by increasing the 
degree of the approximating polynomials. 

One disadvantage of the dielectric lenses is their relative thickness on the 
axis. If the polar coordinates of the apex of the hyperbolic lens of Fig. 10.2 
are (r,, ¢,), the thickness of the lens on the axis is given by 


t=2(¢') —f. (10.49) 
Rewriting Eq. 10.5 as 


= (yn cos ¢’ — 1)r’ 


Vi (10.50) 
n—1 
and using Eq. 10.4 gives 
ia r,(1 — cos ¢’) (10.51) 
4-1 


A method of reducing the thickness of the lens is the use of a zoned lens, 
as shown in Fig. 10.7. If the nonrefracting surface is to be zoned as shown 
in Fig. 10.7a, the height of each zone h is adjusted so that the path length 
between adjacent rays inside and outside the dielectric, denoted by B and C, 
must differ by an integral number of wavelengths. That is, 


k,h—kh=2mr m=1,2,.... (10.52) 
Substituting Eq. 10.2 into Eq. 10.52 gives 


a (10.53) 
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If the refracting surface of the hyperbolic lens is to be zoned as shown in 
Fig. 10.76, the refracting surface must be such that the equality of path 
lengths of Eq. 10.3 is 


kr’ —2ma =kf + kz’ —f) m=0,1,2,.... (10.54) 


where m = 0 corresponds to the zone on the x axis. Substituting Eq. 10.4 
into Eq. 10.54 gives the equation of the zoned refracting surface as 


LU eA 
r=——_. 


10.55 
ncos ¢’ — I ( ) 
B 
C 
Lz hol 
A 
a 
(a) (0) 


Fig. 10.7 Zoned lenses. (a) Zoned nonrefracting surface. (6) Zoned refracting surface. 


The use of zones in a lens makes the lens frequency-sensitive since adjacent 
path lengths at a zone are adjusted to have a one-wavelength difference. If 
the path length of a ray through the axis from the origin to point A of 
Fig. 10.7 is denoted by L, and the path length to the point B through the 
last zone is denoted by Lz, the difference in path lengths is 


AL = L, —L,=(M —1)A, (10.56) 


where M is the number of zones from the center to the edge of the lens. At 
a slightly different frequency, corresponding to the wavelength A,, the path 


length difference is Nol a ee (10.57) 
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_ and the change in the path length difference, due to the change in frequency, 
is 
6=A,L—AL=(M — 1)(A, — A) = (M — 1)AA, (10.58) 


so that the bandwidth is 


a (10.59) 


A common criterion is that the path length difference or phase error across 
the aperture should be less than one-eighth wavelength. For this case the 
bandwidth is 


(10.60) 


Another factor which must be considered with dielectric lenses is the 
attenuation in the dielectric. For the geometry of Fig. 10.1, the wave 
traveling through the dielectric in the x direction has a propagation constant 
y given by Eq. 3.51 as 


y=at jp = [jou(o + joc)]* = jo(ue,)”. (10.61) 


The losses can be expressed in terms of the complex dielectric constant 
given by 


€, = €(€/ — je") = cx ( 1a ‘), (10.62) 
€ 
where 
—=—"- = tand, (10.63) 
€ WEE 


and tan 0 is the loss tangent of the dielectric. Combining Eqs. 10.61 and 
10.62 gives 
y = jo(uee’)4(1 —j tan 6)4 = jk,(1 —j tan 6)”. (10.64) 


If the loss tangent is small, the attenuation is 


pie k,tand an tand 


5 7 nepers/wavelength, (10.65a) 


or 
0 


A db/wavelength. (10.65b) 


For a zoned lens the maximum thickness is given approximately by Eq. 
10.53 as 


h 
fe ees 10.66) 
x ( 
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so that the maximum attenuation for a zoned lens is 
o = 27.3 tan (—L), (10.67) 
y — 


Another factor to be considered in the analysis of the lens is the reflection 
at the lens surface. The reflection coefficient is given in Eq. 7.18 as 


Lae oy 
ares te Ze 
where, for the lens, Z, is the impedance of the wave in the dielectric, and Z; 


is the impedance in free space. For the dielectric lens the propagation 
constants of Eq. 7.27 are 


(10.68) 


= jk, (10.69a) 
For horizontal polarization the impedances are given in Eq. 7.26 and are 
Z,= oh) tt (10.70a) 
k Leos ¢; 
a 4| —____ |. (10.70b) 
(x? — sin’ 4,)* 


where ¢, is the angle of incidence measured from the surface normal as 
shown in Fig. 7.1. Combining Eqs. 10.68 and 10.70 gives the reflection 
coefficient for horizontal polarization as 


__ cos ¢,’ — (ny? — sin? ¢,)” 
cos g,’ + (x? — sin® 6,)* ie 


This is sometimes called the perpendicular polarization, since the electric 
field is perpendicular to the plane of incidence which is the z = 0 plane of 
Fig. 10.2. For vertical or parallel polarization the impedances are given by 
Eq. 7.34. For a lossless dielectric these are 


Zi us cos ¢;, (10.72a) 
WE 
2 aha ae tr Ne 
Wh 4 (ase te), (10.72b) 
WE 7 


Combining Eqs. 10.68 and 10.72 gives the reflection coefficient for vertical 
polarization as 
n° cos” d; =a (7 at sin” a (10.73) 


t= ane 
” 9? cos *h; + (4? — sin? $,)* 
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Using Snell’s law and the relationship between the angles of the transmitted 
and incident waves of Eq. 7.11 gives 


sin 1 

SHB =-, (10.74) 

sing; 7 
where ¢, is the angle of the wave transmitted into the dielectric measured 
from the surface normal. Using this relationship, the reflection coefficients 
of Eqs. 10.71 and 10.73 can be rewritten as 


Ain et) 
te SOM (gang)? ee 
_ tan (¢; — $1) (10.76) 


V — . 
tan ($; + $:) 
At normal incidence both reflection coefficients are equal to 


LT pe 
ee f= 0. 

he ?; (10.77) 
If the surface facing the feed is an equiphase surface, the reflected energy 
arrives in phase at the feed from the various portions of the lens, and may 
cause an excessive mismatch at the feed. The reflection coefficient can be 
reduced by using natural or artificial dielectric matching sections which are 
one-quarter wavelength thick, and which have an index of refraction given by 


n = 7%, (10.78) 


where 7 is the index of refraction of the lens and n’ is the index of refraction 


of the matching region. 
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PROBLEMS 

10.1.1 Plot the amplitude distribution across a hyperbolic polystyrene lens ten 
wavelengths in diameter, fed by a point source feed. 

10.1.2 Repeat Problem 10.1.1 for an elliptical lens. 

10.1.3 What is the maximum attenuation resulting from dielectric losses for 
the lenses of Problems 10.1.1 and 10.1.2? How does this attenuation affect the 
amplitude distribution across the lens? What would be the maximum attenuation 
if these lenses were zoned ? 


10.2 Artificial Dielectrics 


The dielectric lenses discussed in Section 10.1 are relatively thick and 
materials having a high dielectric constant are relatively heavy. It is possible 
to increase the dielectric constant of the lens material and have a lighter 
weight lens by using various types of metallic elements embedded in a light 
foam dielectric. The dielectric constant can also be varied and the lens 
lightened by using voids in the lens. 

An electromagnetic field impressed on the lens causes the electric field 
across the discontinuous element (conductor or void) to be displaced, so 
that these discontinuities become dipoles. If p, is the electric dipole moment 
of the individual discontinuity and N, is the number of discontinuities per 
unit volume, the polarization of the medium due to the dipoles is 


P= N.p, (10.79) 
The flux density in the medium is given by 
D= cE= «E+ P, (10.80) 


so that the effective dielectric constant of the medium is 
N. 
ae ae at ey. (10.81) 


The ratio of the dipole moment to the impressed field is defined as the electric 
polarizability given by 


Pp. 
£=—, 10.82 
E ( ) 
so that the dielectric constant is 
ets co(1 if Net), (10.83) 
€0 


If the discontinuity is a conductor, the impressed magnetic fields induce 
currents in the conductor to create a magnetic dipole moment p,,. The 
discontinuities have a magnetic polarizability given by 


Pm 
C= 10.84 
= ( ) 
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and an effective permeability given by 


Nm 
=p (1 se al (10.85) 
H : Ho 


The index of refraction of this artificial dielectric is then given by 


n= (ne t= LO = (i+ ere “a EP = ile (10.86) 


The dielectric constant for various geometries can be determined once 
the polarizabilities are known. As an example, consider the metallic sphere 
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Fig. 10.8 Metallic sphere array. 


of radius a of Fig. 10.8. If the impressed field has an amplitude Ep, the tan- 
gential component at the surface of the sphere is given by 


E, = —E,sin 0. (10.87) 


The field at a distance r from a pair of point charges having a dipole moment 

amplitude p, is ; 

oes Pani? (10.88) 
: Ameor® j 

If this dipole moment is to cancel completely the induced field at the surface 

of the conducting sphere so that the tangential component of the field is 


zero at the conductor surface, then 


ES ny (10.89) 
47re,a°* 
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ee deer (10.90) 
E 

For an array of spheres it is necessary to consider the interactions between 

adjacent spheres. The effect of adjacent spheres can be determined by 

determining the field present in the spherical void occupied by the metal 

sphere if the metal sphere is removed. For this case the charge density on 

the surface of the cavity is ges IpLedad. (10.91) 


so that the field at the center of the cavity is given by 


o ds Pile ; P 
E -| = — | cos?6@sin 0 d0 = —. 10.92 
: Amer”, 2€5 Jo 3€9 ( ) 
The total field at the metal sphere is then 
P 
BE’ =>E+E,=E+4—, (10.93) 
€ 
and the dipole moment is ° 
P 
P, = «,E’ = 2.(E IE ?) (10.94) 
€ 
Applying Eq. 10.79 gives : 
P 
P=N,p, = Na(E + £), (10.95) 
3€ 
so that 
age eat (10.96 
3e, 36 EP. ao) 
However, from Eq. 10.80 
P = (e — e)E, (10.97) 
so that 
Na e, —1 
C= 10.98 
3€, €é, + 2 ( ) 
which can be rewritten as 
1 + 2C, 
nes oe roe 10.99 
woe (10.99) 


Combining Eqs. 10.90 and 10.99 gives the dielectric constant of the metal 


sphere medium as 
_1+37N,a° 


1 — $7N,a° ' 
Similarly, the normal magnetic field at the surface of the sphere produced 
by an impressed magnetic field Hy is given by 


H, = Hp cosw: (10.101) 


(10.100) 


r 
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The field due to a magnetic dipole moment of amplitude p,,, is 


Pm COS 8 
= (10.102) 


r 


27fMor® 
Since the total normal component of the magnetic field must be zero at the 
surface of the conducting sphere, 


m cos 0 
Pm r= + Hy = 0, (10.103) 
27 [or 
so that the magnetic polarizability is 
Pm 3 
Cay 2 Tye 10.104 
H To ( ) 


If the metal sphere is again removed, it can be shown that the resulting 
magnetic field has the same form as the electric field when the sphere is 
removed. That is, Eq. 10.93 becomes, for the magnetic case, 


M 
H =H+—., (10.105) 


3/40 
where M is the magnetic polarization. The magnetic dipole moment is 
then 


M 
Pm = amo = an H sir M), (10.106) 
3/40 
and 
M 
M = NPp = Nyam(H + M) (10.107) 
319 
The magnetic polarization is related to the magnetic flux density by 
B = wH = ».H + M, (10.108) 
so that 
M = (uw — “)H. (10.109) 
Rewriting Eq. 10.107 gives 
N,&m M 
Se Ta (10.110) 
3fo 39H + M 
and combining Eqs. 10.109 and 10.110 gives 
Noo yal 
Cee (10.111) 
39 Ly oa 2 
This can be rewritten as 
le 2G 
= ——_—",, 10.112 
aaa iced (10.112) 
or 
1 — $cN,a° 
2, = (10.113) 
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The fractional volume occupied by the obstacles is 
F = 37N,0°, (10.114) 


Since N, is the number of spheres per unit volume. If these spheres are 
imbedded in a material with dielectric constant ¢, and permeability ,, the 
effective permittivity and permeability of Eqs. 10.100 and 10.113 are 


yes «(2 + 2, (10.115) 
i= 
Lima 
are Silica 10.116) 
Uy My 1 ie F ( 
2 


If the spheres are dielectrics with permittivity ¢,, Eq. 10.98 is 
—1 


€ 


,=- E (10.117) 
e, +2 
and thus the dielectric constant of Eq. 10.115 becomes 
i «,(LE2EC:) (10.118) 
1 — FC, 


The index of refraction for metal spheres is found from Eqs. 10.86, 10.115, 
and 10.116 as 


% 
n= (me) *{ EE). (10.119) 
i 2 
2 
Another type of artificial dielectric is the parallel plate medium in which 
the plates are aligned parallel to the incident electric field vector. Such a 
lens for a line source feed is illustrated in Fig. 10.9. Normally, the plate 
spacing is between one-half wavelength and one wavelength, so that the 
parallel plates act as a waveguide. For plates with a spacing a, the waveguide 
wavelength given by Eqs. 5.254 and 5.256 is 


E = (4) | (10.120) 


and the index of refraction of Eq. 10.2 is 


ie A us E z ( ayy" (10.121) 
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From Eq. 10.121 it can be seen that the metal plate dielectric has an index 
of refraction which is less than unity. For a single-surface, parallel-plate 
lens with the refracting surface facing the feed, Eq. 10.5 gives 


pee cea LER, (10.122) 
1— y¢cos ¢’ 


Since 77 is less than 1, Eq. 10.122 is the equation of an ellipse. Since the 
index of refraction of Eq. 10.121 depends on the wavelength, the metal 


Fig. 10.9 Parallel plate lens. 


plate lens is more frequency sensitive than the solid dielectric lens. The 
bandwidth can be found by using the geometry of the cross section of the 
lens given in Fig. 10.10. At the operating frequency, the electrical path 
lengths from the origin to the points A and B are equal, so that 


kr, + kt = kro, (10.123) 
or 
ry + nt = ro. (10.124) 


Therefore the difference in the physical path lengths for the two rays is 
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earned vi 


Ty, 


Fig. 10.10 Elliptical metal plate lens cross section. 


At a second frequency the distance in path lengths is approximately 
A,L = (1 — nyt, (10.126) 


so that the electrical path length difference due to a change in frequency is 


6 A AI ny a (10.127) 
From Eq. 10.126 
1— 7° Aa 
TN apeetalls a) (10.128) 
Tek 
Combining Eqs. 10.127 and 10.128 gives 
1 — °)t AA 
gftin oma (10.129) 
na 
The bandwidth is 
2 AA 6 
Genes tn ae (10.130) 
A (1 — 7°)t 


For the normal criterion of a one-eighth wavelength, path difference between 
the center and edge rays, the bandwidth is 


(10.131) 
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If the metal plate lens is zoned, the extra path length of the zones must be 
added as was done in Eq. 10.58, so that the electrical path length difference 
of Eq. 10.129 becomes 


he E men Wie 1a a (10.132) 
n A 
and the bandwidth becomes 
Ne a a (10.133) 
(M — 1) + =e 
4 
2a 
a 
ye CL 


(2A) 


Fig. 10.11 Square mesh wire grids. 


A pair of wire grids can be used as an artificial dielectric instead of the 
metal plates. A pair of square mesh grids is shown in Fig. 10.11. A grid 
can be analyzed as a series of interconnected transmission lines; an equiva- 
lent circuit is shown in Fig. 10.12. The electrical path length of a half-cell 
is given by 


y= (10.134) 


Bb 
) by 
where f is the propagation constant of the wave between the grids and bd is 
the grid spacing. From transmission line theory, this electrical length can 
be written as 


Ze 
jtany=(>*), (10.135) 


oc 
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Fig. 10.12 Equivalent circuit of one square mesh cell. 


where Zsc is the short circuit impedance and Zoc is the open circuit impedance 
at terminals 2. These impedances are given by 


Zse = j tan (), (10.136) 
yA as! cot (“) — tan (“)]. (10.137) 
2 2 2 
Combining Eqs. 10.134 through 10.137 gives 


(10.138) 


6 
Bb = 2 oe ces cal 


[1 — tan? (kb/2) 
and the index of refraction is 


Seah ES bal 5 2 eae 10.139 
rhs Ne 5 Se ae 


The dielectric constant of a square mesh grid is plotted in Fig. 10.13. For 
grids spaced one-sixth wavelength apart or closer, the power series expansion 


can be used to give 
2 2 
a (2) iyo | (10.140) 
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Fig. 10.13. Dielectric constant of square mesh grid. 
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In practice, it is necessary to consider the effect of the relatively large 
radius r of the wires. The capacitance between a pair of wires of the cell 


is given by aed 


in sinh (724 )+in (+) +228 


ur b 
The inductance of a pair of wires is 


Se Hob in sinh (224) + In (4)]. 
7 b Tr 


and the equivalent dielectric constant is given by 


Tecan (224) Bate (+) 
LC D b Tr 


€ 


b*Uo€> 


b 2Q7a\ 
| h ee 2) In (+) <a 
n sin b + iis b 


(10.141) 


(10.142) 


(10.143) 
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This dielectric constant is plotted in Fig. 10.14. The attenuation of the wire 
grid is given by 


| a (10.144) 


where R, the resistance per unit length of the wire, is 


R= R. : (10.145) 


Tr 


WS) 
i) 


Relative permitivity, €, 
in 


b/r = 1000 
—— b/r=100 
1.0 
0.01 0.1 1.0 10 


Mesh spacing to size ratio, a/b 
Fig. 10.14 Dielectric constant of wire grid. 


r is the wire radius and R, is the surface resistance of the wire given by 
Eq. 3.89 as 


4g 
Re (2Ze*) (10.146) 
oO 
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PROBLEM 
10.2.1 Plot curves to show how the index of refraction of metal spheres em- 


bedded in a foam plastic varies as a function of the sphere radius and the number 
per unit volume. 


10.3 Constrained Lens 


Another type of lens is the constrained metal plate lens in which the 
metal plates are aligned parallel to the electric vector as shown in Fig. 10.15. 
In the constrained lens, the rays through the lens are constrained to follow 
a path parallel to the metal plates. The path lengths through the lens thus 


——> & 


x 


Fig. 10.15 Parallel plate constrained lens. 
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depend on the lens plate spacing, but do not depend on the angle of the 
incident wave. The cross section of the constrained lens in the z = 0 plane 
is shown in Fig. 10.16. For a plane wave to emerge from the lens along the 
positive x axis, the path lengths from the point O to the points A and B 
must be equal or differ by an integral number of wavelengths. That is, 


ftnt—CGot ntt+s)=mis, m=0,+1, £2,..., (10.147) 


Fig. 10.16 Constrained lens cross section. 


where 7, and 7 are the index of refraction of the lens along the x axis and 
at the general ordinate y; f) and ¢ are the thickness of the lens along the x 
axis and at the general ordinate y; and mis any integer. From the geometry 
of Fig. 10.16 


f= + af? + &Y + Sofo)"l*, (10.148) 
where 
dg = COS a, (10.149) 
and 
bo = sin &, (10.150) 
Also, 
= a(t — ty + x) + ybo. (10.151) 


Combining Eqs. 10.147 through 10.151 gives 
U2 + 2U(fo + a + boy) = boa + ap’y? — Sagbory, (10.152) 


Constrained Lens 489 


where 
U = mA — [(H — ap)t — (Ho — Ap)tol. (10.153) 


The constrained lens has three independent parameters: the shape of the 
inner surface, the thickness, and the refractive index of the lens. A unique 
lens requires the specification of all three variables. The number of variables 
can be reduced by using a symmetric lens having a second focus at the 
point indicated as O’ in Fig. 10.16. This point is located at an angle —a 
with respect to the origin, and gives the equation for equal path lengths, 


U? + 2U(fo + aox — boy) = by?x? + ay?y® + 2agbyry. (10.154) 
Combining Eqs. 10.152 and 10.154 gives 
U = —ayn, (10.155) 
and 
x + ay’y® + 2a) for = 0. (10.156) 


Equation 10.156 is the equation of an ellipse which represents the front 
surface of the lens. For this symmetrical lens one variable remains, and it 
is possible to adjust the lens thickness or refractive index, or to select a third 
correction for the focal point to obtain a final lens with the desired charac- 
teristics. For a constant thickness lens Eqs. 10.153 and 10.155 give 
A 
Nock ss aaa - “ > t = to. (10.157) 
0 

If the lens has a straight front face, Eq. 10.155 gives the refractive index as 


Noto + mA 
1] (a aes 4S 


to — & 


t=t)— a. (10.158) 


If the refractive index of the lens is constant, Eq. 10.155 gives 


A 
etee ioe MA + Aox nN = No- (10.159) 
No — Go 
For a third correction point on the 2 axis, the lens refractive index is given 
b 
4 7 a latest MAcciatolt Stock *) 
t ? 


(10.160) 


and the lens thickness is given by 


OP ie (Coe) ie 


t=t)— 2x 
1 — a) 


(10.161) 

The bootlace lens illustrated in Fig. 10.17 is another type of constrained 
lens. It consists of radiating elements distributed on two surfaces with 
coordinates (2%, ¥,) and (a, y2) respectively. These elements are inter- 
connected by transmission lines as shown in Fig. 10.17. Analysis of this 
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bootlace antenna is very similar to that of the metal plate lens. However, 
the bootlace antenna has one additional variable, since the ordinates of the 
cross section of the two surfaces of Fig. 10.17 are not necessarily equal. In 
other words, for a given cable, y, is not necessarily equal to y,. As with the 
metal plate lens, a bootlace lens designed to be symmetrical for two focal 
points which are equally distant from the x axis has a front surface with an 
elliptical cross section. 


(x1, yw 


Fig. 10.17 Bootlace lens cross section. 


A different type of constrained bootlace lens is the R-2R lens used to 
produce a plane wave from a circular array. For the circular array in the 
z = 0 plane shown in Fig. 6.13, with its main beam in the direction (6, ¢) = 
(77/2, ¢), Eq. 6.200 gives the phase of the nth element as 


Yn = kRoos ($, — $o)- (10.162) 


The R-2R lens is a structure designed to produce this phase. The lens 
consists of two circular parallel plates of diameter R spaced less than a 
half-wavelength apart, so that they are capable of propagating a wave in 
the TEM mode. Figure 10.18 is a cross section showing the geometry of 
this lens. The parallel plate lens is located inside an array circle of radius R. 
The electrical path length between the points A and P of Fig. 10.18 is 


kd, = kRcos ¢. (10.163) 
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Parallel plate 
lens 


Array eos 


Fig. 10.18 R-2R lens geometry. 


If the feed is then moved from the point A to the point B, the path length 
to the point P becomes Pee ME (10.164) 


Pickup points at the edge of the parallel plate lens are connected to elements 
on the array circle through equal length cables, as shown in Fig. 10.19, so 
that the phase of the mth element agrees with Eq. 10.162. 

The R-2R lens of Fig. 10.19 is capable of feeding a semicircular array 
occupying a 180 degree arc. If an array on a larger arc is desired, it is 
necessary to use two or more lenses or to interconnect diametrically opposite 
points of the array circle and provide switching to eliminate the backlobe. 


All cables have same length 


Fig. 10.19 R-2R lens cross section. 
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PROBLEM 


10.3.1 Plot a curve showing the variation of index of refraction with frequency 
for the parallel-plate lens of the type shown in Fig. 10.9. 


10.4 Luneberg Lens 


A lens of wide use is the Luneberg lens, which is a spherical lens that 
focuses rays from a point on one side of the lens to a point on the other 
side. In its most common form, the focal point on one side of the lens is 
located on the lens surface and the second focal point is located at infinity. 
In this form the Luneberg lens converts radiation from a point source at 
the surface of the lens into a plane wave emerging diametrically opposite 
the point source. 

The geometry of the Luneberg lens is illustrated in Fig. 10.20. The electro- 
magnetic rays in this lens travel in plane curves, and the index of refraction 
varies only with the radius of the sphere. This can be written in the rectangu- 
lar coordinates of Fig. 10.20 as 


FF? + F? = 7(r)*, (10.165) 
where 
r? = 2 + y?. (10.166) 
The solution of Eq. 10.165 is the set 
F = R(@, y; -K), (10.167) 
where K is an arbitrary constant. For rays confined to the x — y plane 
ee a, (10.168) 
0K 
where « is an arbitrary constant. Using the polar coordinates of the figure, 
2 = 17 COs.0, (10.169a) 


y=rsind. (10.169b) 
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a 


Fig. 10.20 Luneberg lens cross section. 


Equation 10.165 then becomes 


FF? + 1 Fe = 7(r)*, (10.170) 
r 
which has the solution 
ip K 2\% 
Fo id z| G — x dr. (10.171) 
To r 
Applying Eq. 10.168 gives 
i K dr 
Op— 0 -| ree Pre 10.172 
ete) r(nene Ke) ( ) 
and 
d(6 — 0 
g -@-%) _ , A, (10.173) 
dr r(y?r? — K*)* 
so that 
nr" : 
Ke eee a ent sine, (10.174) 


(ee 729’2)4 ae 
where ¢ is the angle from the radius vector to the ray, as shown in Fig. 
10.20. For the ray originating at an angle «, at the point P, of the figure, 


ne en K = oro Sin %,  % = 7, (10.175) 


where r, is the distance to P,. For the analysis of the Luneberg lens, the 
radius of the sphere is normalized to unity and 7(1) = 1, so that m(r) is 
continuous at the lens surface of Fig. 10.20. A ray passing through the lens 
is at a minimum distance from the center of the lens at some point with 
polar coordinates, (7,, 9m). Introducing the variable 


p(r) = rn(r), (10.176) 
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and using Eq. 10.173 gives 
{2 Sas 


do KS Kk 
At the point of minimum radius, 
i a r=r 
ly Bee ss 
so that 


p EtKhS) ree re 
The angle of the minimum radius is given by Eq. 10.172 as 


if dr 
ro 1(p? — K*)*’ 


uy dr 
herpes Ry 0 


Combining Eqs. 10.180 and 10.181 gives 


6,,—-7=K 


6, = 7, 


or 


ee dr as dr 
5 ag oa 
a r(p? 2 Ka)" i r(p? oa KA 


Outside the lens, p = r since 7 = 1, and 


K | = = sin 128 
r(r? — K?)? r 
Inside the lens, 
: dr 
fw) =x] —# 
bed r(p? a4 ae: 
where from Eqs. 10.182 and 10.183 


f(K)= le + sin(X) + sin™(¥) — 2sin7 K|. 


ry ro 
Changing the variable to 
fe In' Fe 
Eq. 10.184 becomes 
jax? 
—« [p%(t) — K*]*" 


Defining the new function 
T(p) = —t(p), 
it can be shown that Eq. 10.187 becomes 


* aT) 
SS 2h) 


(10.177) 


(10.178) 


(10.179) 


(10.180) 


(10.181) 


(10.182) 


(10.183) 


(10.184) 


(10.185) 


(10.186) 


(10.187) 


(10.188) 


(10.189) 
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It can also be shown that 


2oian SUS) 
T(P) — T(a) == | —> dK. : 
(P) — T(a) a Jp (K? — py (10.190) 
For part of Eq. 10.185 let 
fi(K) = 5 — sin’’’K. (10.191) 


Then, from Eq. 10.182 


pik) =K| — xf Ae 10.192 
- K p(K® — p*)* K(K®— p*)*" busi 
From Eq. 10.190 

2 eK) 


—Inp=- 


Ellie ces (10.193) 


Combining Eqs. 10.185 and 10.193 gives 


T(p) —- TQ) = —Inp + = [sin->(£) are Sol) ears ; 


(10.194) 
Using the function 
1 | * sin“ *(u/a) 
( p.A)-= >9|.- 7 du, 10.19 
(p ) 7 p(u* — ae “ ( 5) 
and combining Eqs. 10.186 and 10.188 to give 
T(p) = —In p, (10.196) 
with 
T(1) = 0, (10.197) 
Eq. 10.167 becomes 
1 = w(p, Fo) + 0(p, 1). (10.198) 
Combining Eqs. 10.176 and 10.198 gives 
In | = o(p, ro) ae w(p, 1), (10.199) 
or 
n= e2lPro+olp.ri) (10.200) 


For the Luneberg lens which focuses a point source at P, to a plane wave, 
r, equals infinity. If the point P, is at the lens surface, r equals 1, 
w(p, 0) = 0, Paes (10.201) 
and from Eq. 10.195, 


1 lk sin! u 
@lp, L) == ———— du. 10.202 
(p ) a Jp (u? ie po) ( ) 
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20(p, 1) = In p + f RE in [t+ (1 — p)*}; eos 


so that 
o(p, 1) = 4In [1 + (1 — p?)%]. (10.204) 
Combining Eqs. 10.200 and 10.204 gives 
n(r) = «,4 = (2. — r*)%, (10.205) 


This is the index of refraction for the Luneberg lens. 
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Fig. 10.21 Luneberg lens dielectric constant. 


In practice, it is difficult to construct an antenna which has a point source 
that can be placed directly on the surface of the lens. If the first focal point 
is outside the lens at a distance rg, Eq. 10.202 can be rewritten as 


eR oath 
1 [7 sin (5) 1 [ir sin (*) 
w(p, To) = | (= dK — - i Ke = pi dK, (10. 206) 


which can be written as 


ee eh f + E a (2) ]"| bs 1c) dK. (10.207) 


To 
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Combining Eqs. 10.200 and 10.207 gives the index of refraction as 


° —] K 
274) afte ck (<) 
n= (In [1 (2)"] | exp | — { ed Ko 10208) 
ro 


a 1 (K? — eye 


Values of the index of refraction obtained by the numerical solution of 
Eq. 10.208 are shown in Fig. 10.21. 

The Luneberg lens can be made into a reflector by adding a reflecting 
surface to the point where the incoming plane wave is focused. With this 
arrangement the rays are redirected and travel outward as a plane wave in 
the direction from which they originated. Such a reflector is shown in 
Fig 10°22. 


Fig. 10.22 Luneberg lens reflector. 


The far field of the Luneberg lens depends on the amplitude distribution 
of the feed. If the pattern of the feed is g(«), the amplitude of the field in 
the x = 0 plane of Fig. 10.20 is 


E(6) = ae (10.209) 


In terms of the rectangular coordinate y, 


i= ISIN Wieser Silo, (10.210) 
and 
Geil 
slsin_(u/ro)] (10.211) 
[1 — (y/70)] 


The far field radiation pattern is then given by 


Ey) = 


E(y) =|'EW) cos (ky sin p) dy. (10,212) 
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Combining Eqs. 10.211 and 10.212 gives 


E()'= [ a TAESGG cos (ky sin y) dy. (10.213) 


If the feed has a cosine type distribution 


g(«) = cos? a, (10.214) 
and Eq. 10.213 becomes 


Bie i E - (+)'] et Ciaek pytaie (10.215) 


a) 


For the special case of p = 3, the far field is 


_ sin (k sin y) 


E(y) (10.216) 


k sin p 
For other feed distributions the determination of the far field pattern requires 
numerical or approximate solutions of Eq. 10.213. 
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PROBLEM 
10.4.1 Determine the far field of a Luneberg lens with a point source feed. 


10.5 Schmidt Lens 


The Schmidt lens is an aberration corrective device placed at the center 
of the curvature of a spherical reflector. The combination of the spherical 
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reflector with the lens produces a plane wave from a point source feed. A 
cross section is shown in Fig. 10.23. A ray from a point source at the point 
O intercepts the spherical reflector at a distance p and is reflected toward 
the lens. The incident and reflected rays obey Snell’s law, so that the angle 
of incidence equals the angle of reflection («). The reflected ray intercepts 
the curved lens surface at the point (a, y), is refracted by the lens with index 


saat 
sin 


= ~~ P’ (x1, y1) 
aS 
l= 


ee ~ 


Zero phase locus 


Fig. 10.23 Schmidt lens cross section. 


of refraction 7, and emerges from the flat face of the front surface of the 
lens in a direction parallel to the x axis at the point B. If, for each reflection 
point P, the reflected ray is extended backward a distance p to the point P’ 
with coordinates (x, y,), the point P’ can be considered to be a zero phase 
point. The locus of zero phase points for all reflection points of the spherical 
reflector is indicated by the dotted line of Fig. 10.23. If the radius of the 
spherical reflector (a) is normalized to unity, the coordinates of the zero 
phase locus are 

%, =2cosy —/fcos 2y, (10.217) 


y, = 2sin yp —fsin 2y. (10.218) 
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The coordinates of the curved lens surface are 


% = x, — scos B, (10.219) 
y = y, — ssin fp, (10.220) 


where s is the distance between the zero phase point P’ and the lens surface 
(x, y), and f is the angle between the ray reflected from the spherical reflector 
and a line parallel to the x axis. For the rays from the point O to arrive at 
the points A and B in phase, the electrical path lengths must be equal. 
That is, 

s+nd=2-f, (10.221) 


where d is the distance traveled (by the ray from the point P) in the lens 
from the point (x, y) to the y axis to which the ray is perpendicular. Since 
it is perpendicular, d = x and Eqs. 10.217 through 10.221 can be combined 
to give 


* =2cos yp —fcos 2y — ccos B + nx cos B, (10.222) 
y =2siny —fsin2y —csin $B + nz sin B, (10.223) 

where 
c=2-f. (10.224) 


Solving Eqs. 10.221 and 10.222 gives the coordinates of the lens surface as 


C= me cos y — fcos 2y — ccos f), (10.225) 


ys = [2 sin y — fsin 2y)U — csin B + 7 sin B(s cos py — f cos 2y)], 


(10.226) 

where 

U=1—y cos f. (10.227) 
Also from Fig. 10.23 

y=at B, (10.228) 

a = sin” ="), (10.229) 

p 

and 

p=(1+4+/? — 2fcos y)%. (10.230) 


Usually, a point source feed located at the position O illuminates only 
about half of the spherical reflector. It is therefore possible to design the 
central portion of the lens for a feed at the point O and to design the end 
portion of the lens for a feed at the point O’ as shown in Fig. 10.23. If the 
point O’ is located on the circle of radius f at an angle y from the 2 axis as 
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shown in the figure, the lens surface required for this location can be de- 
termined by using the (u, v) rectangular coordinate system shown in the 
figure. With this coordinate system the lens surface is given by 

x=ucosy —vsiny, (10.231) 

y = usin y + vcos y. (10.232) 
Again, the equation for equal path lengths of Eq. 10.221 is valid. However, 
for this case, the path length d within the lens is given by 

d=ucos 6 — usin 0, (10.233) 


where 6 is the angle between the ray within the lens and the ray emerging 
from the lens as shown in Fig. 10.23. From Snell’s law this angle is given 
by Eq. 10.74 as 


6 = sin” ral (10.234) 
In the rotated coordinate system the coordinates of the lens surface of 
Eqs. 10.222 and 10.223 become 
= 2cos p — fcos 2y — (c — nd) cos B, (10.235) 
v = 2sin yp —fsin 2p — (c — nd) sin B. (10.236) 
Solving Eqs. 10.233, 10.235, and 10.236 gives 


u = 7, (200s y — fcos2y — cos 8 + 7 sin 6[f sin (y + «) — 2 sin a]}, 
(10.237) 
v =F Qsin y — fsin2y —csin B + y cos 6[f sin (y + «) — 2 sin aj}, 
(10.238) 
where 
V=1-—ncos(f + 0). (10.239) 
The coordinates of the outer portion of the lens can then be found by com- 


bining Eqs. 10.231, 10.232, and 10.237 through 10.239. In practice, an 
angle y of 30 degrees gives good results. 


REFERENCES 
Chait, H. N., ‘‘Wide-Angle Scan Radar Antenna,” Electronics, January 1953, 
pages 128-132. 
Luneberg, R. K., Mathematical Theory of Optics, Brown University, Providence, 
Rhode Island, 1944, pages 168 to 173. 


‘ ‘ 
ian 
' 
= P 
‘ 
“1 
‘ 
aut 
‘ : 
bi t 
nr 
4, 
a 


Admittance, antenna, 11 
waveguide, 166 
Annular corrugated surface, 420-423 
Annular slot, 166-169 
fields, 168 
small, 168 
directivity, 169 
effective area, 169 
effective height, 169 
radiation conductance, 168 
vector potential, 167 
Antenna, admittance, 11 
applications, 3-6 
beamwidth, 7 
coordinates, 18 
definition, 1 
parameters, 6—21 
patterns, 6—9 
reactance, 9 
resolution, 9 
susceptance, 11 
temperature, 4, 19-20 
Aperture, 109-138 
circular, 132-135 
cylindrical, 135—138 
effective, 3, 14, 15, 16 
elemental, 109-119 
phase error, 128-131 
rectangular, 119-131 
uniformly illuminated, 11-125 
Aperture blocking, 333-334 
Aperture illumination, cosine, 127 
triangular, 125-126 
two dimensional, 124 
uniform, 119-125 
Applications, 3—6 
communications, 3—5 
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instrumentation, 6 
navigation, 6 

radar, 5 

radio astronomy, 5—6 


Archimedian spiral antenna, 449 


Area, effective, 3, 14, 15, 16 
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elemental, 109-119 
radar, 5 
scattering, 15 


Array, binomial, 251-252 


broadside, 247—255, 411 
Chebyshev, 252-255 

circular, 272—277 

computation, 261 

cubic, 285-288 

dipole, 295—298 

end fire, 255-257, 411 

feeding coefficients, 243 

gabled, 250-251 

linear, 241-267 

linear unequally spaced, 267-272 
log periodic, 457-461 

planar, 277—283 

reflector, 365-371 
retrodirective, 365-368 
sampled data analysis, 258-261 
spatial frequency, 261 
spherical, 283—285 

super gain, 263—264 
transmission line, 409-417 

two dimensional, 277-283 

two element, 262—265, 295-298 
uniform, 247—250, 411 
uniformly illuminated, 247—255 
waveguide, 409-412 
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Array factor, 243 
Array polynomial, 243 
Arrays, 241—288 
Artificial dielectric, 476-487 
dielectric constant, 476 
effective permeability, 477 
index of refraction, 477 
magnetic dipole moment, 476 
metallic spheres, 477—480 
dielectric constant, 478 
index of refraction, 480 
relative permeability, 479 
parallel plate medium, 480-483 
bandwidth, 482 
index of refraction, 480 
medium waveguide wavelength, 480 
polarization, 476 
void, 476 
wire grid, 483-486 
equivalent dielectric constant, 484 
index of refraction, 484 
zoned metal plate lens, 483 
bandwidth, 483 
Assymetric dipole, current distribution, 44 
Assymetrically fed dipole, 44-45 
Axial ratio, 440 


Babinet’s principle, 142-143 
Backlobe, 9 
Bandwidth, 4, 5 
Beam, broadside, 247-255 
end fire, 255-257 
isotropic, 7 
omnidirectional, 7 
pencil, 7 
shaped, 9 
Beamwidth, 7 
Bessell function, 32 
modified, 34 
Biconical antenna, 92-99 
impedance, 94, 97-98 
infinite, directivity, 95 
effective area, 95 
effective height, 95 
radiation resistance, 95 
Biconical horn, 235-240 
TE waves, 235-237 
TEM wave, 238-240 
T™ waves, 237-240 


Bifocal lens, 468-471 
Binomial array, 251-252 
Binomial coefficients, 251 
Binomial series, 251 
Bootlace lens, 489-490 
Bow tie antenna, 452 
Broadband antenna, 437-461 
conical spiral, 449-451 
equiangular antenna, 444-446 
helix, 437-444 
log periodic array, 457-461 
logarithmically periodic structure, 452— 
457 
plane spiral, 446-449 
Broadside array, circular, 275 
linear, 247-255 


Capacitor antenna, 135-138 
Casegrain reflector, 327-335 
aperture blocking, 333-334 
far field, 329 
gain, 331 
geometry, 327-328 
Cavity antenna, 164-166 
admittance, 166 
directivity, 165 
effective area, 165 
effective height, 165 
radiation conductance, 165 
Charge, density, 1 
electric, 82 
magnetic, 82 
Chebyshev array, 252-255 
Chebyshev polynomial, 252 
Circular aperture, 132-135 
fields, 132-133 
radiation intensity, 133 
uniform, directivity, 135 
effective area, 135 
half-power beamwidth, 134 
radiation intensity, 134 
sidelobe level, 134 
Circular array, 272-277 
broadside, 275 
far field, 272 
uniform, 273-277 
Circular loop, 75-79 
Circular polarization, 19, 440 
Circular waveguide, 201-208 
leaky, 430-433 
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Circular waveguide horn, 233-235 
directivity, 234 
effective area, 234 E 
half-power beamwidth, 233 
Communication equation, one way, 4 
Communications, 3—6 
Complementary antennas, 142 
Conductance, loss, 11 
radiation, 11 
Conduction current, 1 
Conductivity, 1 
Conductor impedance, 35 
Conical horn, 233—235 
Conical spiral, 449-451 
geometry, 450 
Constrained lens, 487-492 
bifocal, 487-489 
bootlace lens, 489-490 
geometry, 488 
R-2R lens, 491 
Convection current, 1, 2 
Coordinates, antenna, 18 
Corner reflector, 299-312 
arbitrary apex angle, 302-311 
60 degrees, 302-303 
field, 302 
gain, 302 
90 degrees, 300-302 
field, 301 
gain, 302 
circular polarization, 309 
images, 300 
Cornu’s spiral, 116 
Corrugated surface antenna, 417—423 


annular corrugated surface, 420-423 


rectangular waveguide, 417—420 
Cosine aperture illumination, 127 
Cosine integral, 41 
Crossed dipoles, 107 
Cubic array, 285—288 

far field, 286 

progessive phase delay, 287 
Cubic phase error, 131 
Curl, spherical coordinates, 112 
Current, conduction, 1 

convection, 1, 2 

electric, 1 

magnetic, 82 
Current density, electric, 82 

electric surface, 109-110 

magnetic surface, 82, 109-110 
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Current distribution, cylindrical antenna, 


Sy) 
Cutoff wavelength, 174 
Cylindrical antenna, 49-63 
arbitrary cross section, 59-61 
cheese antenna, 338 
current distribution, 55 
discontinuous, 62—63 
equivalent radius, 59 
input impedance, 57 
line source feed, 335 
thin, 56—58 
current distribution, 56 
input impedance, 56 
vector potential, 50 
Cylindrical aperture, 135-138 
far field, 137 
small, 138 
directivity, 138 
effective area, 138 
effective height, 138 
radiation conductance, 138 
vector potential, 137 
Cylindrical coordinates, 32 
Cylindrical dipole, 49-63 
Cylindrical lens, 462 
Cylindrical reflector, 335-340 
directivity, 338 
double, 338-339 
effective area, 338 
far field, 336—338 
pill box, 338 
point source feed, 335 
two parabolic cylinders, 338-339 


Demagnetization factor, 87-88 
Diagonal horn, 228—232 
Dielectric, artificial, 476-487 
Dielectric constant, 1, 462, 473 
Dielectric image transmission line, 403 
Dielectric lens, 462—476 

attenuation, 473 

bifocal lens, 468-471 

cylindrical, 462 

elliptical, 466-468 

hyperbolic lens, 462—465 

index of refraction, 462 

reflection coefficient, 474-475 

rotationally symmetric, 462 

two surface lens, 468—471 
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Dielectric lens (cont.) 
zoned, 471-475 
bandwidth, 473 
Dielectric rod, 394—405 
dielectric image transmission line, 403 
Ferrod antenna, 403 
HE waves, 399-401 
TE waves, 396-398 
TM waves, 395-396 
Dipole, assymetrically fed, 44-45 
biconical, 92-99 
crossed, 107 
cylindrical, 49-63 
effective area, 41 
effective height, 41 
electric, 37-49 
far field, 40 
folded, 63-68 
half wavelength, 42-44 
in front of reflector, 295-298 
input impedance, 45-48 
input resistance, 41 
long, 39-42 
power pattern, 41 
radiation resistance, 40-41 
short, 24—31, 37 
sleeve, 106 
Dipole antenna, 37—49 
input reactance, 47 
Dipole array, 295-298 
log periodic, 459-461 
Dipole moment, electric, 476 
magnetic, 476 
Directivity, 13 
Discone antenna, 107 
Dissipated power, 11, 12 
Distribution, binomial, 251 
Chebyshev, 252-255 
cosine, 127 
gabled, 250 
triangular, 125-126 
two dimensional, 124 
uniform, 119, 247-250 
Doubly curved reflector, 340-344 
central section curve, 341-343 
geometry, 341-342 
Duality, 142-143 


E-plane pattern, 7 
E-plane sectoral horn, 209-220 
Effective area, 3, 14, 15, 16 
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Effective height, 14, 15, 16 
Effective noise temperature, 4 
Efficiency, 13, 15 

Electric charge, 82 

Electric current, 1 

Electric current density, 82 
Electric dipole moment, 476 
Electric field intensity, 1 
Electric flux density, 1 
Electric Hertz vector, 30 
Electric radiation vector, 110 


Electric surface current density, 82 


Electric vector potential, 82 
Electromagnetic waves, 2 
Elemental aperture, 109-119 
Elemental area, directivity, 118 

effective area, 119 

effective height, 119 

fields, 111-118 

near field, 114-117 

radiation conductance, 119 

radiation intensity, 113 

vector potential, 109 
Ellipse, polarization, 17-18 
Elliptical lens, 466-468 
End-fire array, 255—257 
Environmental effects, 21 
Equation, Bessel, 32 

communication, 4 

Legendre, 90, 154 

radar, 5 


Equiangular antenna, conical spiral, 449- 


451 
plane spiral, 446-451 
Equiangular antennas, 444-446 


Equiangular spiral antenna, 446-449 


Equivalent radius, 59 
Error, phase, cubic, 131 
linear, 129-130 
quadratic, 130-131 
Euler’s constant, 40 
Exponential integral, 48 


Fan beam pattern, 7—9 
Far-zone fields, 27 

Feed, line source, 335, 347 
Feeding coefficients, 243 
Ferrite loop antenna, 86-89 


Ferrite loop antenna, demagnetization 


factor, 87-88 
radiation resistance, 87 


Index 


Ferrod antenna, 403 

Field, far-zone, 27 
near-zone, 27 

Field intensity, electric, 1 
magnetic, 1 

Flat reflector, 289-299 

Flux, magnetic, 86 

Flux density, electric, 1 
magnetic, 1 

Folded dipole, 63-68 
input admittance, 66 
input impedance, 66—67 
multielement, 67—68 

Frequency independent antennas, 437-— 

461 
Fresnel integrals, 115, 161 
Fresnel region, 114 


Gabled array, 250-251 

Gain, 3, 12-17 

Geometric ratio, 453 

Gregorian antenna, 332-333 

Grid, wire, lens, 483-486 
reflector, 298 

Ground plane, 68—69 


H-plane pattern, 7 
H-plane sectoral horn, 220—226 
Half-loop antenna, 107 
Half-power beamwidth, 7 
Half-wavelength dipole, 42—44 

directivity, 43 

effective area, 44 

effective height, 44 

far field, 42 

power pattern, 42 

radiation resistance, 43 

reactance, 48 
Half-wavelength slot, 150-152 
Hankel function, 33 
Height, effective, 14, 15, 16 
Helix, 437-444 

axial ratio, 440, 444 

circular polarization, 440 

far fields, 443-444 

long, 442-443 

directivity, 443 
half-power beamwidth, 442 
small, 441-442 
transmission line, 437—438 
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Hertz vector, electric, 30 
magnetic, 30 
Horizontal traveling wave wire antenna, 
372-379 
Horizontally polarized wave, 290 
Horn, biconical, 235—240 
circular, 233-235 
conical, 233-235 
diagonal, 228-232 
pyramidal, 226-228 
rectangular waveguide, 209-233 
sectoral, E-plane, 209-220 
H-plane, 220—226 
waveguide, 209-233 
Horn-paraboloid antenna, 326 
Hyperbolic lens, 462—465 
Hyperboloid equation, 328 


Image, corner reflector, 300 
dipole, 295 
Impedance, 9-12 
conductor, 35 
intrinsic, 14 
mutual, 9 
self-, 9 
surface, 35 
Index of refraction, 462 
Instrumentation, 6 
Integral, cosine, 41 
exponential, 48 
Fresnel, 115, 161 
sine, 41 
Intrinsic impedance, 14 
Isotropic antenna, 22 


L antenna, 103-105 
radiation resistance, 105 
Leaky circular waveguide, 430-433 
Leaky rectangular waveguide, 426-430 
Leaky trough waveguide, 433-436 
assymmetrical, 434-436 
symmetrical, 433-434 
Leaky wave structures, 423-426 
Leaky waveguide, circular, 430-433 
rectangular, 426-430 
trough, 433-436 
Legendre’s equation, 90, 154 
Lens, metal, 480—483 
metallic spheres, 477-480 
parallel plate, 480-483 
zoned metal plate, 483 
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Lens antennas, 462-501 Logarithmically periodic structure, 452- 
artificial dielectrics, 476-487 457 
constrained, 487-492 bow tie antenna, 452 
dielectric, 462—476 circularly polarized, 456 
Luneberg, 492-498 complementary antennas, 453-454 
metal plate, 480-483 equiangular antenna, 452 
metal sphere, 477-480 geometric ratio, 453 
Schmidt, 498-501 Long dipole, 39-42 
wire grid, 483-486 Long slot, 144-148 
zoned, 47t—475 directivity, 148 
Line source feed, 335, 347 effective area, 148 
Linear array, 241-267 effective height, 148 
array factor, 243 far field, 147 
array polynomial, 243 fields, 145-147 
binomial array, 251-252 radiation conductance, 148 
broadside array, 247-255 Long wire, 31-37, 372-379 
Chebyshev array, 252-255 directivity, 36, 376 
directivity, 255 effective area, 36 
half-power beamwidth, 254 effective height, 36, 376 
end fire array, 255-257 far field, 34, 374 
array factor, 255 : fields, 33-34, 373 
directivity, 256, 257 impedance, 34-36 
half-power beamwidth, 257 high frequency, 35 
feeding coefficients, 243 low frequency, 35 
gabled array, 250-251 radiation resistance, 36, 376 
matrix calculations, 261 vector potential, 373 
pattern multiplication, 243 Long wire antenna, horizontal wire, 377— 
progressive phase delay, 245 379 
sampled data analysis, 258-261 rhombic, 382-387 
six element uniform array, 259-261 Vee, 379-382 
spatial frequency, 261 Loop antenna, 75-86 
supergain, 263-264 directivity, 80 
superposition, 241 far field, 76 
symmetrically fed, 251 fields, 114 
two element dipole array, 262-265 half-loop, 107 
mutual impedance, 263 large, 78-79 
two element uniform array, 251-252 directivity, 78 
unequally spaced, 267-272 effective area, 79 
uniform array, 259-261 effective height, 79 
uniform broadside array, 247-255 radiation resistance, 78 
uniform half-wavelength spaced array, radiation intensity, 114 
248-250 radiation resistance, 80 
uniformly spaced half-wavelength ar- radiation vector, 114 
ray, directivity, 250 retarded potential, 75 
half-power beamwidth, 250 small, 77-78 
Linear phase error, 129-130 directivity, 77 
Log periodic array, 457-461 effective area, 78 
dipole array, 459-461 effective height, 78 
half-power beamwidth, 458 radiation resistance, 77 


radiation pattern, 458 square, 79-83 
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Loss conductance, 11 Open waveguide (cont.) 
Loss resistance, 9 circular, 201—208 
Loss tangent, 473 circular TE modes, 203-207 
Luneberg lens, 492-498 fields, 203—205 
index of refraction, 496 circular TEx mode, 
reflector, 497 directivity, 207 
half-power beamwidth, 205 
M-antenna, 103-105 circular TM modes, 207-208 
radiation resistance, 105 far field, 196, 197 
Magnetic charge, 82 rectangular, 192-201 
Magnetic current, 82 rectangular TE modes, 195-198 
Magnetic dipole moment, 476 rectangular TM modes, 198-201 
Magnetic field intensity, 1 TE modes, 195-198 
Magnetic flux, 86 field, 196 
Magnetic flux density, 1 TE. mode, 197-198 
Magnetic Hertz vector, 30 directivity, 198 
Magnetic radiation vector, 110 fields, 197 
Magnetic surface current density, 82 half-power beamwidth, 198 
Magnetic vector potential, 25, 82 TM modes, 198-201 
Main lobe, 9 fields, 199-200, 207-208 
Maxwell’s equations, 1 
Mechanical characteristics, 20-21 Parabolic cylinder reflector, 335-340 
Metal plate lens, 480-483 double, 338—339 
zoned, 483 Parabolic torus, 353—359 
Metal spheres, artificial dielectric, 477-  Paraboloid antenna, horn-paraboloid, 326 
480 Paraboloid equation, 312 
Modified Bessell function, 34 Paraboloidal reflector, 312—327 
Monopole, 152 directivity, 318, 324 
Monopole antenna, 68—75 far field, 317 
directivity, 74 geometry, 313 
effective area, 74 with horn feed, 321-326 
effective height, 74 Parallel plate artificial dielectric, 480—483 
radiation resistance, 74 Parameters, antenna, 6—21 
vector potential, 70 Passive reflector, 359-365 
Mutual impedance, 9 curved, 362—365 
gain, 365 
Navigation, 6 flat, 359-362 
Near-zone fields, 27 ~ gain, 362 
Noise figure, 20 Pattern, antenna, 6-9 
Noise power, 4 E-plane, 7 
Noise temperature, 19-20 fan, 7-9 
effective, 4 H-plane, 7 
Notch antenna, 152-164 isotropic, 7 
directivity, 163 omnidirectional, 7 
fields, 155-163 pencil, 7 
radiation conductance, 163 power, 7 
short, 164 shaped, 9 
Pattern multiplication, 243 
Omnidirectional pattern, 7 Pencil beam, 7 


Open waveguide, 192—208 Pencil beam pattern, 7 
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Periscope antenna, 359-365 Propagation loss, 3 
Periscope reflector, 359-365 Pyramidal horn, 226-228 
Permeability, 1 
Permittivity, 1 Quadratic phase error, 130-131 
Phase constant, 26 
Phase error, cubic, 131 Radar, 5 
linear, 129-130 Radar area, 5 
quadratic, 130-131 Radar equation, 5 
Phase velocity, 372 Radiated power, 11 
Pill box antenna, 338 Radiation conductance, 11 
Planar array, 277-283 Radiation intensity, 12 
far field, 277-283 Radiation resistance, 9 
progressive phase delay, 279 Radiation vector, electric, 110 
uniform array, 280-283 magnetic, 110 
Plane reflector, 289-297 Radio astronomy, 5-6 
horizontally polarized wave, 290 Reactance, antenna, 9 
reflection coefficient, 291 Received power, 11 
vertically polarized wave, 293 Reciprocity theorem, 16—17 
wire grid, 298 Rectangular aperture, 119-131 
with half-wavelength dipole, 295 cosine illumination, directivity, 127 
gain, 296 effective area, 127 
Plane spiral, 446-449 half-power beamwidth, 127 
Archimedian spiral, 449 sidelobe level, 127 
equiangular spiral, 446-449 directivity, 125 
complementary antenna, 447 large uniform, directivity, 123 
geometry, 446 effective area, 123 
Point source, 22—23 effective height, 123-124 
directivity, 22 radiation conductance, 123 
effective area, 23 phase error, 127 
Polarization, 3, 17-19 radiation intensity, 125 
circular, 19 triangular distribution, directivity, 126 
Polarization ellipse, 17-18 effective area, 126 
axial ratio, 440 half-power beamwidth, 126 
Polynomial, array, Chebyshev, 252-255 sidelobe level, 126 
Legendre, 90-91 uniform, directivity, 125 
Position vector, 111 radiation intensity, 122-123 
Potential, electric vector, 30, 109 sidelobe level, 122 
magnetic vector, 25, 82, 109 uniformly illuminated, far field, 120— 
retarded, 25 121 
retarded vector, 26 half-power beamwidth, 122 
scaler, 25 Rectangular waveguide, 192-201 
Power, dissipated, 11, 12 cutoff wavelength, 348 
noise, 4 leaky, 426—430 
radiated, 11, 12 propagation constant, 170, 173 
received, 11 TE mode, 170 
scattered, 11 TE: mode, 174 
Power density, 12 T™ mode, 170 
Power handling, 20 waveguide wavelength, 173, 348 
Power pattern, 7 Rectangular waveguide array, 409-412 
Poynting vector, 7 Rectangular waveguide horn, 209-233 


Propagation constant, 32 diagonal, 228-232 


Rectangular waveguide horn (cont.) 
diagonal horn, fields, 231 
E-plane sectoral, 209-220 
admittance, 218—220 
fields, 213 

H-plane sectoral horn, 220-226 
directivity, 225 

pyramidal, 226-228 

pyramidal horn, directivity, 227 

Reflection coefficient, 291, 368, 474-475 
horizontal polarization, 474-475 
normal incidence, 475 
vertical polarization, 474—475 

Reflector antenna, array, 365—368 
Casegrain, 327-335 
corner, 299-312 
cylindrical, 335-340 
doubly curved, 340-344 
flat, 289-297 
Gregorian, 332—333 
Luneberg lens, 492—498 
parabolic cylinder, 335-340 
paraboloidal, 312—327 
passive, 359-365 
periscope, 359-365 
Pill box, 338 
plane, 289-297 
spherical, 344—353, 498-501 
toroidal, 353-359 
wire grid, 298 
with dipole, 295—298 

Reflector antennas, 289-371 

Reflector area, 367 

Reflector array, 365-368 
reflection coefficient, 368 
reflector cross section, 367 

Reflector cross section, 367 

Refractive index, 462 

Resistance, loss, 9 
radiation, 9 

Resolution, 9 

Retarded potential, 25 

Retarded vector potential, 26 

Retrodirective array, 365-368 

Rhombic antenna, 382—387 
optimum dimensions, 385-387 

Rotationally symmetric lens, 462 


Sampled data analysis method, 258-261 
Sandwich wire antenna, 416 
Scaler potential, 25 
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Scattered power, 11 
Scattering area, 15 
Scattering ratio, 15 
Schmidt lens, 498-501 
geometry, 499 
Scimitar antenna, 107 
Sectoral horn, E-plane, 209-220 
H-plane, 220-226 
Self-impedance, 9 
Shaped beam pattern, 9 
Short dipole, 24—31, 37 
current distribution, 37 
effective area, 39 
effective height, 39 
fields, 38 
radiation resistance, 38 
retarded potential, 37 
Short slot, 139-144 
directivity, 141 
effective area, 141 
effective height, 141 
far fields, 141 
fields, 140-141 
radiation conductance, 141 
vector potential, 139 
Short wire, 24-31 
directivity, 29 
effective area, 29 
effective height, 29 
far field, 27, 113-114 
fields, 27 
Hertz vector, 30 
near field, 27 
power pattern, 28 
radiation intensity, 114 
radiation resistance, 28 
radiation vector, 114 
retarded potential, 25 
Sidelobe, 9 
Signal-to-noise ratio, 4 
Sine integral, 41 
Sleeve dipole, 106 
Slot antenna, 139—240 
annular, 166—169 
biconical, 235—240 
cavity, 164-166 
circular waveguide, 179-189 
circular waveguide horn, 233-235 
half-wavelength, 148-152 
leaky circular waveguide, 430-433 
leaky rectangular waveguide, 426-430 
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Slot antenna (cont.) 
long, 144-148 
notch, 152-164 
open waveguide, 192-208 
rectangular waveguide, 169-178 
rectangular waveguide horn, 209-233 
short, 139-144 
slot dipole, 189-192 
slotted cylinder, 179-189 
thin, 148-152 
waveguide, 169-178 
Slot-dipole antenna, 189-192 
circular polarization, 192 
fields on axis, 190-191 
Slotted cylinder, 179-189 
circumferential slot, 184-185 
field, 179-189 
inclined slot, 185-186 
longitudinal slot, 179-183 
narrow axial slot, 182-183, 186-189 
Slow wave antennas, 372 
Small loop antenna, 77-78 
Snell’s law, 291, 475 
Source, point, 22—23 
Spatial frequency, 261 
Spherical aberration, 344 
Spherical antenna, 89-92 
admittance, 92 
Spherical array, 283-285 
Spherical coordinates, 18 
Spherical reflector, 344-353 
geometry, 344 
line source feed, 347 
phase error, 345 
point source feed, 344 
spherical aberration, 344 
stepped, 351-352 
Spherical wave, 22 
Spheroidal antenna, 99-103 
Spiral, Archimedian, 449 
conical, 449-451 
Cornu, 116 
equiangular, 446-449 
plane, 446-449 
Square loop, 79-83 
Square loop antenna, 79-83 
Standing wave ratio, 12 
Super gain array, 263,-26 
Superposition principle, 242 
Surface current density, electric, 109-110 
magnetic, 109-110 


Surface impedance, 35 
Surface wave, plane, 388 
Surface wave antenna, 372 
Yagi, 405—409 
Surface wave line, corrugated metal sheet, 
391 
dielectric image line, 403 
dielectric rod, 394-405 
dielectric slab, 390 
waveguide, 389 
Yagi, 405—409 
Surface wave structures, 387-394 
Susceptance, antenna, 11 
Systems, 1-21 
antenna parameters, 6-21 
applications, 3-6 


Table of equivalent radii, 61 
T-match antenna, 63 
Temperature, antenna, 4, 19-20 
noise, 4, 19-20 
Thin slot, 148-152 
admittance, 151 
directivity, 151 
effective area, 151 
effective height, 151 
field, 149 
half-wavelength, 151 
susceptance, 151 
long, 150-152 
radiation conductance, 151 
short, 148-150 
directivity, 150 
effective area, 150 
effective height, 150 
far field, 149 
radiation conductance, 150 
vector potential, 149 
Thin wire, 37—49 
Three-dimensional array, 285—288 
Toroidal reflector, 353-359 
geometry, 353 
phase error, 357 
reflector surface vector, 354 
wave front surface vector, 354 
Transmission line, dielectric image line, 
403 
helix, 437-438 
surface wave, 387-394 
Transmission line antenna, input reac- 
tance, 105 
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Transmission line antenna (cont.) 
radiation resistance, 105 
Transmission line antennas, 103-106 
Transmission line array, loosely coupled 
elements, 412—416 
rectangular waveguide, 409-412 
sandwich wire antenna, 416 
Transmission line arrays, 409-417 
Traveling wave antenna, corrugated sur- 
face antenna, 417-423 
dielectric rod, 394—405 
leaky circular waveguide, 430—433 
leaky rectangular waveguide, 426-430 
leaky trough waveguide, 433-436 
leaky wave structures, 423-426 
long wire, 372—379 
rhombic, 382-387 
slow wave antenna, 372 
surface wave antenna, 372 
surface wave structures, 387-394 
transmission line arrays, 409-417 
Vee, 379-382 
Yagi, 405-409 
Traveling wave antennas, 372-436 
Triangular aperture illumination, 
126 
Trough waveguide, leaky, 433-436 
Turnstile antenna, 107 
Two dimensional array, 277—283 
Two element array, 251-252, 295-298 | 
Two surface lens, 468—471 
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Unequally spaced linear array, 
factor, 271 
directivity, 271 
progressive phase delay, 271 
Unequally spaced linear arrays, 267—272 
Uniform aperture illumination, 119 
Uniform array, 247-255 


array 


Vee antenna, 379-382 
Vector, electric radiation, 110 
Hertz electric, 30 
Hertz magnetic, 30 
magnetic radiation, 110 
position, 111 
reflector surface, 354 
wavefront surface, 354 
Vector potential, electric, 30, 82, 109 
magnetic, 25, 82, 109 
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Vertically polarized wave, 293 
Voltage breakdown, 20 


Wave, electromagnetic, 2 
horizontally polarized, 290 
hybrid, 399 
leaky, 423-426 
slow, 372 
spherical, 22 
surface, 372 
vertically polarized, 293 

Wave equation, 2 
cylindrical coordinates, 31 
spherical coordinates, 152 

Wave number, 26 

Wave velocity, 2 

Waveguide, circular, 201-208, 233, 430- 

433 
cutoff wavelength, 174 
open, 192-208 
propagation constant, 170, 173 
rectangular, 192-201, 209, 426-430 
trough, 433-436 

Waveguide array, 409-412 

Waveguide horn, 209-233 
circular, 233-235 
diagonal, 228-232 
pyramidal, 226-228 
rectangular, 209-233 
sectoral, 209-226 

Waveguide impedance, TE mode, 166 

Waveguide mode, TE, 170 

Waveguide modes, 170 

Waveguide slot, 169-178 
conductance, 177-178 
resistance, 177-178 

Waveguide wavelength, 173 
cutoff, 174 

Wavelength, 4 
waveguide, 173 

Wire antenna, 24—108 
biconical, 92—99 
cylindrical, 49-63 
dipole, 37-49 
discone, 107 
ferrite loop, 86-89 
folded dipole, 63—68 
L antenna, 103-105 
long, 31-37 
loop, 75—86 
M antenna, 103-105 
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Wire antenna (cont.) 
miscellaneous, 106-108 
monopole, 68-75 
short, 24—31 
spherical, 89-92 
spheroidal, 99-103 
square loop, 79-83 
T-match, 63 
transmission line, 103-106 
traveling wave, 372-379 
turnstile, 107 

Wire grid artificial dielectric, 483-486 


Index 


Wire grid reflector, 298 


Yagi antenna, 405-409 
directivity, 408 
pattern, 405 
phase velocity, 408 


Z transform, 258 

Zoned lens, 471-475 
attenuation, 473 

Zoned metal plate lens, 483 
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ANTENNA ANALYSIS" 
kdward A. Wolff 


Drawing on his own extensive experience in antenna design 
and fabrication, the author examines antenna theory in the 
light of practical situations. This new text reviews the entire 
analytical literature of antenna theory—not from the point of 
view of the theorist, but rather to give the design engineer a 
greater appreciation of the assumptions inherent in design 
equations. Mathematical models are carefully developed, but 
without unnecessary elaboration. The text treats over one 
Hundred antennas, and includes material never before avail- 
able in book form. Theoretical derivations are given along 
with design data. 

A glance at the table of contents will give the reader a 
general idea of the scope of the text. No other book brings so 
much relevant material together in a Single well-organized 
unit. ANTENNA ANALYSIS should: prove to be a useful 
text for graduate level study, as well as a valuable reference 
for cesieniere and systems engineers. 


JOHN WILEY & SONS 


New York * London * Sydney 


